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PREFACE TO SECOND EDITION 

Ant reader of the following pages will quickly realise 
that I hare written from the point of view of the Primary 
school. I believe, however, tiiat the ideas here embodied 
are more generally applicable, the natnre of the application 
depending on the social environment of the pupil. Hence 
teachers of Arithmetic in Secondary sohools may find that 
parts of this book bear on their work. I have not written 
for Mathematical specialists. 

Another limitation most be mentioned. I have accepted 
the present system of teaching cbildrien in large classes, 
not because I consider this ideal, but because it seems 
worth while to attempt the improvement in one direction 
of a state of matters likely to continue yet awhile. Some 
drastic social reconstmotion seems necessary, both within 
and without the Primary school. One is glad to note 
that Doctor Montessori and the American and English 
advocates of " free work " even in Secondary schools 
preparing for external examinations, have recently given 
a much-needed fillip to "individual" as opposed to 
" class " teaching. 

J. B. T. 

ManehaUr, 

January 1921. 
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THE ART OF TEACHING 
ARITHMETIC 



TEINQ3 AS THEY ABB 

To be asked to take a lower seat is always a trying 
experience : such has recently been the fate of the three 
B's. We hajre evening classes, vacation courses and apeoial 
lectures in Drawing, Handwork, Nature Study, Geography 
and Physical ExerciBe, while meantime the daily bread of 
our school curriculum often groweth sttje. Aa a reeult, 
we have tended to forget that the teaching of these sub- 
jectB, too, may be made a fine art, that here also there is 
scope for all a teacher has of enthusiasm and originahty, 
that even Arithmetic may become a happy pasture-land 
for our children's hmigry minds and energetic impulses. 
If there should be anything of divine economy in the 
order of this world, surely it would be sheer waste if what 
ia a necessity could not also be a good. We need, many 
of us, to learn how to make virtues of our necessities, how 
to transform what must be into what should be. As a 
first step, it may be wise to look straight into the face of 
things as they are. 

Tldngs as they are have, however, many faces : let us 
begin with the class -teacher's point of view. First, then, 
we have to teach Arithmetic and to teach it with appalUng 
regularity, whether we Uke it or not : often, frankly, we 
do not hke it at all. The subject itself seems dry to 
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.'70aiiy,-1)ilt apart -from- .tiiftt, think of the apparent hope- 
lessness of our task ! We find ourselves with from forty 
to sixty children at different stages, working the primary 
operations in differing ways, often with no proper gi-ound- 
ing. Standard II, and III. teachers may have many 
children who still add by ones; Standard IV. and V. 
teachers receive classes painfully slow and inaccurate in 
tables and in simple money operations; Standard YI. and 
VII. teachers hare pupils who know a little of everything, 
but have a firm grip of nothing. Often the children come 
to us already bored or disheartened. 

This is all bod enough, but the strain becomes serious 
when we consider not only our material, but the results 
demanded from us with such material. Frequently we 
are expected to cover a syllabus too extensive for thorough 
treatment by any of the class, certainly too extensive tor 
the weaker part of the class on any reasonable method. 
On such a syllabus we have to get decent results in ter- 
minal examinations and to produce at least the appearance 
of successful mental work. We have to secure tidy books 
with the majority of the sums correctly worked, in order 
to prove to the inspector that the Arithmetic in our Stan- 
da^ is satisfactory. In the upper classes we have to 
cater for the special instruction of any who by extra 
teaching may secure those scholarships which bring higher 
education to our pupils and a good name to our school. 
If we fail in attaining these results, promotion will be 
slow in coming or will never come at all, and promotion 
means bo much when the salaries of Elementary teachers 
are as they are. Behind all ttus strain and stress the 
thoughtful teacher has to answer somehow his own ques- 
tionings. What ought we to do ? How far ought we to 
aim at satisfying our heads and our inspectors! What 
is really best for our children t What will equip them for 
life as good citizens T 

The amoimt of effort put forth in teaching Arithmetic 
throughout the country must be enormous : wisely hus- 
banded and used for clearly defined ends it could accom- 
plish much. Some there are, a growing number, who are 
escaping from this prison-house of difficulty and drudgery 
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THINGS AS THEY AEB 3 

We see many who enjoy learning Arithmetic, and many 
who teach it happily even to classes of sixty. It is not 
that all the problems of this complicated task have been 
solved, but some of them are being tackled satisfactorily, 
and even in teaching Arithmetic nothing succeeds like a 
little anccess. 

The variety of the teacher's experience is, however, 
nothing compared with the variety of the children's, for 
in out classes we find every type of temperament with 
every quality of intellectual endowment. There is the 
quick, lively child who thoroughly appreciates Arithmetic 
if he is allowed plenty to do, a condition by no means 
always fulfilled. Such a child, sensibly taught, takes 
pride in solving problems and finds a pleasurable excite- 
ment in getting sums right, however mechanical the drill 
may be; be may taste for himself the joy of work for 
work's sake, in certain cases reaching even an ^sthetio 
satisfaction in the accomplishment of his task. Given too 
httle to do, he loses interest and becomes a nuisance to 
the teacher who beheves in his class working at the average 
speed. 

At the other extreme we have the slow, dull child, bom 
a low-grade intellect or rendered such by lack of food, 
sleep, and fresh air, with its resulting lack of vitality. To 
such children Arithmetic must always ho hard because of 
its demand for effort and concentration : as things are it 
is often almost unbearable. Day after day it returns : day 
after day there is the hopeless effort to understand what 
is wanted of them, the depreseing experience of scarcely 
over working a sum correctly, and in many a case the 
horribly unjust fate of being punished for failing to do 
the impossible. The more such children are scolded or 
caned or " banged about," the more slow and dull do they 
become, while in the case of nervous temperaments the 
far-reaching consequences may be appalling. The trouble 
is that most of us find it so difficult to make our imagina- 
tions reahse the true condition of the weak and down- 
trodden, especiaUy when their presence is a nuisance to 
ourselves and a drag on theit more fortunate brothers and 
sisters. 
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Between theee two extremes lies a variety of types with 
mediocre Arithmetical powers. In some classes we find 
these children filled with eagemess in improving the old work 
and with zest in tackling the new, developing their ability 
to its utmost. In many a class these children are stifled 
by the monotony of their daily Arithmetic lessons, or are 
suffering because their interest and effort are aroused, not 
by the presentation of the subject in a naturally attractive 
form, but by fear of punishment. Without doubt from 
such children decently good results can be secured by 
fear, but is the good Arithmetic worth the cost to the 
child ! That is another staggering question to the thought- 
ful teacher. Meantime not a few of even the thoughtful 
amongst us deliberately by force obtain respectable results 
from this central portion of their class. What can be the 
attitude to Arithmetic of children who learn it under such 
a regime 1 

The whole situation is more complicated because we 
cannot wholeheartedly condemn even heads of schools ! 
They, too, have their own problem with its pecuHar. 
diflScnlties, We have, of course. In increasing numbers, 
the up-to-date head master who has his eye on the child 
and ou the State rather than on any* inspector or any 
scholarship examination. But, even then, is his task an 
easy one? The needs of the child and the demands of 
the State are hard to meet. Not all his teachers are fit 
or wiUing to carry out his cherished plans and designs. 
He wishes to do his best by his pupils, and so must pre- 
pare them for a scholarship examination which requires 
the ability on one fixed day ia the year to solve problems 
based on a wide and varied syllabus. Some inspectors, 
too, judge superficially and advise rashly, and though the 
old days of payment by results are over, inspectors' reports 
do appear in local newspapers. It takes a strong man 
patiently to bide his time for good results which may be 
slow in coming, while others less particular about their 
methods and more amenable to outade pressure carry o9 
glory and chances of promotion. Such men know well 
the complications of the problem of teaching Arithmetic 
successfully. They would welcome help from any quarter 
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THINGS AS THEY ARE 6 

where the difficulties ol things as they are were frankly 
admitted. Meantime they regret that eduoational con- 
ferences and summer schools bestow so little attention on 
Arithmetic. 

Here and there we find, of course, the head whose 
methods are comparable to those of a slave-driver. Besults, 
in the narrowest sense of the word, are what he wants, 
and to seoure them he does not hesitate to coerce his staff 
and bully his pupils. Even such a man adopts a reason- 
able position. It is a head master's business to obtain 
good results : teachers being too soft or too slack require 
a strong driving-force behind them : children being lazy 
and careless must for their own good be compelled to 
work. 

Between these two extremes we have again a great 
variety. Many men and women have had their own early 
experience in the days of payment by results, when it was 
absolutely necessary to secure the appearance of "good 
discipline " and, by hook or crook, to cover a definite 
syllabus. Times have changed, but such find it hard to 
realise that better work can be done in a freer atmosphere, 
and that the hum of natural activity is not the same as 
noise and bad order. As they generally know that Arith- 
metic is unsatisfactory, they look back with longing to the 
days when children at least learnt their tables properly and 
developed respectable speed and accuracy within narrow 
limits. Lacking a clear vision of a complex situation, 
they have lost sight of the true proportion of things : 
confused and troubled, they tend to be moved by every 
wind that blows. These pull and push and spend an 
enormous amount of effort, feeling all the time that things 
go far from well. Enduring the burden and heat of the 
dayi ttey often grow weary and discouraged. 

Not Only within the school is there more or less con- 
scious criticism of things as they are, but outside also the 
matter is imder discussion. We may do as we like with 
Geography or Nature Study or I>rawing, but parents 
expect their children to be able to " figure " correctly. 
Their requirements are, however, seldom stringent, and 
in the majority of cases it is probable that the schools 
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6 THE ART OF TEACHUJa ARITHMETIC 

sufficiently Batiefy them. On the other hand, business men 
and employers of labour are very critical indeed of the 
present product of our Arithmetic teaching, . Their demand 
is definite : they vant speed, accuracy, and, if they can 
have it as an extra, common sense. Their contention is 
that in school we teach much that is of little value, and 
leave untaught the things which matter most. Their 
frankly expressed opinion is that Arithmetic is going from 
bad to worse. 

From all this medley of impressions, we may repeat a 
few statements which are commonplaces in our discussion. 
Arithmetic is an important subject in our school curri- 
culum, a certain amount of it being an absolute necessity 
to the child. Because of the effort it requires, it is a hard 
subject for children to learn : because of many circum- 
stances, it is a difficult thing to teach. Meantime we are 
in a trandtion period : the swing of the pendulum baa 
carried some of us farther than we know, or, to change 
our metaphor, we have left one safe haven to find a better, 
and some of us have lost our bearings. Others have steered 
more wisely, having glimpsed a guiding light. To such 
wise men and women this book is due. It is written for 
ordinary class -teachers, with many children to handle and 
difficult situations to tackle, in the hope that a httle mere 
light may be theirs, whereby each may, in his own vessel 
and by his own rout«, make for a better anchorage. 
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CHAPTER a 
THH NATUBB OF ABITHMBTIO 

What do we think of teaching when we speak of Arith- 
metic ? What does the word convey to our pupils and 
their parents ? The most ready rephes to these questions 
are that Arithmetic consists in working sums, or in coimt- 
ing, or in dealing with numbers, or in handling figures, or 
in going througli the exercises contained in an Arithmetic 
book. This is the superficial impression usually produced 
by work in this subject. 

But the truth about the nature of Arithmetic is some- 
thing far more thrilling in its human interest. After all, 
we cannot use figures or numbers apart from things which 
matter to us : in real life there is always some cause for 
our calculations. Let us look back, then, io the early 
days of our race and see if we can discover why we human 
beings leamt to count. Loi^, long ago, as the stories put 
it, men lived much more simply than we live now. They 
had the wide spaces of the earth to roam over : only the 
setting of the sun put an end to the freedom of their 
activities : they could eat of the fruits of the earth or of 
the abundance of animals which could be killed. Seldom 
were the limitations of food or of space or of time reahsed 
by them. But as men began to know that they could 
not have all they wished for, considerations of " mine " 
and " thine " crept in ; men were compelled to keep count 
of their fiocks, compelled in some way to measure their 
time and their goods. The more complex life became, 
the more had men to attend to the quantity of things as 
well as their quality. Leaming-to count was a distinct 
stage in the development of our race, a stage which even 
yet all have not taken ; for instance, they tell us that in 
7 
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8 THE ART OF TEACHING ARITHMETIC 

the Malay Feninaula ate savages who cannot count beyond 
three. 

The development of a httle child is on similai lines. 
At 6rat tlie room or house is to liim a spacious abode : 
he is conscious of no time-limit and his food is always 
there. When he comes to wont things for himself, to find 
that he can have only his own share of the good things 
provided, to realise that not at every moment can he go 
out or be fed, he, too, begins to feel the need of counting 
and measuring. Very often he begins by counting sweets, 
because just here is he most definitely limited. There 
is some sense in learning the difEerence between two 
chocolates and tluee or maybe four ! 

Is not the same thing true of ourselves 1 We desire 
some definite end : it may be the provision of food, the 
fashioning of a garment, or time for some special study. 
We possess means to help us to the attainment of that 
end — a fraction of our salary, a piece of cloth, part of our 
summer holiday. The more we feel the insufficiency of 
the means at our disposal and the more puzzled we are 
as to how to adapt these to secure the desired end, the 
more Arithmetic we shall have to do. The less our salary, 
the more do money calculations dog oisi footsteps : the 
shorter our cloth, the more accurate must our measure- 
ments be if we would produce the garment we desire : 
the greater the demands on our time, the more carefully 
must that time be planned. It is our limitations which 
compel us to a quantitative study of the universe. Out 
of the adaptation of means to a desired end does the science 
of Arithmetic spring. 

But men were not long in discovering that this measuring 
activity evolved in us by our hmitations has bestowed 
upon us powers beyond our expectation. We were com- 
pelled to create a new instrument which in itself is a valu- 
able possession. The child who has learnt to tell the time 
finds that his life is his to order and arrange as never 
before. The woman whom scareity of cloth has forced to 
careful measurement will not again cut out by guesswork, 
because she will have learnt from her experience that a 
little Arithmetio enables her to produce more shapely 
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garments. Again, it is only as men have advanced in the 
quantitative study of the universe that the progress of 
civilisation ha^ become rapid. When rough methods of 
barter had led gradually to a well-defined system of money- 
ezchai^, commerce came into her own. For many cen- 
turies men had known of magnetic and electrical pheno- 
mena in connection with thunderstorms, amber and the 
compass needle, but not until after 1780, when the first 
mathematical law of the subject was formulated, did the 
science of electricity affect the development of civilisation. 
Before 1780, how slow the progress : ^ce 1780, how 
amazingly rapid ! Thus we see that learning to count and 
to measure gives us power over oTurselves and power over 
our environment. 

To sum up, we may state that Arithmetic is the study 
of the quantitative aspect of the universe. The idea of 
quantity enters into all the activities of life, because of 
the limits itnposed on us by the universe. Primitive man 
amd the child, because they are scarcely conscious of these 
limits, require little Arithmetic. And on the other hand, 
after the study of the universe became quantitative, more 
rapid progress in invention and civilisation was possible. 

What, then, should be our attitude to this subject which 
we teach 1 Are we to regard it as something fixed and 
rigid which we of necessity have learnt, and now, equally 
of necessity, must teach ? Is it not something much 
greater? It is no fixed material to be thrust upon our 
children, but a gift of the race to children, a gift found to 
be of such value that not one of our pupils can afford to 
lose his share in the blessing. Arithmetic should be re- 
garded as a developing race-product, knowledge acquired 
by man as he "grew up" into civilisation. Some things 
which our ancestors learnt we need not learn. For 
instance, the attempt to grasp the method of long division 
common in the fifteenth and sixteenth centuries would 
give many of us a bad half-hour. Again, certain business 
applications of the foittteenth century, which were long 
taught as Arithmetic, have at last disappeared from our 
syllabuses. The next great change may well be the entire 
abohtion of our heterogeneous system of money, weights 
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10 THE ART OP TEACHING ARITHMETIC 

and measuiee, and the introductioD in their stead of the 
aimplicities of the metric syHtem, a change which would 
revolutionise the work in Standards n., m. and IV. 

Before leaving this conception of Arithmetic as a race- 
product, it may be worth while to point out that from the 
study of the historical development of Arithmetic we may 
gain some guidance in our teaching. As there is some 
degree of parallelism between the development of the race 
and the development of the child, we should, if we under- 
stood when and how the race leamt some branch of Arith- 
metic, probably be helped to discover when and how we 
could most successfully teach that branch to our children. 
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CHAPTER ni 

WHY DO WE fail! 

To many of ub this deBciipMon of Arithmetio as a good 
gift of the race to children must seem like irony, when 
we lecoUect how frequently our pupils dislike Arithmetic 
and how seldom results are satisfaotoiy. Moreover, the 
greatest danger of the present state of affairs is that we 
are encouraging in our children those fatal habits of list- 
lessness and inattention which must dimimsb theii think- 
ing powers for life. Considering the number of children 
daily receivii^ Arithmetic lessons, we may say, without 
exaggeration, that through this waste of mental power the 
nation sufEers heavily on its intellectual side. In this 
chapter we propose to discuss some of the causes of this 
serious, failure. 

Much of the trouble is due to the lack of righteousness 
in our social order : behind everything lies the " social 
problem." Nothing can possibly justify the houising con- 
ditions under which many children are forced to live, ot 
the low wages on which healthy family life is an impossi- 
bility, or the employment of children on heavy work out 
of school hours. Again, until the nation counts money 
spent on its children a sound investment for the future, 
we shall continue to teach classes which are much too 
large in badly ventilated rooms; we shall go on wasting 
money on the education of children physically unfit with- 
out spending more than a mere pittance in the attempt 
to combat physical distress. Meantime we teachers have 
before us the half-fed, half-slept, sickly children already 
weary with other work, and we are well aware that with 
such handicaps no teaching of ours is likely to be much 
of a success. Arithmetic, because of its special jlemand 
for effort and concentration, suffers severely. Here the 
11 
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12 THE AET OF TEACHING ARITHMETIC 

call is for a clear-eyed appreciatioB of the odds gainst us, 
and for courage and self-sacrifice in facing them. 

Part of the blame for the present state of Arithmetic 
rests with those set in authority over us, be they repre- 
sentatives of the central and local authorities, school 
managers, or our head masters. Not all inspectors are 
wise men, while because of their powers over us, their 
failings press heavily. Again, those in authority give or 
withhold apparatus ; good blackboard accommodation, 
simple mathematical instruments, apparatus for duplicating 
and a plentiful supply of paper of various kinds, make a 
vast difference to the possibilities of our lessons. On the 
other hand, complaints are sometimes justly made that 
our demands are immoderate and our methods unecono- 
mical. Simplicity and moderation in our requisitions, 
coupled with a careful avoidance of waste, are of the 
essence of wisdom in this matter. 

Our heads, of course, more directly influence our teach- 
ing. They arrange our time-tables, and we may rebel 
against unduly long Arithmetic lessons or the necessity of 
taking practical and oral work at fixed times, of which 
more will be said later. The kind of tests which our heads 
set, along with the syllabuses which they make, limit our 
freedom as regards treatment of the subject ; while their 
insistence . on methods with which we <^sagree, or their 
demands for orderly silent classes, or their emphasis on 
beautifully kept notebooks are pricks against which not 
a few of us must kick. Those things are serious, but we 
would often make more headway against them if we 
frankly recognised that the teaching of Arithmetic is a 
fine art never approaching perfection and hence always 
open to discussion. Such an attitude would make ns less 
self-conscious about our teaching, more willing to air our 
real difBculties to inspectors and heads, and mora sincere 
in seeking their assistance. Often simplicity and frank- 
ness will result in a good compromise, though occadonally 
a time may come when we have to refuse compromise and 
take the consequences. 

Needless to say, tirasome parants and naughty children 
interfere with our efforts to teach Arithmetic satisfao- 
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WHY DO WE FAILI 13 

toiily. The difficulty with parents is Beldom aerious, 
because preaaure can now be brought to bear on them 
to secure regular attendance and the healthiest poaaible 
physical conditions. Naughty children are always with 
us. Because of the immaturity of the child, or because of 
his bad upbringing, or because of his vicious environment, 
his atandarda of morality may be low, and often we have 
to combat the lack of good wHl or the positively bad will. 
In general, however, we make far too much of the naughti- 
nesa of our pupils, counting as evil what is but their natural 
reaction against the deficiencies of our teaching. At times 
we shall have to fall back on " must " : having failed to 
woo, we shall have to force bad wills to work. Only let 
us take heed lest we blame our pupils for the fruits of our 
own ignorance or negligence. All of this has a special bearing 
on Arithmetic teaching because of its emphasis on results. 

We come now to the case against ourselves, to those 
causes of failure directly due to clasa-teachers. In the 
points already raised the blame belongs to others : we 
may or may not make the best of a bad situation.. Here 
we have to judge ourselves. For instance, one definite 
cause of failure is that we pay so little regard to our aims 
in teaching Arithmetic ; we do not state definitely to our- 
selves what we intend to accomplish, or we lack a clear 
vision of the nature of the results to be desired. This is 
so important that we shall devote the next chapter to a 
study of our goal in Arithmetic lessons. 

We realised in considering the nature of our subject 
that Arithmetic has to do with human life, and sprang 
out of human needs : often we fail because we do not 
link up our teaching with the hves and needs of our children. 
Some motive we must provide, and the beat and simplest 
is, as far as possible, to join our number work to the 
natural instincts and desirea of the children. Here come 
in the value of imagination and the. wisdom of inter- 
course with child-friends outside school. We know how 
some teachers instinctively put their problems into attrac- 
tive form, while, in the hands of others, the same work 
seems formal and dull. This ia pari^ly the result of a 
difierence in imaginative endowment, and partly the 
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result of lack of knowledge of children's interests, aa seen 
in a less artificial setting than is provided by the majority 
of classrooms. We can learn to word our problems so 
that they appeal to our pupils : town and country children, 
the weU'to-do and the poor, boys and giits, children of 
various ^es, all will require difierent types. What may 
have served us well on one occasion will have to take new 
colour to suit another set of children. Variety is eesentiaj. 
Again, at times we can by dramatic games link Arithmetic 
with child-life. The love of playing shop is ingrained in 
all : much work in money, weights, and measures can be 
done in the lowest standards in connection with a shopping 
game. A Standard I. class for several weeks centred their 
Arithmetic round a soldiers' camp : tents holding ten men 
were the ten units, groups of ten tents the hundred units. 
The fundamental operations in simple forms arose naturally 
out of the practical problems of feeding the camp, sending 
dispatches, and carrying through drill and manoeuvres. 
Throughout Arithmetic use can be made occasionally of 
the dramatic instinct in our pupils. To surest other 
possibihties, games oft^i involve us in calculations; 
problems may arise or be invented in connection with 
some story read by the children in another lesson ; some- 
times we can utilise an interest in gardening or needlework 
or drawing; children can invent problems for themselves 
and for each other. One small boy, for instance, was very 
anxious to discover for how long he could use his electric 
torch, guaranteed to give him 1000 Sashes. These are mere 
suggestions, thrown out at random to indicate the possi- 
biUty of collecting, each on his own lines, material which 
will help to ensure children's interest and concentration. 

Some of us fail, however, on the more technical side of 
Arithmetic. Often we have ourselves been taught mechani- 
cally, and, until we come actually to teach, do not realise 
how Uttle we underetand our work. How many of us, 
before our teaching experience, understood clearly the 
meaning of our decimal operations, the foundations of 
the various subtraction methods, the reasons for the 
remainder rule in division by factors or for the division 
rule in vulgar factions, why there are twenty-eight pounds 
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in a quarter, or even why " hundredweight " should hg 
written " owt." ) It is in the belief that many teachers 
need help in these or similar difficulties that Part II. of this 
book is written. A^ain, when we do for ourselves under- 
stand what we have to teach, our mastery of it may not 
be sufficiently thorough to enable us to break down the 
whole operation into a series of steps, each of which can 
be surmounted by our children without undue effort. 
The i«BUlt ia that we are tempt«d to teach a rule mechani- 
cally or demonstrate its explanation, instead of giving our 
pupils the training and thnll of being explorers. No child 
ia hkely to invent the method for practice sums of any 
difficulty or to discover for himself the rule for division of 
fractions. But if each of these is subdivided into a series 
of graded steps, many children can take each step for them- 
selves without direct assistance from the teacher. Here, 
^ain, is need for knowledge which it is hoped Fart U. may 
supply. 

Akin to this is the fact that we tend to become too 
dependent on the text-books provided in school, and so 
allow slackness over preparation to creep in. No text- 
book can suit any one class to perfection : the best of 
books needs to be used with discrimination and adapted 
to the special weaknesses of a particular doss. It is so 
easy to work straight through such books — another reason 
for the monotony of many Arithmetic courses. We need 
to reiurange, select and supplement if we would secure the 
best possible results : or, stated from another standpoint, 
our detailed schemes and syllabuses require much more 
careful planning than they often receive, ^ain, even 
working lessons require thorough preparation. Let us take 
a very humdrum example. A class does muJtipUcation of 
money by factors badly. The reasons of the bad results 
may be various. Multiplication tables may be weak, in 
which case difficulty will arise in finding factors and in 
the actual multiplication. Here drill in some one table 
(e. g. 7), and a working lesson giving practice in the use of 
it {e.g. multiply money by 21, 36, 70), will lead at once 
to a marked improvement. Or the weakness may be in 
changii^ pence to shillings or shillings to ponnds, in which 
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case what is required is probably Qtal drill in these weak 
points, supplemented by some definite teaching with 
regard to them : if we fall back on the pence table, this 
teaching will take one form ; if on the twelve times table, 
it will take another form. Again, the weakness may be ia 
understanding the idea which underlies the factor method 
of multiplication; then simple examples, fully stated, in 
connection with a variety of problems, will be necessary. 
One part of the class may need one kind of special help, 
another part another kind. It is little good working vaguely 
to improve weak multiplication by factors. To effect a 
cure we must always diagnose and provide the specific 
remedy, all of which demands regular preparation. To 
go to an Arithmetic lesson without knowing exactly what 
examples are to be used and the nature of the difficulties 
likely to arise from them is seldom justifiable. Closely 
connected with this is the tendency inherent in some of 
us to shirk practical or oral work because of the extra 
strain and preparation which they involve, a tendency 
which has resulted in the common practice of definitely 
aUotting certain periods to such work. We postpone this 
dif&cult point to a general discussion of practical and oral 
work, which will be taken in Part III. 

Probably s«ch a scientific treatment of children's weak- 
ness in Arithmetic as has been suggested in the preceding 
paragraph would of itself do much to alter one common 
cause of failure — our attitude to errors in Arithmetic. For 
some reason, when we "grown-ups" make mistakes in 
calculation, we expect pity rather than blame; but the 
same grown-ups wiU scold or punish children for similar 
faults. It is not that we are to condone mistakes : faults 
in Arithmetic in genera] must be corrected and the value 
of accuracy insisted on. At times, too, mistakes certainly 
due to moral failure will have to be punished. But the 
all-too-common practice of speaking crossly to children 
who make mistakes due to our bad teaching, or to their 
physical unfitness, or, in some cases, to real intellectual 
weakness, simply defeats its own end, even where the evil 
is not increased by caning for sums which are wrong. 
Working alongside of oiir children, we are striving to 
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produce in them powers which wiD lead to accurate and 
sensible results : this should be our attitude lather than 
the expectation or demand that sums shall be light. To 
punish for mistakes is, ia general, a relic of barbarism. 
The only suitable punishment for making mistakes is to 
have to correct them : the justice of this is evident. 

This, however, is but part of a larger problem. Our 
success or failure in teaching Arithmetic depends far more 
than we realise on the kind of atmosphere we create in oui 
classrooms. The real difficulties of Arithmetic need to be 
lightened by an abundance of smiles and laughter ; patience, 
sympathy, kindness, and justice are essential, while the 
zest and interest of the teacher must be sufficiently obvious 
to induce similar feelings in his pupils. A keen teacher 
means ultimately a keen class. We need to study indi- 
viduals, expecting from each only what is possible, wisely 
discriminating in our praise and blame. (A backward 
child working two sums correctly may deserve more praise 
than a quick child working six!) Such intimate inter- 
course with a la^e class and such real goodness in our- 
selves are, of course, hardest of all to secure. Some of us 
will fight the battle in teaching other subjects more con- 
genial to us, carrying over to Arithmetic the fruits of our 
success elsewhere. For most of us it is probably true that 
this battle has to be won before a lesson begins, not after. 

Let us summarise briefly on the positive side the results 
of this self-criticism. We must study the underlying ideas 
and processes of Arithmetic, study the mind of the child, 
and study the possibilities of our syllabus. We must 
connect Arithmetic with the actual hfe of the child, train- 
ing ourselves to watch for suitable illustrations and prob- 
lems. We must go on making careful preparation for our 
lessons, refusing to be satisfied with previous good results. 
We have to consider most carefully our attitude to children's 
mistakes, avoiding on the one bajid harshness and injustice, 
and on the other hand slackness and habits of inaccuracy. 
We have, finally, to create gradually in our classroom, by 
patience, sympathy, zest and good-humour, the kind of 
atmosphere in which a child can do his best. Of which 
things not one can be accomplished in a day t 
o 
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Wb have already referred to the common confusion of 
thought concerning our reasons for teaching Arithmetic 
and concemii^ the nature of the results desired. Trifling 
are the motives often in the foreground. Pleasing our 
head masters, teaching Arithmetic so well that frequently 
class and teacher will experience that thrill which is the 
product of the lesson characterised as " ahve," getting 
good results in examinations — all these may be worthy 
enough motives, but are, nevertheless, trifling. In the 
struggle of educational effort we need a certain detachment 
which belongs only to those who have scaled the heights, 
looked forth over the wide landscape, and have then 
brought down to the petty details of their work the steadi- 
ness and inspiration of a definite, wisely chosen purpose. 

When we set ourselves to meditation oh this matter we 
find two apparently distinct purposes which may animate 
our efforts. Our eyes may be on the economic struggle ' 
into which our pupils must so soon be precipitated, on the 
details of the lives which will be theirs, on their future 
citizenship. Then we may state our purpose to be the 
teaching of that in Arithmetic which wiU he of use to our 
pupils, of that which will fit them to take their place in 
the society to which they belong. We may thus regard 
our work from the utilitarian point of view, taking 
" utihtarian " in the narrow sense : as a background to 
this may be fitted in high desires of social service to our 
pupils. Others of us may have our eyes on the more 
academic aspect of the matter, our purpose being to teach 
children to think. Whatever may be the exact meaning 
given to the word " think,'-' we obviously aim at some kind 
of intellectual training which we feel that we ourselves 



„Go 



5gle 



OUR AIM 19 

received from Arithmetic: we wish to perfect as far as 
may be the mental powers of our children. Clearly these 
are not two distinct purposes. It is useful, even in the 
naiTOw sense, to be able to think ; out business men would 
hke common sense bb well bb speed and accuracy. Kever- 
theless, although we need not regard the two as in water- 
tight compartments, they do indicate a useful subdivision 
for our discussion. 

At this et&g^ it is worth while to make a note on the . 
meaning given to the term " Arithmetic " in this book. 
It would be more correct to use " Elementary Mathematics," 
but as the greater part of the Mathematics done in primary 
schools has to do with number work, and as the Algebra 
and Geometry we do introduce is closely connected with 
number, we retain the common appellation of our time- 
tables. In these, "Arithmetic " is not likely soon to be 
ousted by " Mathematics." Let it be granted, then, that 
in using the term " Arithmetic " we include some Geometry 
and do not exclude the possibiUty of Elementary Algebra. 

First, we ask ourselves what it is strictly necessary we 
shfdl teach to our pupils in Aritbmetio. To begin with, 
our children do not understand the value of any simple 
number, still less th^ meaning of notation whereby we can 
express clearly numbers too great otherwise to be grasped. 
They have at first no idea of two or seven, still less of 
twenty-five or three hundred and sixty-nine. This is not 
the place to discuss in detail how th^ ideas do become 
part of our children's mental outfit, but one thing is 
obvious : while they are themselves abstract notions of 
the mind, they arise only in connection with experience of 
concrete reahties. Therefore we have first of all to give 
the ideas a chance to develop by providing a sufficient 
variety of concrete experience, and then gradually to 
make the children independent of such concrete aids so 
that they may reach a higher sta^ of mental develop- 
ment. What is true of the ideas of numbers is true also 
of the ideas of the fundamental operations, of addition, 
subtraction, multiplication and division, including the 
notion of a fraction. These are ideas of the mind, but 
they can be formed only in connection with concrete 
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experience. Addition u a ment^ operatioa/but we do 
not form any abstract idea of it until we have many times 
put rei^ things together with some definite purpose to 
achieve by putting them together. The same ifi true of 
all. Our c^ldren need to have much play-work with 
concrete apparatus, games, handwork and stories, so that 
these ideas may have an opportunity of developing; but 
they are not part and parcel of a child's mental life until 
any real problem calls up the appropriate mental exertion 
without the operation being of necessity performed con- 
cretely. How much labour the work outlined in this 
paragraph requires, only the teachers of young children 
know. But on it, as a foundation, reste the whole super- 
structure. Consider, for instance, what lies behind the 
working of any problem. When we adults work an 
Arithmetic problem, the realisation of the concrete situa- 
tion which it embodies evokes from our minds the appro- 
priate mental exertion : when our minds have abstractly, 
or with the visual aid of the symbohc ^ures, reached 
an abstract result, we transmute our abstract result into 
terms of the concrete problem requiring a solution. To 
be able to do Arithmetic means the possession of a mental 
instrument for dealing with material problems. So our 
children must learn to pass without difficulty ^m con- 
crete to abstract and from abstract to concrete. The 
necessity for strength and sohdity here demands that, in 
the earliest stages of number work, advance shall be slow 
and sure. 

But it is one thing to have the concrete experience evoking 
in our pupils the appropriate mental work to deal with it, 
and another to have this mental work performed quickly 
and accurately. The importance of this point is due to 
the fact that on speed and accuracy in the use of the 
fundamental operations depend speed and accuracy in 
solving all more complex problems. Children who can 
quickly add, subtract, multiply and divide within easy 
limits, do grapple with harder matters with amazing ease. 
To fail here is to fail in all, and it is our failure here 
which mars much of our work and makes business men 
BO lutter about the product of our jn^sent teaching. This, 
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for the moment, Ib the most glaring veakness in our 
Arithmetic. We must therefore make time for drill work. 
It IB probably true that from Standard II. to Standard VII. 
one lesson a week devoted to drill in work with abstract 
numbers, aiming only at the development of speed and 
accuracy, would quickly alter matters. Our books, once 
devoted almost entirely to mechanical Arithmetic, are now 
afraid of the least suspicion of catering for a necessity, a 
necessity, too, which is by no means an evil. Our children 
see senae in becoming quick and accurate, and find the 
exercise pleasurable and stimulating. At first competition 
between groups may be a help. 

One other cause for our present failure here is that now, 
when our books contain so great a variety of examples, 
it is more difficult than in former times to set children 
to work by themselves. As a result, our quicker pupils 
seldom work up to the limits of their abiUty : so we lose 
our best. We must always provide sufficient work to 
permit of quick pupils developii^ in speed. Tliis is a 
troublesome problem in class management which frill be 
treated later in this book. Meantime let it be reiterated 
that, in order to prepare our children for life, we must 
aim definitely at speed and accuracy in the use of the 
fundammtal operations. 

In addition there are certain common applications of 
these operations to everyday life with which our pupils 
must become familiar. We have all at times to deal with 
calculations concerning money, weights and measures. 
Besides the fundamental ideag about fractions, we have to 
understuid a little about percentages, used so commonly 
as a good alternative to ordinary fractions. Again, we all 
have something to do with mensuration, or, as it may be 
called. Geometry : we need to know how to deal in a 
simple way with areas and volumes in genera], and in a 
more detailed way with the areas and volumes of certain 
common surfaces and sohds. With certain business 
matters most people ought to be shghtly acqu^ted : for 
instance, with interest, rates and taxes, insurance, invest- 
menib of money. In all these cases what is required is 
a knowledge of new facts bearing on each situation : 
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this new knowledge has then to he used in connection 
with the ordinary fundamental operations. For example, 
learning avoirdupois weight means acquiring certain new 
knowledge about weighing, about different methods of 
comparing weights, about different stajidards for weighing 
and the connections between them. This done, or while 
this is being done, problemB are set involving the applica- 
tion of addition or subtraction to this new knowledge. 
The real number work is not new. It is the old over and 
over again, but the material to which it is applied is new 
and is in such common use that special time is set aside 
for acquiring facility in dealing with it. Again, if once a^ 
child understands how money grows when it is used, how 
the idea of giving interest on money so used arises, how 
that interest is best measured, and in a simple manner 
how labour and capital are related, the actual solving of 
the necessary problems in connection with this is strtiight- 
forward work in number. Exactly what applications 
shall be taught, each generation must decide for itself : 
what will be of value to one generation will not be of 
equal value to the next. The introduction o{ the metric 
system, as has already been pointed out, would revolu- 
tionise our syllabuses. Again, the appUcations will vary 
from district to district and from school to school. A 
girls' school will study in detail different applications from 
a boys' school : country children naturally have a sUghtly 
different syllabus from town children. But the majority 
of the appUcations usually taught in school are of common 
interest and, in general, necessary if our children are to 
deal sensibly with the details of their lives outside school. 
But what is to be our attitude with regard to the special 
applications required for specific trades or businesses ? 
Should the Elementary school teach that Arithmetic which 
employers may later demand from their employees? It 
is obvious that frequently children will leave school about 
the same time to go to such a variety of occupations that 
detailed preparation for all is an Impossibihty. Let us 
state briefly certain considerations. We oannot prepare 
all our pupils for every possible type of future work; 
moreover, the work they mean to take up may not be 
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the work in which they will remain. What is demanded 
from UB, if we aim at preparing them for their futm« 
hrea, is that we shall have taught these apphcations 
common to all ia suoh a way that our pupils shall be able 
independently to learn the special apphcations of the 
fundamental operations to their trade or business. To 
put it simply, a " sensible " boy or girl will be equal to 
any of the ordinary demands of their occupations. We 
must teach what applications we do study so as to produce 
sensible pupils. How much schools and teachers vary in 
their success in producing common sense in their pupils 
is incredible until one sees it for oneself. There are, 
however, certain occupations, such as engineering, which 
make excessive demands on a boy's Mathematical powers. 
In such cases it is the province of evening classes end 
technical schools to provide for the boys of the district 
such extra assistance as may be necessary : here, too, 
well-trained boys will find their bearings with comparative 
ease. 

But sometimes even the quickest and most intelligent 
of our pupils may seem to fail when at first plunged into 
the vortex of daily work outside school. Here the cause 
probably is that they have been accustomed to do their 
Arithmetic only in a Toom where all are doing the same 
work, in a studious atmosphere. They have been used to 
the help of peace and quietness and to the mental support 
of a class of fellow-workers in Arithmetic. It is a difEerent 
matter to perform calculations on any scrap of paper, in 
any position, in the midst of a crowd engaged on other 
forms of work. As a sane preparation for conditions 
outside school, it is wise at times to have a variety of 
work carried on in the classroom, the law of silence being 
cancelled. Concentration under difficulties can never be 
learnt except by practice. 

Summing up the results of the previous paragraphs, we 
may say that in order to fit our pupils to take their place 
in the society to which they belong, we must see to ib that 
they understand the fundamental ideas of number, that 
they acquire speed and accuracy of calculation in using 
these, that they learn to apply their number ideas to the 
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purposes of daily lite, and, moreover, leamin sucli a way that 
there will be developed in them the power later to apply 
their knowledge to the special methods of their trade or 
business. This is a definite statement of part of our aim. 

But some of us desire to give our pupils more than this 
from their Arithmetic lessons : we aim at teaching them 
to think. This, of course, is closely akin to the desire for 
common sense noted in a preceding paragraph, but there 
the emphasis was on the fact that common sense pays : 
. here it is on our wish to make the very best of the mental 
endowment possessed by any child. It is wonderful to 
be a human being in possession of intellectual faculties; 
the talents bestowed must be used to their utmost capacity. 
We aim at developing that in onr children which distin- 
guishes them from the brute creation, because this develop- 
ment is for the good of each individual and for the good of 
the race. It is easy, however, outside the classroom, to 
indulge in such high-sounding idealism, but in the thick - 
of the struggle our dreams of the ideal tend to fall away 
under the pressure of the actual. This is largely due not 
to overmuch dreaming, but to the poverty of our dreams. 
We have bad but a vague vision of the end we desire, and 
no vision at all of the means for reaching that end. Could 
we see definitely the end, and even' a Uttle of the means 
whereby to attain it in a crowded classroom, our ideal 
would survive its contact with reality. 

Let us first try olearly to state what is involved in our 
use of the word "think." Here examples will help Take 
two common experiences. A (a woman who thinks) and 
B (a woman who does not think] have each to make a 
blouse from a new patt«m and spend for the first time a 
salary of £150. B will spend her money as she gets it, 
carelessly and impulsively, regardless of the need of saving 
to provide herself with a new winter coat or a good summer 
holiday. By the end of the year she will probably have 
run herself into debt simply because she did not think. 
Kach year is hkely to be as much of a muddle as the one 
before. B, again, will lay her new pattern on her cloth, 
one piece at a time, to discover at the end that she either 
has insufficient material or must place seams where no 
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Beams should be. The p&tt«ni probably will be of a size 
not large eaough for her : the chances «:e that she will 
make no allowance for seams and will turn out too small 
a garment. As B never thinks, there is httle hope that a 
second garment will be an improvement on the &Bt. A's 
attitude to life is totally different. Spending £1S0 a year 
is to her a serious matter. She will make time to con- 
sider in advance her probable ezpenditnie, working out a 
sensible forecast with an allowance for alternatives and 
emergencies. Even so, in the first year she is unlikely to 
be altogether Buccessful : the unexpected happens. But 
afterwards she will more or less consciously anal3rBe her 
year's expenditure, and, profiting by that experience, 
outline a more sensible plan for the next year. She is 
mistreBS of herself : B tends to become the slave of her 
impulses. A, using the new pattern, will compare it for 
size with an old, well-fitting garment. She will, before 
beginning to cut, plan how best the shapes can be taken 
from the given material; if extra seams must be, they 
will be in carefully selected places. The resulting blouse 
may not be a perfect fit, but a second one made by the 
same pattern is certain to be successful. 

These cases might be multipfied indefinitely by any one 
of us. Here what is involved in the use of the word 
" think " appears to be forethought and subsequent 
analysis of results, or, in other words, before a new ex- 
perience looking ahead and planning, and then after it, 
looking back and criticising with the desire to be more 
ready for any similar experience in the future. Kotice 
how Arithmetic can afford frequent practice in just these 
things. We train our children before beginning a sum 
to plan how they are to work it; we discourage those 
impulsive beginnings which come to an end in tluee lines 
and produce a ragged jags ! The whole point is that we 
shall discourage them not because our head master disfikes 
ragged pages, but because it is bad preparation for Hfe 
to encour^e imprudence and impulsiveness. Every time 
that different methods of working or setting down a sum 
are placed on the blackboard, we can give our children 
training in analysing them in order to discover which is 
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beet. The same result, as f ar aa future work goes, might 
be achieved by a dogmatic assertion that thta is the way 
to do that Bum, but the result in mental training is totally 
different. Children ought to discover lor themselves why 
this is the best way. Good instances of this will be out- 
lined in the sections on multiplication by partial products 
and on the teaching of practice. Again, before starting 
seriously to a piece of practical work, such as measuring 
the circumference of a circle or making a boi, tlie children, 
after a few minutes of experiment, should be encouraged 
to formulate their various plans and to analyse the sug- 
gested plsms so as to discover which is best. Those left 
may be two or three in number, and only the analysis of 
the finished product will help to decide the best plan of 
all. Other subjects, of course, afford similar training, and 
the whole life of children in school should be guided on 
these lines : it is useless to practise this mental attitude 
only in Arithmetic. But Aiithmetio affords an excellent 
driUing-ground . 

Take another class of instances. We are, many of us, 
given to making statements which are mere opinions 
cloaking our ignorance, opinions which, if analysed, might 
be transformed into true knowledge and so giye us power 
to alter our surroundings. Here are two examples. We 
say, " I hate Mondays in school ; they are never a success," 
or " Dorothy is a lazy child ; she never puts forth effort." 
Let us take time to " think " about these things. Will 
Mondays always be bad days ? Must Mondays always be 
bad ? Why do I hate Mondays in school ? Is it the 
fault of the school buildings, or of the children or of myself ? 
Perhaps the buildings are insufficiently aired or heated; 
perhaps the children by 9 a.m. on Monday have foi^tten 
what they knew at 4 p.m. on Friday, or have become more, 
enamoured of open-air exercise, or are less docile ; perhaps 
I have over-exerted myself during the week-end at work 
or play, or I shrink from the sordid school atmosphere 
after the beauty of nature, or physically I am not tuned 
up on Mondays to the pitch of energy needed for a full 
day of teaching. The true reason or reasons fi^sd, I may 
have power to surmount my failures on Afonda^. I can 
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bring pressure to bear on the craetaker : I can provide in 
advance for pupils' forgetfulness, and even to some extent 
for their lack of 'docility and effort: I can avoid over- 
strain at future week-ends, smile at myself over my natural 
preference for beauty, or arrange lessons so that Mondays 
shall not be days of heavy teaching. If Monday can 
never become the best day in the week, it may at least 
cease to be a failure. Thought, too, may prove that 
Dorothy's laziness is due to eye, ear, or throat trouble, or 
to lack of food or of sleep, or perhaps to real moral failure. 
The help of the dootor, or of school dinners and a talk to 
Dorothy's mother, or perhaps the help of some specially 
devised enitabie-for-Dorothy punishment, will alter matters. 
In these instances "thinking" imphes analysis of our 
opinion in order to discover the causes underlyii^ it, that 
so Tve may gain power. In this anal^mis such questions as 
" Will it (dways be so ? Must it always be so ? Why ' " 
will in general demand an answer. 

The upper-standard work in Arithmetic often gives 
excellent practice in this kind of thought. Children 
obtaining shghtly different results for the ratio of the 
circumference of a circle to its diameter almost invariably 
jump to the conclusion that the ratio varies because the 
circles are of different sizes. By asking them to surest 
possible reasons for, say, Kate's ^ence, besides the obvious 
one of lack of friendliness {e.g. Kate may have a headache, 
may not have slept, may have trouble at home), they can 
be led to appreciate the fact that it is wise to look beyond 
the most obvious cause for the variation in the ratio. 
Other causes will then be suggested by the class — faults 
in the roundness of the objects, inexactness in measuring, 
shpping of string or of object, cfc even errors in division. 
The children will see that there must be inaccuracy in 
their results, and will be thus prepared for their teacher's 
dogmatic aaaertion that Mathematicians have proved that 
the ratio is an unvarying one and is approximately 3)-. 
Again, when learning to use protractors, children may 
form the ojonion that the sum of the angles of certain 
trian^es is equal to 180°. Ask, " Will this always be so ? 
Must this always be so ? Why i " and when they have 
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been led to appiedate such a siniple proof aa that by 
rotation, ovi pupils have advanced from an opinion about 
certain triangles to knowledge about all triangles, know- 
ledge which will be of value in deeigning tiled flooring or 
in making a hexa^nal box. Elementary Geometry gives 
good practice in this kind of work. The revision in upper 
standards of reasons for rules formulated in lower standards 
is also useful. Children who are led to discover afresh the 
reasons for their decimal or vulgar fraction rules have 
acquired knowledge which will give them power in tackling 
problems involving any of these. But here, too, tho 
training must on no account be confined to Arithmetic ; 
children's confident assertions concerning matters of which 
they know Uttle should be questioned, and so transformed 
into true knowledge. Arithmetic, however, affords on 
excellent drilling-ground. 

There is another type of thinking which is very common 
in the solution of Arithmetical problems, and which is of 
great value in ordering the details of our ordinary Uves. 
A choice is offered to us. It may be a very simple matter : 
" Shall I buy this brown felt hat or that navy straw one 1 " 
Or it may be one which strikes down to the very roots of 
our life : " Shall I go on teaching, or shall I accept this 
offer of mairiage 1 " At first we are baffled : the tempta- 
tion is to make a haphazard choice, and Uve to think our- 
selves either extremely lucky or extremely ill-used people 1 
We all know the kind of person who rushes on in life 
without thought. What is the exact nature of the neces- 
sary thinking ? I don't know which hat to buy, but I 
should know if I knew with what clothes I should be 
wearing it. I shall want to wear it with my navy serge 
and my brown waterproof, and it must also go with my 
new winter frock. I could therefore decide if I knew the 
colour of my new frock. I find that I have already almost 
unconsciously decided, if possible, to have a green frock > 
tho navy straw would go badly with green, therefore I 
can now decide to buy the brown felt hat. We all know 
this type of " backwards reasoning," I should know a if 
I knew b, I should know ii if I knew c ; but I do know c, 
therefore I know b and therefore a. 
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In Arithmetic such reasoning is the veriest commonplace. 
Set small children the questioD : " If I can take three 
children by train to Bradford for ninepence, how much 
will it cost me to take five children? " The outline of 
the work is familiar. What must we know to find the 
eoBt for five children ? — ^The cost of each ticket. — Can we 
6nd the cost of one ticket ? — We know the cost of three 
tickets, therefore of one ticket, and therefore of five tickets. 
In fact, the general method of solving any Arithmetical 
problem which is not quite straightforward is to say : 
"I should know the answer if I knew something else, 
say a : I should know a if I knew something else, say b. 
But what is given me tells me b, and so a and so the 
answer." Each time that our pupils think out such 
problems for themselves, instead of having the solution 
shown to them, they receive practice in a type of thought 
of the greatest importance in life. 

Certain difficulties in the way of securing this valuable 
mental training for our children will at once suggest them- 
selves. First, children cannot think out everything for 
themselves : new methods are too hard and must be 
, demonstrated to them. As indicated above, while fre- 
quently the complete discovery of the new method is an 
impossibility, yet if the new work be subdivided into 
wisely graded steps, each step may be solved indepen- 
dently by at least part of the class, and the whole class 
may receive some practice in thinking, albeit unsuccessful. 
Here we may say that the way as a whole is much too 
long and diffictdt for our children to traverse alone : we 
teachers, however, divide it into easy stages, each stage 
only just out of sight of the one before. Thus guided 
witiout being carried, our pupils can on their own legs 
accomplish the journey and at the same time develop 
energy and muscle. But the division of the journey into 
suitable stt^s is not ^ways easy : it is hoped that I^rt 11. 
may here give some assistance. 

Xot all children have the same mental endowment : we 
know the pupils who can tackle any problem and those 
who can tackle none. The truth is that nearly every 
child (certainly 75 to 90 per cent, of our pupils) can learn 
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to work problems independently if we set each child a 
Bufficiency of problems just beyond his- immediate giaap. 
What is good training for the weaker hall of our class is 
poor stuff lor our qmckest pupils : what affords good 
training for these quick little people con only be demon- 
strated to the weaker intellects. This is the old trouble- 
some problem in class mani^ment,' of which we again 
postpone the discussion. But the thrill of successfully 
solving a problem should be a frequent experience of quit© 
three-quarters of every class. 

Another very real difiSculty is, of course, lack of time. 
It certainly takes longer to guide children on their own 
legs along a rough piece of road than it takes to pick them 
up and carry them. Many teachers wish their children 
to be taught by sensible, up-to-date methods, but few have 
the courage to waste time on letting their pupils find out 
these methods for themselves under wise guidance. There 
-is a twofold reply to this. First, the time wasted early in 
the course, say in the lowest standards, &ad with upper 
classes in the first week of learning any new method, will 
later be made up without difiBculty. ^s is the experience 
of those who in faith have made the venture. It is a . 
proof to be appreciated only by those who have a Uttle 
f^th. Make but one or two thoroughgoing experiments 
in this direction and your faith will grow. Only we must 
be prepared to waste time in the initial stages and be 
content to estimate progress over long periods. The other 
reply is that the mental training is worth a sacrifice in the 
amount of work covered. If we keep both aims before 
our eyes, even in the initial stages what is accomplished 
wiU not seem small to us, because, besides the results to 
be read in our children's exercise books, we shall gUmpse 
results written in themselves. It seems almost hopeless 
to preach to the unconverted of these matt«rs. They m« 
imprisoned within the four high walls of results which 
show, over-crowded syllabuses, conservatism and sheer 
hopelessness. Only the trumpet-blasts of those who have 
the faith will ever oanse these walls to fall fiat. This is at 
the heart of educational failure. 

Certain results in mental training are, however, achieved 
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by aJmoat every teocheT of Arithmetic, results of great 
value. It iB no small matter that our children should 
receive a daily training in making effort and in conceD- 
tration. These things are, of course, of little value if 
obtained in Arithmetic alone, but this subject does make 
once more an excellent drilling-ground. It is impossible 
to davdle through Arithmetic lessons miless tbey are very 
badly taught indeed. The dif&culty here is that we are 
often t«mpted to use lower motives for securing effort and 
concentration, so that the good accomplished in one 
direction is in danger of being overbalanced by the harm 
produced in another ; for example, the barm produced by 
working because of fear. It is worth while to quote a 
startling paragraph from an article by the school medioal 
» inspector to the Liverpool District of the Lancaster County 
Council. He says, speaking of the psychological charac- 
teristics of school children, that little can be said because, 
individual phenomena being moat conspicuous, generalisa- 
tions are unsafe. " It has, however, often occurred to me 
that perhaps the emotion which strikes one's attention 
most frequently and most vividly among school children 
is Fear. It is a most unpleasing discovery to find out 
that with a large proportion of school children their atti- 
tude to anjthii^ which is unusual is one of suspicion and 
fear, instead of trust and confidence. This is no doubt 
veiT largely due to the injudicious application of unsuit- 
able forms of punishment both at home and also at school." 
That a doctor should be impressed in this way will not 
surprise many of us who know something of the motives 
for which children have to work in Arithmetic, but coming, 
as it does, from an impartial authority, should it not cause 
us all furiously to think ? 

It is of the utmost value that in Arithmetic children 
receive a training in accuracy. The experience of a piece 
of work being either right or wrong is a real factor in educa- 
tion. Our lessons ought to help to set up in our children's 
minds a standard of exact kuowledge and precise thinking 
which will permanently affect their mental attitude. 

It is strange how futile appears to be any conflict between 
the two sets of aims indicated above, between those teachers 
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whose bannei is utility and those whose banner is tiadoiiig. 
The two dovetail into eaeh other bo perfectly that it is easier 
to hold the two at once than to hold either ^parately. 
Beu^ able to think pays, and also adds to the value of 
the child to himself and the race. Accuracy is demanded 
by the business world, and also by those idealists who 
care that right and wrong should be as distinct as block 
and white. Again, if we teach only what will pay, we 
shall discard much that is useless in our syllabuses. Getting 
rid of all useless material means the abolition of all sums 
so long and cojnphcated that adults would work them by 
tables, all long reductions, the H.C.F. rule, cube root and 
often square root, with all unnecessary weights and 
measures. Some schools can get rid of more than others. 
The district and the type of school will affect our syllabuses, 
and, if possible, all children in the same school Tnll not be 
forced to cover the same amount of ground. This can all 
be advocated on grounds of utility. But note the dove- 
tailing again ! Every abohtion of material because it 
does not pay means extra time for teaching what is retained 
so sensibly that the desire to give mental trainii^ shall 
be satisfied. There is no need to teach any material 
simply because it provides training; retain only the 
necessary, but teach that in such a way that the child 
thinks independently and makes discoveries for himself. 
We can at one and the same time prepare a child to take 
his place in the society to which he belongs and develop 
that child's mental endowment to its utmost capacity. 
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HUUBBB IDEAS AKD THEIB NOTATION 

Introduclory Note. 

The foQndatioQS of this work have usually to be laid by 
the teachers of very young children. This book makes no 
pretensions to contributing to the art of teaching Uttle 
ones. While it aims at giving a general outline which 
may be of use to teachers of older pupils, it will be sufficient 
to refer others to some of the books which give either 
more detailed explanations of the origin and development 
of number ideas, or more interesting accounts of the 
development of notation. 

€. g. For Origin and Development of Number Ideas, see — 

" The Psychology of Number." MacLellan and Dewey. 
Appletoa, 4s. Gd. 

" Study of Mathematical Education." Benchaia Bian- 
ford. Oxford. 4s. 6d. 

For Development of Notation, see — ■ 

" Story of Arithmetic." Sarah Cunnington. Sonnen- 
schein. About 3s. 6d. 

" Lectures on the Logic of Arithmetic," M. E. Boole. 
Oxfoid. 2s. 

" History of Elementary Mathematics." Cajori. Ma«- 
millan. About Ss. 

Number Ideas. 

In a previous chapter we saw how men were compelled 
to the quantitative study of the universe by the hmits im- 
posed on them ; such a quantitative study is called " Arith- 
metic." In carrying through such a study ideas of numbers 
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are somehow formed in our minda; these ideas can be 
formed only in studying some aspect of the universe. In 
fact, we have already emphasised the poiat that numhei 
ideas can be formed only in connection with vfuious activi- 
ties, including the use of a variety of concrete apparatus. 
In action number ideas have their rise. 

But neither the showing of 6 pens nor of S yards nor the 
writing of the symbols 6 or V is the equivalent of grasping 
the idea of the number 6. The abstract idea of 6 is a 
possession of the mind. We can have no proof that any 
child has reached such an idea except the inference which 
we may draw from his abiUty to deal independently with 
a new activity involving the appreciation of the number 5. 
To teach the beginnings of Arithmetic is thus a most delicate 
operation. 

We have already drawn a contrast between the quantita- 
tive study of some concrete reaUty and the abstract ideas 
of number formed in the mind in connection with such 
stndy. Yet another contrast must be noted, that between 
these abstract ideas and the figures which are their symbols. 
Just as we may have a vague idea of darkness and shrink 
from darkness before we know the word " darkness," so 
we may have a vague idea of three or five before we know 
the words " three " or " five," and a less vague idea for 
some time before we know the symbolic figures 8 and III 
or 5 and V. But just aa knowing the word " darkness " 
gradually makes our idea of darkness more definite and also 
permits of communication with other people, so knowing 
symbols for the number ideas in oui minds, tends to make 
these ideas more definite and also makes communication 
with others a possibility. The old mechanical plan of 
teaching arithmetic by starting with figures and t«aching 
us to add, subtract ormultiply figures was hke teaching a 
child to read scientific jargon which conveys no real meaning 
to him. Fortunately to some extent children's experience 
outside school helped them to form the ideas which gave 
meaning to the figures ; now we aim at giving them, in- 
side school, definite help in forming number ideas before 
LDtroducing figures as such. 

In order to see more clearly the connection between the 
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quantitative study of the unlTerse and the formation of 
abstract number ideas, let U3 analyse a few preaentations 
quantitatively. We see before ua a heap of bank notes, 
or a cliisB of boys, or a piece of cloth, or some tea. In each 
quantitative analysis we have three distinct aspects — 



gusntitytobe 


QuttntltMiTs nnit by 
which to mewiire. 


Abstract oumbe AeUinc 
how often unit 1» 


Heap ot banknote 
ClasBof bovB 
Cloth 
Tea 


a £6 note 
»boy 

a. 2-lb. packet 


4 (£5 notee) 
25 (b™) 

8 (2-lb. packet*) 



Note in passing that the unit need not necessarily involve 
unity. We can have such derived units as £5 note, 2-lb. 
packet, as well as such simple units as boy or yard. The 
important point, however, is that measurement, in order 
to attain some desired end and the selection of a definite 
unit by which to measure, are the natural activities out of 
which abstract number ideas spring. 

The BialoriaU Develojmtent of Notation. 
1. Symbols were used at first to represent, not the ab- 
stra«t number idea, but the concrete quantity to be meas- 
ured; use was made of fingers, shells, pebbles or counters, 
each to represent one object. As the sheep left the fold, 
the shepherd could make a pile of pebbles, one for each 
sheep, and then as the sheep came home, by removing one 
pebble for each, he could check the return of his Sock. 
Here a pebble is a symbol for a sheep. Later a new develop- 
ment arose ; the pebble might represent one sheep or ten 
sheep according to its position. Perhaps, as Mrs. Boole 
suggests, the shepherd's little daughter czjne to help. As 
each sheep passed him, the shepherd raised a finger, for 
this could be done more quickly than hfting a pebble; 
when ten sheep had passed, the father could go no farther, 
but his daughter could raise one of her fingers to show that 
one set of ten sheep had passed. He counted the next ten ; 
she raised a second finger. Thus 3 of her fingers and 2 of 
his would be a symbolism for 32 sheep. If the fiock was 
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greater tban a hundred sheep, doubtlesB the shepherd's son 
might eJlow one of his fingers to repteeeiit a hundred sheep ! 
Whether this be historically correct or merely an intereeting 
suggestion, it is certainly true that in time men began to 
use their counters economically and in such a way that cal - 
culation became easier. Various forms of the abacus were 
used by Egyptians, Hindus, Greeks and Chinese as they 
are still used in Russia, China, and our own infant schools. 
In the abacus the counters are arranged in columns. 
Two counters in one column or 2 beads on one wire 
mean 2 units ; in the next column, 2 tens ; in the next, 2 
hundreds. This makes calculation possible without written 
symbols, as the values of the counters can be seen at a 
glance and the number of counters in one column can never 
exceed nine. This, being the principle of the ball-frame 
and of other educational abaci, need not be elaborated. 
It is interesting to note that this primitive method of re- 
cording numbers has left a permanent mark on our language, 
for "cdculation" is derived from "calculus," the Latin 
word for a pebble. 

2. In part simultaneously with this stage, arose another, 
in which men invented written symbols to represent the 
abstract number ideas. At first, however, these written 
symbols were used only for recording numbers ; they gave 
no help in calculation, which had still to be done with the 
abacus. Let us look at a few of them, to understand the 
force of this last sentence. 

The Roman symbolism is familiar, founded as it is on I, 
V, X, L, C, D, M. The Greeks used the twenty-four letters 
of their alphabet along with three Hebrew letters in order 
to have twenty-seven symbols, used to represent units 
to 9, tens to 90, and hundreds to 900. For instance 
a = l. j3 = 2, >' = 8; t = 10, x = 20, A = 80; = 100, 
o = 200, 1 = 800. So that ai or za = 801 ; aXoTXa = 230. 
Kote the difficulty of working, say, addition sums with 
these notations — 
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The Greeks and Romana would naturally continue to 
perform their calculations with pebbles on the abaens, 
findii^, however, these aymboU most useful for recording 
numbers. While these and other written symbols for ^um- 
ber ideas were developing, those which finally became our 
figures 1 to 9 were taking their rise in India ; they appear 
as early as 150 B.C., and some of them, at any rate, seem to 
hare been the first letters of the words corresponding to 
our " four," " fire," or " seven." Naturally in manuscript 
their forms varied, bo that their origin tends to be shrouded 
in mystery; certainly they did not acquire their present 
fixed form until the invention of printing made permanent 
much that was formerly in fiux. 

3. Finally, however, this written notation became valu- 
able for calculations by developit^ into a notation based 
on place value, with ten as the most common basis for group- 
ing ; ten probably owes its prominent positi<«i to the num- 
ber of our fingers or toes. Our present place-value notation 
is, in fact, a written picture with the symbols 1 to 9, of 
the appeanuice of the abacus, with its counters arranged in 
columils. Such a picture as |T] |^ {2} would at once 
cf^ up the appearance of the abacus with its 7 counters, 
8 and 2 counters in the three colunms; similar pictures 
written below in corresponding columns would lead at once 
to cdculations being done, not with the concrete symbols 
for the real objects, but with the written symbols for the 
number ideas. The gain in speed would encourage the 
develoioiient of this written mental calculation as a good 
alternative to the use of the abacus. 

At first there was a serious drawback to speed and 
accuracy. Sometimes in performing a calculation on the 
abacus, the tens column, say, would have no counters left in 
it, the column itself rcmainii^, of course, clear tuid distinct, 
la writing, however, especially when the notation had be- 
come contracted to 782, this was a serious difficulty ; the 
correct 8 6 became quickly the incorrect 85. Then prob- 
ably a dot was used to signify the empty column. But 
the dot was too trivial in mantiscript to serve the purpose 
and so was enclosed in a ring to prevent its disappearance. 
At last, however, the dot did disappear; but the ring was 
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left, a symbol for nothing, a symbol invented only wben 
written calculation bad revealed the necessity for Bometbing 
of the kind. Its origin is tbus different from that of the 
symbols 1 to 9, but its appearance completed the amazingly 
simple and powerful Arabic notation, which is now used 
by the great majority of the peoples of the world. 

Applicationa to Teachijig of Notation. 

It is obvious how closely connected with the experience 
of the race in learning notation is the experience of children. 
But the final result reached is so beautifully simple and 
useful that it is wise economy of time to condense the ex- 
perience of the race, in order swiftly tb reach this. With 
this reservation, let us note certain points in the teaching 
of notation, emphasised by the historical outline. 

1. For small children, tens and hundreds should have 
concrete representation. .Such a great variety of concrete 
aids is in use in our schools that it is necessary to note the 
fundamental differences among them; these differences 
correspond to three distinct stages of development. * 

(a) We have apparatus where a ten consists of ten ones, 

or a hundred of ten such tens : e, g. bundles of sticks 
or tram-tickets, bunches of daisies, beans in a bag, 
beads on a thread, a strip formed of 10 squares and 
lai^ squares formed of 10 such strips. ' The laying 
of shells or counters in groups does not emphasise 
suGQciently the ten as a new unit, though such 
apparatus may be very useful in dealing with 
smaller numbers. 

(b) We have apparatus where a ten, because of some 

obvious quality, usually size or colour, is different 
from a one and may be assumed to be equal to ten 
ones : e. g. counters of different colours, beads of 
different colours or sizes, shells of different sizes. 
Tae use of such apparatus can easUy be extended 
to represent hundreds and thousands as well as 
tens. The equivalence of 12 penoe and 1 shilling is 
a parallel case. 
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[e) We have apparatus where hundreds, tens and units 
take their value only from their place or position : 
e.g. any form of abacus, including the common ball 
frame. Place value can, however, be introduced 
in comiection with (a) or (6) if children become 
accustomed to the arrangement of their hundreds, 
tens and units in an orderly sequence. 

2. While at first calculations should be performed con- 
cretely, we must aim at quickly substituting for this, 
wiitten and mental work, depending on the use of the 
symbolio figures. The advance should be gradual, but 
real, BO that in the end no apparatus is necessary. One 
great objection to finger-counting is that fingers cannot be 
removed. The history of the race shows clearly that the 
retention of concrete aids after a certain period means a 
distinct loss in speed and accuracy. The differences in 
individual children are, however, so marked that it is 
impossible to fix an age or standard beyond which no 
apparatus should be necessary. 

3. In teaching written notation we should remember its 
gradual development in history. As children begin to 
form number ideas, they can with advantage be taught the 
symbolic figures. There is no harm, but great gain in the 
use of figures if they have a meaning to the child. Zero, 
however, is a symbol with which children always have 
difficulty. Is not the cause that we try to teach it as we 
teach the other symbob, whereas historically it arose only 
to meet a felt need in calculation ) If the children at first 
put their figures in " nests " or " boxes " to hold hundreds, 
tens and units, and if some day there is no figure for the 
imits nest, and the tens nest looks as if it were a units 
nest, they will see the need for retaining the empty nest. 
In time they will know that such an " empty nest " is 
always put down when there is nothing at all, and they 
will have some vague notion of the reason for using 0. 
Another plan is to allow children to leave a blank until a 
mistake is made ; probably of themselves they will insert 
a dot, and can then easily be led to encircle the dot with a 
ring and so reach finally the conunon use of zero. Older 
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children will W interested in the story of the development 
of zero in some such way as — 



4 8 5 

4. If the histotical outline has succeeded, it will have 
emphasised the wonderful beauty and simplicity of the 
Arabic notation which we use. It is part of a child's 
education to realise this, but the full realisationia possible, 
naturally, only for older children. It is good to revise nota- 
tion before beginning the thorough treatment of decimals 
common in Standard V. Our pupils have to leam how to 
read Bomtm notation ; let them try to work simple sums 
with it. They can then discover why it is so much harder 
for calculation than our Arabic notation, and the resultii^ 
understuiding of the principles underlying our common 
notation will be the b^t possible preparation for sensible 
work with decimals. 
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CHAPTER n 

THB FTrKDAMBNTAL OPERATIONS — ADDITION 

Few dJfBcult or doubtful questions arise in connection 
with the teaching of addition, but some miacellaneous ootes 
may be given on vftrious points. 

Meaning of Addition. 

Addition is the mental operation performed in the mass- 
ing together of concrete quantities of the same kind. The 
mental idea can be taught only through a variety of work 
with concrete apparatus. The concrete operation must be 
performed with some definite end in view : e. g. keeping 
scores in easy games, finding how much of some treasure a 
child possesses, playing shop. The sound laying of this 
foundation will avoid trouble over the addition of quantities 
measured in different unite ; hundreds will go with hundreds, 
tens with tens, units with units, without difficulty. In 
time the concrete can be imagined instead of handled ; still 
later, drill with abstract numbers is safe, if pupils realise 
the purpose of the drill to be the development of speed and 
accuracy. 

Addition TaHUa. 

In upper standards addition is frequently weaker thfui 
multiplication. The cause for this is that, while all under- 
stand that skill in multiplication is baaed on a sound know- 
ledge of multiplication tables, not all realise that skill in 
addition is based on a thorough acquaintance with a limited 
number of simple combinations. 

1 + 1 

2-t-l,3-t-2 

8 + 1,3 + 2,8 + 8 
4+1,4 + 3, * + 3, 4 + 4 

9 + 1. »+a, 9+8, 9+4, 9+5, 9 + 8, 9 + 7, 9 + 8, 9+9 
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It is &eqaeiitly said that all addition should be done , 
through the ten ; inspectors have been known to find faidt 
with children who give 17 -f- 8 immediately as 25, instead of 
17 -I- 3 = 20 ; 20 + 5 = 26. All addition must be tanght 
at first through the ten ; ohildien must learn that in adding 
7 sticks and 5 sticks they put 3 of the 6 with the 7, to moke 
a ten-bundle, and have 2 single sticks left : t. e. 7 + ^ = 
7 4- 8 + 2 = 10 + 2 = 12. But they cannot be said to 
know addition until they have repeated this so often that 
7 + 5 immediately su^ests 12 ; just as 5 X 7, though at 
first thought of as 7-1-7 + 7 + 7 + 7, comes automati- 
cally to suggest 35. Kot to master these simple com- 
binations means that throughout Arithmetic two opera- 
tions are performed instead of one. The intermediate 
steps should gradually disappe^. 

On the mastery of these combinations depends all skill 
in addition. For children can see that Mary's 2 sticks and 
John's 6 sticks put together give as many sticks as Mary's 
6 and John's 2 ; t. e. 2 + 6 = 6 + 2. Again, take such 
examples as 27 + 8 : 7 and 8 units at once suggest 15 
units ; the one ten extra comes to be automatic : i. e. 
27 and 8 suggest 5, 36. This is shorter than 27, 30, 86. 
Addition of any number of columns depends ultimately on 
this ability to add to a number of not more than two ^ures 
a number of one figure. 

The only way to combat ignorance of an addition com- 
bination is to taH back on a ball-frame or some other piece 
of apparatus. 

ZhiU in Addition. 

Here the great essentials are variety and a recognition 
of the fact that children see sense in becomii^ perfect 
in addition. Common artifices for class work may be 
noted. 

1. Teacher writes circle of figures on the blackboard, 
touches two or more of these at random; children reply 
either orally or by writing down answer. 

2. Teacher can name a string of two or more numbers, 
children writing down answer. 

3. Children practise rapid addition (and subtraction) by 
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equal morements : e. g. if teacher starts 5, S, 11, ohildreD 
should continue 14, 17, 20, 23, ... Up to 100 ; or if teacher 
begins 93, 91. 84, children should go on 77, 70, 68, . . . 
down to 0. Taking equal increments alternately is better 
fun : c. g. add 3 and 5 alternately, — 6, 9, 14, 17, 22, 25. . . 

4. Matches between two hiUves of a class oi between 
smaller groups working under captains, go far to inoiease 
interest. 

5. Tots are, of course, indispensable. 

6. Children are taught to check addition by adding the 
numbers in the opposite direction. They should also 
practise adding in rows as well as in columns. 

Carrying Figures. 
If the carrying figure in addition must be 1^ down, it 
should be remembered that the worst possible place for 
it is at the side of the sum, where its meaning becomes 
obscure, and where it is necessary sometimes to work the 
whole sum in order to correct a mistake in one column. A 
good plan ia to set it down as a small figure at either 
the top or bottom of its own column in the sum. 

e.g. soldiers 
4 6 8 

7 8 9 
6 2 

8 9 1 
s 1 

16 9 5 soldiers. 



Two-Column Addition. 

Skill in mental addition should involve the ability to add 
quickly any pair of numbers of two figures, such as 76 
and 48. Suitable steps would be— 

(o) Answer less than 100 — 

1, Adding tens only : e. g. 75 -|- 20 ; 48 + 40. 

^. Adding tens and units : e. ^. 76 -|- 23 = 96 -|- 3 = 98. 
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(6) Answer greater than 100 — 

1. Adding tens only: e.g. 76 + 60; 48-|-90. 

2. Addingtens and unite: e.y. 76 + 69=135 + 9=144. 

N.B. By thus subdividing the work into a series of 
graded steps children can leam tlie quickest 
method naturally. After the hardest eombina- 
tions have been mastered, they can analyse and 
formulate the method ; i. e. add the tens to the 
first number and to that sum add the units. 

Older children keen on Arithmetic find practice in two- 
column addition an entertaining exercise : e. g. — 

2 4 6 8 69 + 72 = 181 

14 8^ 181 + 89 = 211 + 9 = 220 

3 6 7 2 220 + 68 = 283 
18 5 



Carry 2. 15 + 86 = 51 
51 + 14 = 65 



D,g,i,7?<iT,Google 



CHAPTER in 

THB FUNDAMENTAL OFEBATIOMa — SXIBTBACTION 

Fob the successful teaching of subtraction tlie only 
' things needful are a complete mental grasp of the method 
chosen and an understaading of its pecuhar difSculties. 
By explaining the great variety of possible methods and 
estimatii^ the value of each, this chapter hopes to help 
some teachers to decide between rival claimants and to 
encourage others to experiment on a fresh method if one 
commends itself as possibly more useful than the old 
friend. 

Let ufi divide the ground to be coveted into three stages — 

1. Subtraction of numbers each less than 10. 

2. Subtraction of numbers, one less than 10, the other 

between 10 and 20. 

3. Subtraction of larger numbers. 

We must remember that the results of discussing the 
first two stages are involved in the methods of the third 
Bt^e. Throughout, for brevity, we shall usually omit 
reference to the concrete, taking for granted that it must foe 
used in the initial attacks on any method. 

1. Numbers each less than 10. 
This, the simplest stage of all, involves us in the dis* 
tinction between the method of " direct subtraction " 
and that of " inverse addition," 

(a) DmBCT SiTBTRACTiOK : e. g. Take 6 from S. Sym- 

boHcaUy 8 — 5 = ? 
(6) Invbbsb ADomoN : e. g. What must be put to 5, 

to make 8 1 Symbolically 6 + } = 8. 



D,g,i,7?<iT,Google 



46 THE AET OF TEACHING ARITHMETIC 

Note that these are baaed on disbinotly different activities. 
In (a) 8 sticks are lud down : 5 are then set aside : S are 
left. In (b) B sticks are laid down ; and then 8 extra ones 
are placed beside them, to give finally 8. 

These methods are, however, not antt^nistic in their 
claims. Sach pupil must realise the two activities which 
lead to the same mental operation termed " subtraction." 
But {b) has the advanta^ of being so closely connected 
with addition that it can be taught along with it. Probably 
then the first emphasis should be on the " inverse addition " 
idea, the mentfd operation being evoked in connection 
with this activity; a little later the child will discover 
that the same mental operation is evoked by the " direct 
subtraction " activity. 

2. One number less than 10, the other between 10 and 80. 

Ttiis stage, while including (1), involves us in a further 
variety of method. Shall we teach our children to work 
through the ten, or to work without explicit reference to 
the ten? 

{a) Thbouqk Ten : c. (?. 18 — 8 = ? is worked as 
10 — 8 = ?, ? = 2, 2 + 3 = 5; 
and 8 + ? = 18 is worked as 8 + 1 = 10, ? = 2. 
2 + 8 = 6. 
(6) Without Ten : e.g. 18 — 8 = ?, ! = 6; 
and 8 + ? = 18, ? = 6. 

Here, too, we have no real antagonism between the 
methods, ideal teaching finding room for both. Every 
child must at first work through the ten, as not otherwise 
can notation be understood. But when addition combina- 
tions have been mastered, he should become able to deal 
with subtraction without direct reference to the ten, the 
ultimate gain in speed being obvious, 

3. Larger Numbers, involving written Notation. 
This final stage, leading in written work to the difficulty 
of taking away a number from a smaller number just above 
it, brings to our notice three fundamentally different 
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methods, one of these again braDching out into two. We 
may summarise the three as — 

(a) Two Methods of Decomposition. 
(6) Method of Equal Additions. 

(c) Ifethod of Complementary Addition (or Inverse 
Addition). 

(a) and {b) can be based on any of the methods of (1) and 
(2), but (c) is by its nature committed to the inverse addition 
plaji for small numbers. 

(a) Methods of Decohfosition 
(i) Decomposition before Subtraction, 



IS equi- J 7 2 11 L 
valent to |^ g 7 fij 



/Th. H. T. u.i 
J 6 10 Ol 
1 8 1 7 aj 



/Th. H. T. D-l (Th. H. T. U. 

JB9 10 0=599 10 
U 1 7 2j is 1 7 2 



2 8 2 8 



This method is obviously one which children can easily 
discover. If presented with 6 ten-bundles and 5 single 
sticks and asked for 29, children very likely will imtie or 
" decompose " a ten-bundle to obtain the 9 single sticks. 
Tnis simphcity of idea is a great advantage. In general 
there is a corresponding simplicity of manipulation. The 
rule is the simple one of diminishing the figures in upper 
line by 1 if in previous column the lower figure is greater 
than the upper ono. But when there is a row of O's in tin 
upper line, the decomposition of the higher unita becomes 
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more complex, and the rule for manipulation is so compli- 
cated with its S's and 10 at the end, that it is apt to lead 
to errors. 

In short, in spite of its general simplicity of idea and 
manipulation, in practice we obtain disappointing results 
in speed and accuracy from older children taught by ttiis 
method. Recent experiments carried out by P. B. Ballard 
in London schools and reported on in the Journals of 
Experimental Pedagogy for December 1914 and March 
1915, bring out forcibly the marked superiority in results 
of the method of equal additions over the method of 
decomposition. 

(ii) Decomposition after Svhlraclion. 
The general idea underlying this less familiar form of 
decomposition may best be brought out by considering 
again the child with 65 sticks asked to give 29. The child 
would be just as hkely first of all to take the two ten- 
bundles from the 6 ten-bundles, leaving ♦ ten-bundles 
and the 6 single sticks. Then, finding himself unable to 
take 9 from 6 sticks, he would break up one of these te- 
maining 4 ten-bundles, leaving 8 ten-bundles and ultimately 
6 single sticks, 

e.ff. 6 5 I =1 4 6 I = J 8 15 starting from left -hand side 

1 5t ft 



= I 7 13 11 starting with 
l 2 f 8/5 hundreds. 
—/- — / — 



At this stage it may be well to explain the rule. Start 
at left-hand side and always look ahead one place. If no 
difficulty appears In next place, write down number as 
obtained ; if difi&culty appears ahead, write down one less 
than number obtained by subtraction — 
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731 


= J 7 18 1 


2 6 5J 


I 2/6 5 
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«. ff. 7 8 1 (1) (7— 2)H = 6H : write down 4H, because 6 
2 6 6 19 greater than 8 in tens 

column. 

4 6 6 (2) {13— 6)T = 7T : write down 6T, because 6 
is greater thiui 1 in units 
column. 
(3) (11— 6}U = eU : write down 6U, because no 
difficulty follows. 
Note that this leads to no difficulty with a row of O'b. 
t.g. 6 (1) 6—1 = 5, write down 4Th. 
1 2 3 7 (2) 10-2 = 8, „ „ 7H. 

(3) 10—8 = 7, „ „ 6T. 

4 7 8 8 (4) 10-7 = 8, „ „ 8U 

That this overcoming of the old difficulty is more apparent 
than real can be seen from the following example. 
6 1 8 6 (1) 6—2 = 4: write down 4Th, since next column 
2 1 8 S is easy. 

(2) 1—1 = : write down OH, since next column 

4 is easy. 

(8) 8-8 = 0: what is to be written down, since Sis 

greater than 6 in units column ? 

The remaining 4000 has to be decomposed into STh, 9H, 

9T, lOTJ as before. This difficulty need not be elaborated. 

The supporters of this method claim that it saves time 

to write figures from left to right and that it emphasises 

the most important part of the result. In other respects 

its position is obviously similar to that of " decomposition 

before subtraction." 

(6) Mbthod of Equal Additions 
The fundamental idea underlying this method can best 
be illustrated by a simple example. 

A is 7 years old, B is 6 years old : A is 2 years older 
thanB, i. e. 7 — 5 = 2. 
'iwdS* -A i^ 10 years old, B is 8 years old : A is 2 years 

older than B, .. e. (7 + 8) - (5 + 8) = 2. 
hcnra^' A is 17 years old, B is 15 years old : A is 2 years 
older than B, t. e. (7 + 10} - (6 + 10) = 2. 
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In short, if we iacrease each oi two quantities by the same 
amount, the difierence between them remains the same. 
Many illustrations can be found. Let us apply this to 
graded examples involving the subtraction difficulty. 

T. U-l [T. C. 

6 5 I = J 6 15 adding 10 units to one quantity 
2 9 J 13 9 and an equivalent one ten to 
the other. 



H. T. n.i (H. T. u. 

7 3 4 I = J 7 18 14 adding 10 imits and 10 tens to 

568J Is 7 8 one quantity, and an equiva- 

lent one ten and one hundred 

16 6 to the other. 

6 \ _ f 6 10 10 10 
126 4/~l2 3 7 4 

4 7 3 6 

Note, fiist, that we here replace the given question by 
a different one ; second, that the result of doing this is to 
abolish difBculty with any possible combination of figures. 
We add 1 to the lower line, if previous column has had its 
lower figure greater than its upper figure, and this rule is 
absolutely without exception. 

This simplicity of manipulation is the great advantage 
of this method : it gives excellent results in speed and 
accuracy. Its one serious drawback is that the funda- 
mental idea is not a simple one likely to be obvious to 
children, but one requiring careful prehminary treatment. 
We cannot too strongly condemn the conmion practice of 
covering up this difficulty by the use of the terms " borrow " 
and " carry," wtiich are supposed to afiord an explanation 
because they are famifiar words. If one has to take away 
29 sticks from 65, in general one has no " bank " from which 
to borrow 10 sticks. Even if we imagine ourselves to possess 
such a " bank," we should have to talk of " paying back " 
the extra ten sticks borrowed, not of "carrying" a ten. 
"Adding" teii is in each case the simplest expression 
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provided that the underlying idea has, to some extent. 



(c) Method of Cohflehuntabt Addition, ob Invsbse 
Addition 

This method involves carrying out completely the idea 
involved inB+? = 8; ! = 8. Itiaa method little used 
in thia country, but where i€ has been tried, the results 
give reason for further experiment. A simple example 
will explain. 

Mary haa 27 sticks. How many extra sticks must she 
receive, to have 69 ? Obviously she will require 2 sticks 
and 4 ten-bundles. This can at first be set down as an 
addition sum with a missiu^ line — 

2 7 69 69 

' . . leading to — or 27 

27 — 

« 9 .... 

If we alter Mary's final total to 64 sticks, the question 
becomes more difficult. Certainly we cannot add any 
number of sticks to 7 to get 4 sticks. All we can do is 
to add 3 sticks to make with the given 7 one of the ten- 
bundles required, and 4 more to give the 4 single sticks 
required ; in other words, as we cannot make up to 4 we 
make up to 14. 

We now have 3 ten-bundles and 4 sticks ; add 3 mote 
tens to give 64 sticks — 

6 4 (1 ) Units. 7 + ? = 4— impossible ; .". 7 + ? = 

i. e. 14 ; ? = 7. 

2 7 (2)Tena. We now ha vd the 4 sticks and also an 
. . extra ten towards the 6 tens required. 

(1 + 2)T = 3T, 8 -f ? = 6, ! = 3. 

Children can discover the result if given the question to 
work with apparatus or as an addition sum with a missing 
line. 
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Let UB take the working of a longer example to make 
the resulting manipulation clearer. 
6 1 8 5 (1) UniU. 8 + ? = 16; * =7. 
2 6 8 8 (2) Tens. Cariy 1 ten from 18 units obtained, 

— ' towards getting 8 t«ns; 1 + 8 = 4; 

.... 4 + ! = 8;? = 4. 

(3) Hundreds. No hundreds to carry from 8 tens 

obtained ; .*. 6 + ? = 11 ; ? = 5. 

(4) Thousands. Carry 1 thousand fromll hundreds 

obtained, towards getting 6 thoustmds. 
2 + 1 = 8; 3 + ? = 6; ? = 8. 
Result is 8Th, 5H, 4T, 7U, or 8547. 
It will be noticed that finally the manipulation is practi- 
cally the same as for metht»d of equal ad<£tions : " carry " 
one to lower line if in previous column lower figure has 
been greater than upper figure. Note that " cany " is 
here used correctly. 

This method thus leads ultimately to a very simple rule 
for manipulation, applicable to every combination of 
figures, while the idea of inverse addition which underlies 
it is easy to comprehend. That it is, humanly speakings 
a natural method to " make up " to the higher number, 
is shown by the shopkeepers' method of counting change 
by " making up " from the amount required to the amount 
tendered. But from the point of view of subsequent work, 
this method has even greater advant^es. 

For one thing it makes it possible to take a sum of 
numbers from one number in a single step, a piece of work 
useful in connection with money dealings and also in work 
involving logarithmic tables — 

e.g. (i) I have £1635 in bank. I have drawn £498, 
£176, £280. How much is left t 
£16 3 6 (1) Units. + 6 + 8 = 0; make up to 15 by 

adding 6. 

4 9 8 (2) Tens. Carry 1 from 16 units ; 1 + 8 + 7 
17 6 + 9 = 20 ; make up to 23 by adding 8. 

2 8 (3) Hundreds. Carry 2 irom 23 tens ; 2 + 2 + 1 
■ • . +4 = 9; make up to 16 by adding 7. 

.'. Remainder = £786. 
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(ii) Find value of 2-3M7 — S-2613 — 1-4178 — 2-3338. 
2 3417 (1) 8 + 9 + 3 = 30 : make up to 27 by adding 7. 
S-2618 (2) Carry 2: 2 + 3 + 7 + 1 = 13; make up to 
r417» 21 by adding 8. 

2-3338 (3) Carry 2: 3 + 3 + 1 + 6 = 12: make up to 
14 by adding 2. 

(4) Carry 1: 1 + 3 + 4+2 = 10: make up to 

13 by adding 3. 

(5) Carry 1: 1 + 2 + 1 + 5 = 1: make up to 

+ 2 by adding 3. 
Result is 8-3287. 
Again, the Italian method of Long Division in which 
one sets down only the result of subtraction, omitting 
the multiplication line, is made easy if " making up " the 
product to dividend is the method chosen — - 
e. g. 6266 ^ 17. 

(1) 62H-r 17 = 8H 

868 8 X 7 = 21 : 21 + ? = 22 ; T = 1 

1 7)6 2 5 6 Carry 2 from 22: 3x1 + 2 = 5: 
1 15 5 + ! = 6: ? = 1. 

13 6 Set down 11 and take down 5 from 

. . dividend, 

(2) 115T -=- 17 = 6T 

6 X 7 = 42 : 42 + ^ = 45 : ? = 3 
Carry 4 from 45 : 6 X 1 + 4 = 10 : 

10 + ? = 11 : ? = 1 
Set down 18 and take down 6 from 

dividend. 

(3) 136U -M7 = 8U 

8 X 7 = 56 ; 66 + ! = 56 : ? = 
Carry 5 from 66 : 8 X 1 + 5 = 13 : 
13 + ? = 13 : ? = 0, t. e. no remainder. 
Result is 3H, 6T, SU, or 868 and nothing over. 
From theoretical considerations, then, one would have 
no hedtation in saying that this Liverse Addition tnethod 
was the best ; but practical results are not likely to verify 
this conclusion until more schools give it a fair chance by 
experiment. 

D,g,i,7?<iT,GooQle 



CHAPTER IV 

THB FUMDAMKNTAL 0FEBATI0M8 — MnLTXPLICATION 

BsFOBB some analysis of the stepB involved in the 
successful teaching of multiplication, we must touch on 
two questions of theoretical interest which have a real 
bearing on practical teaching; we refer to the nature 
of the operation termed " multiplication " and to the 
interchange of factors. 

The Nature of Muttij^iccUion, 

What is . multiplication ? The simplest answer is that 
we have multiplication when we add the same quantity a 
certain number of times. Understanding that wc have 
been given 4 sticks 3 timM implies a further stage of develop- 
ment than that of simply putting together 4 sticks and 
4 sticks and 4 sticks as we are given them. Multiplication, 
then, is fundamentally continued addition, when the new 
idea of " times " has developed. It connects itself most 
closely with addition, but is more difficult because of this 
more abstract idea. 

Probably this conception of multiplication is best at first 
for our children, but unless we have ourselves advanced 
beyond it, we shall find trouble when the result of multiply- 
ing a quantity by a fraction is a diminished quantity; 
children cannot understand how multiphcation can produce 
a smaller answer. Here we have definitely to extend the 
meaning we have given to the term multiplication. 

In the first steps of teaching multiphcation by fractions, 
the difficulty need not arise for the child. We do not 
mention multiplication at all. We simply tackle, with 
the aid of diagrams, such work as i of ^ yard, J of J yard, 
i ot i yard : see pages 127 and 128 for suggestions as to 
method of doing thw. " Of " makes sense to the child 
and at first he need not be further troubled. 

But sooner or later he must see for himself that multi- 
phcation is a good term to apply to this operation, since it 
dovetails into his previous work in multiplying by a whole 
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number, while giving an extended meaning to the word 
multiplication. For instance, these steps might be taken — 

(1) This line is 8 ins. long. What is the length of | of 
this line ? 

I of 8 ins. = -^ ins. = 6J ins., as above. 

(2) What ia the length of three o/ these lines ? 
8 of the 8 in. lines = S X 8 ins. = 24 ins. 

(8) What is the length of 8§ of these lines ? 
8| of the 8 in. lines ^ 3 of the lines and | of a line 
= 8 X 8 ins. + § of 8 ins. 
= 24 ins. -|- ^ins. 
= 29J ins. 
(4) What is the length of a line 8^ times 8 ins. % 
8f X 8 ins. = 8 times 8 ins. and § time 8 ins. 
= 8 X 8 ins. + S X 8 ins. 
= 24 ins. + ? 
Bat the unknown answer clearly ought to be the same as 
in (8), that is equal to f o/ 8 ins. So we can dovetail this 
new idea of multiplication into our primary idea of multi- 
plication as continued addition. We do this by assuming 
this new meaning for the term multiplication : multiplying 
a quantity by, say, f , is to be regarded as taking j of that 
quantity. Thus we can bring the operations demanded 
by 8 times 8 ins., § of 8 ins., 8S times 8 ins. and 3§ of 8 ins., 
aU under the one term multiplication, by giving this term 
an extended meaning. 

MacLellan and Dewey, who, in their Psychology of 
Number, have done so much to emphasise the natural 
development of number and the numerical operations, 
suggest what probably is the primitive measuring need 
out of which the operation of multipUcation sprang, and 
show that this need wosld be the same, whether the 
multiplier be a whole number or a fraction. " Multiplica- 
tion makes the espression of a measured quantity more 
complete, by finding the number of primary units in it, 
given the number of derived units." Take first a simple 
Ulustration. A man finds himself with 7 £5 notes, the £5 
note being a unit derived from the primary unit, £1. He 
may have a vague idea of what he can acMeve by the use 
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of these 7 £5 notes, although ignorant of their relation to 
£1. He may feel them more important than 7 £1 notes 
because of their greater size and stiffness, but exactly how 
much more important are they 1 How much more valuable 
are they as means to a desired end ? He certainly makes 
the expression of the measured quantity of notes more 
complete when he realises that 7 £6 notes are the same as 
36 £1 notes. Or a little child may have a choice between 
8 threads of beads each containing 7 beads, and 9 threads 
each containing 6 beads. Until he has reduced 8 7-bead 
threads and 9 6-bead threads to 66 and 64 single beads, 
he cannot estimate their relative importance to him. In 
this case the derived units are the 7-bead thread and the 
6-bead thread; the primary unit is the single bead. Or 
a girl wishes to buy 4 yards of cloth at Zs. 9d. a yard, and 
knows she will have to pay 4 times 3a. 9d. She will not 
know whether she can afford it until she has expressed 
the 4 derived unite (35. 9d.) in the primary units 1 shilling 
and 1 penny. The notion of 15a. clears her vision at once. 

The same is true with fractions. One child has f of 
j of a loaf ; another has | of | loaf. We caimot tell which 
child has most bread until we find out what part of 1 loaf, 
the primary unit, each has. ^ of } loaf = ^ loaf. So $ of 
2 loai = f loaf =: i loaf. And ^ of f loaf = ^ loaf. So ^ 
of J loai = f loai = J loaf. It is now easy to appreciate 
the greater wealth of the first child. 

This attitude to the operation in both its primary and 
extended meanings, is very suggestive to the tMcher. 
In each development of multiphcation we can introduce the 
work through problems' involving the more complete 
measurement of a quantity for some end; unconsciously 
the child will catch the right attitude. The place of drill 
work in multiphcation is, of course, enormous, but our plea 
is that in the initial stages the mental activity of multipli- 
cation should be evoked by problems embodying this 
point of view. 

Interchange of Factors. 

At some stage most people discover that the result of 
omltiplfin^ 46 b^ 89 is th^ eam? a? tb? result ol multiplying 
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39 by 46. We become Bkilful in choosing the eader multi- 
plier; or we check ouf product by using first one factor 
and then the other as multiplier. What we urge here is, 
that since the lact that 46 X S9 = 39 X 46 is implicit 
in the idea of multiplication, use be made of it from the 
earliest stages, to lighten the labour of learning tables, to 
check result* of multiplication, to solve the mystery of 
division and to explain the usual methods of setting down 
redaction sums. We urge that since it is of fundamental 
importance, its discovery should not be left to chance and 
time. The teaching of this principle should have an 
important place in the early stages of number work. 

The truth of the principle is obvious if we treat multi- 
plication as the more complete expression of a quantity 
measured in derived unite. If we wish to lay out S 6-bead 
threads, we may do so in two distinct ways. We may lay 
out 6 beads, once, a second time, a third time, a fourth time, 
a fifth time ; we 6 times lay out 6 beads. But we may also 
lay out 6 beads one to each thread, then another 5 beads, 
a second to each thread, another 5, a third to each thread, 
until we have laid out altogether 6 times 5 beads or 6 times 
given a bead to each thread. The result will be the same, 
but the methods are different. 5 times 6 beads ^ 6 times 
5 beads. This is simple, though 5x6 = 6x6 may be 
difficult to explain. 

We may take an oblong and rule it off in squares. When 
we examine its size, we can regard it either as 3 squares 
taken 4 times, counting the rows, or 4 squares taken S 
times, counting the colunms. We may take a 12-inch 
strip of paper and measure it by a 6-inch strip. We shall 
find 12' equal to 2 6-lnch strips. Or we may measure it 
by means of a 2-inch strip and find 12' equal to 6 2-inch 
strips. These examples need not be elaborated. They 
will suggest to the teacher a type of practical exercise to 
which the child's attention should be directed and also 
indicate the necessity for emphasising this principle as 
often as accident furnishes opportunity. 

N3. — In the rest of this book the knowledge of this 
fundamental principle of commutation of factors will be 
assumed. 
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MuUiplication TcibUa. 

1 . For ease in construction, it is better that tables should 
have the form 2 times 9, 8 times 9, 4 times 9, instead of 
the familiar 9 times 2, 9 times 8, 9 times 4. Each is a 
coadensed form of the same truth, but the first is the more 
natural expression of the result of adding 9's. 

2. Tables should be constructed by concrete means, but 
the need for concrete aid diminiBhes. The first few should 
be constructed by each child, probably with more than one 
piece of apparatus. The next few can be built up by 
apparatus used by class as a whole ; e.g.e, large cardboard 
rectangle ruled oS into rows of 7 squares for table of 
sevens. The last few need usually be constructed only 
by simple addition. 

3. The tables, when constructed by children, should be 
entered in their notebooks. In the case of the eariiest 
tables, they should be set simple little problems and allowed 
to solve them either by addition or by looking out the 
answer in their tables. The ease of this new plan will 
commend itself to them, so that they become ready to 
begin learning taUes. 

4. To lighten the labour of learning tables, vuious 
points may be noted — 

(a) Make great use of the principle of commutation of 
factors. When a child knows up to 12 times 7, 
he knows the table of 8's as far as 7 times 8. Also 
in case of a combination being forgotten, its 
correlate should be emphasised. 

(i) Pass continually from 8 times 7 to 7 times 7 and 
9 times 7, so that if children forget one combina- 
tion they know how to derive it from its neighbour 
above or below. 

(e) The ease of the tables for lO's, 11's and 6's should 
be emphasised, as those children who most need 
the aid of knowing the tricks are least likely to 
discover them for themselves. Many grown-ups 
have never found out the help in remembering 
the table of 9's :— 9, 15, 27, 3tf, 15 . .. . , the unit 
figw« diminishing by one each time. Also the 
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sum of tlie digits ia always 9:9 = 1 + 8 = 2 + 7 
= 3 + 6 = 4 + 6. These little things appeal to 
children's fancy, and, by obtaining greater attention 
without strain, help them to learn. 

5. When aJl this has been said, every ehild must learn 
its tables thoroughly. This cannot be over-emphasised. 
Drill in tables should be prolonged and continuous. At a 
certain Btage there is room even for such abstract drill 
sums as " Multiply 7169483 by 8 " ! Some form of reward 
or honour when a child has first mastered certain tables, 
or later, all its tables, would probably be of use ; the test 
could be saying a table forwards, backwards, in any order, 
with, a httle later, questions on division and on finding 
factors of a number. In the case of part of an upper 
standard proving weak in tables, the only remedy is by 
graded questions to discover the exact extent of the 
disease, tlken to build up the table with the children affected 
as far as may be necessary, and to have it thoroughly learnt 
and well practised, using all possible devices to ensure a 
complete mastery. Time lost on this will later be gain. 

6. Children in upper standards will find it useful to know 
tables from 13's to 19's at least &a far as products not 
exceeding 100. 14'8 and lO's are particularly useful in 
connection with avoirdupois weight. 16's can be connected 
with time measure, through ^ hour. 

Multiplication by Factors. 
Sug^stions as to a method which leaves room for 
children's initiative in learning this may not be amiss. 

(o) Set question of type, " How many beads in 7 boxes 
each containing 43 beads ? " followed by, " How 
many beads in 21 boxes, each containing 48 
beads 1 " 

Many will see how the answer to the first question 
caji be used to answer the second. Continue 
setting pairs of similar questions until the idea of 
using an easy eiun to do a harder one has taken 
root. 
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(6) Set question of type, " How many beads in 28 boxes, 
each containing 78 beads 1 " asking children to 
make.np an easy sum which will help them to 
- answer this harder one, and then work both. 

The interest here is twofold : the interest of 
diBcovering a suitable simple sum, and the interest 
of finding that different discoveries lead to same 
ultimate result. 

(c) This leads to discovery that any simple sum is 

suitable provided its multiplier goes exactly into 
given midtiplier. Here introduce fm^or and give 
drill in finding factors of numbers. 

(d) Give plenty of practice in multiphcation by factors, 

having at first the meaning of each hne brieQy 
explained, but passing from easy to harder 
examples. 

(e) Give special attention to such multiphers as 20, or 

70, leading to doing the whole multiplication in 
one line, because multiplication by a 10-factor 
simply adds 0. This is essential preparation for 
long multiplication and should be extended to such 
multipliers as 700 or 4000. 



Long MuUipliaition. or MvUiplicaticm by Partial Products. 

The idea underlying this is different from the idea 
underlying multiphcation by factors. We take parts of 
the product and then combine them by addition. Again 
suggestions may be given for possible method of attack. 

(a) Set a question of this type, " How many beads in 28 
boxes, each holding 47 beads 'i " 

Many children will find the correct answer for 
themselves, using a variety of methods — 

(i) Beads in 22 boxes and add beads in 1 box. 
(ii) Beads in 21 boxes and add beads in 2 boxes, 
(iii) Beads in 20 boxes and add beads in S boxes, 
(iv) Beads in 24 boxes and take away beads in 
1 box. 
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Note that they are applying in each ca^e the 
principle of partial products. These methods 
shotdd be all placed on blackboard and compared. 
The favourites will be (i) and (ill), (i) because you 
multiply only by 2 and H and add, (iii) because 
you miUtiply by 20 in one line, multiply by 3 and 
add. The other two involve more work. Suggest 
looking for easiest method next time. 
(6) Set such a question as, " How many beads in 53 
boxes, each containing 94 beads ? " Again a 
variety of methods will result, but there will be 
no doubt that the easiest is to take 50 boxes and 
8 boxes and add. The setting down will in general 
be Tedundant at this stage. 
:. g. beads beads 

9 4 6 4 

5 3 

4 7 in 50 boxes 2 8 2 in 8 boxes 



4 9 8 a in 53 boxes. 
(c) Qive several similar examples, until idea of multiply- 
ing by tens and units separately has taken root. 
Gradually let children criticise above method of 
setting down (or any similar one used by them- 
selves) and lead them to the brief form — 
beads 
9 4 
5 8 

4 7 in 50 boxes 



4 9 8 2 in 53 „ 

Soon most children will dispense with full 
explanation. 
{d) Extend to such multiphers as 128. 



„Go 



5gle 



62 THE ART OF TEACHING ABITHMETIC 

(e) After some practice, tKey will see that to drop the 
O'b at end of line eaves time ; so they reach the 
dmple rule of setting down first figure below 
multiplying figure and then moving each line one 
place to the right. 
e.g. 4 19 

3 12 



13 7 2 8 
N.B. — Not« that we here begin by multiplyii^ 
by the left-hand ^ure instead of the more usual 
right-hand one. ^Hiose wishing to adhere to the 
other method can easily adapt to their views 
the setting down in [b) and (c) above. Reasons in 
favour of the course adopted here are — 

(i) (Children in finding out method for them- 
selves reach this rule as they aim at 
getting the answer nearly right by their 
first multiphcation. 
(ii) It is of value in general to have the main 
part of result given first and the less 
important parts later, 
(iii) If approximate methods in decimals are 

taught later, this order is necessary, 
{iv) The one rule is to the child as simple and 
quick as the other, although less simple 
and quick to teachers brought up on a 
different one 1 

Short Methods of MvUiplicaiion, 

Children's interest in short methods can easily be 

aroused. The following are typical instances — 

]. To multiply by 25, add two O's and divide by 4: 

26 = 100 -r 4. 
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2. To multipl; by 125, add three O's, and divide by 8: 

125 = 1000 -^ 8, 
S. To multiply by 33|, add two O's, and divide by 8: 

83^ = 100 -^ 3. 

4. To multiply by 99 or 999, add two or three O's and 

subtract the original number : 

99 = 100-1 and 999 = 1000 - 1. 

5. To multiply by 427, multiply by 7 and then add 60 

times the firet answer to it : for 

427 = 7 + 420 = 7 + 60 times 7. 
Similarly to multiply by 963, multiply by 000 and 
then add 7 times the first line, writing it as units 
instead of hundreds : for 963 = 900 -}- 63 = 9 
hundreds -f- 7 times 9 units. 

Checking of JHultiplicalion Results. 
Children should fre(juently correct their own work, by 
applying one or other of these methods — 

1. Interchange multiplier and multiplicand and repeai 

multiplication, 

2. Divide product by multiplier or multiplicand. 

3. I7se a difierent combination of partial products : e. g. 

59 = 50 + 9 and also 59 = 60 — 1, or 47 = 40 4- 
7 = 45 + 2 = 48-1. 
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CHAPTER V 

THB PUNDAMBHTAL OPEBATIONS — DIVISIOM 

" Mullipliealiim ii veaxition, 
ZKvMton '« twict ae bad ; 
The rtdt of thret U puxzlet me. 
Aid pracliee driBtt me mad." 

To wliatever extent modem methoda have undennined 
the orthodoxy of this classic poem, one statement in it 
remains true ; division is twice ob bad as multiplication — 
twice as bad for teachers, twice aa bad for pupils. We 
need to take all the comfort we can from the fact that 
in division we have to deal with an opeiation psycho- 
logically the hardest of the four ; with methods of mani- 
pulation — ^in remainders and division by factors — compre- 
hensible only by most careful introductory concrete 
presentation; with one method of manipulation — long 
division — so complex and teasing that only within the last 
three hundred yeats has it come into general use. Any 
one anxious to study previous methods of long division will 
find detailed accounts in Ball's History of Mathetnatics 
or Cajori's History of Elemeniary MaiMmaiics. But all 
should remember that in teaching long division we are 
handling a method of manipulation which is extremely 
difficult. Probably one way of easing the difficulty is to 
postpone it as late as possible, until children's minds 
have developed more power to keep hold at one time 
of three distinct operations. It is a question whether it 
should ever be touched before Standard IV. ; some of the 
moat successful Aiithmetio results are found in schools 
where it is postponed till the latter half of the Stiuidard IV. 
period. In connection with it, one can then revise all 
tables of money, weights and measures, dready learnt 
and used as far as division by factors. 
64 
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We shaJl here begin by diaouBsing the nature of diviaion, 
paying special attention to the question of remainders, 
liater we shall deal in detail with the different steps to 
be taken in teaching division, when necesBary outlining 
methods of attack which may prove suggestive to any 
finding this a difficult subject to handle. 

The Nature of Division. 

We looked at the multiplication operation from three 
different view-points ; similarly we can look at division 
in three ways, 

(o) Division may be regarded as bearing the same re- 
lation to subtraction that multipUcation bears to addition. 
We ask, " How many times can I take 5 sticks from 17 
sticks ? " Here the relation to subtraction is obvious. 
From 17 take 6, another 6, another S, and no more 6's 
are left to take. But just as multiplication involved the 
abstract idea of adding "so many times," so division 
involves the idea of subtracting "so rntmy times." We 
think of taking away 3 times 5 at once instead of 6 4- 

5 -|- 6 until we can take no more away. The question 
then is, " How many times is subtraction possible ? " 
Obviously this is harder than subtraction, because more 
abstract. 

(6) Division also may be regarded as having the same 
relation to multiplication that subtraction bears to ad- 
dition. Just as we ask, " How many must I add to 5 
sticks to make 8 sticks ? " bo we ask, " How many times 

6 sticks must I take to have 35 sticks t " In such a case 
division is simply inverse multiplication. When we ask 
" How many groups of 6 sticks must I take to have 87 
sticks ? " we have reached somethii^ more complex. We 
have inverse multiplication, with something else — sub- 
traction. We may say that we have to take 7 groups of 6 
sticks and 2 sticks besides, or, since 5 sticks form a group, 
1 stick therefore \ group and 2 sticks % group, we may 
say that we have to take 7| groups of 5 sticks. Each 
answer is correct; but to say that we have to take 7 
groups of 6 sticks and ^ stick besides, is wrong. In other 
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words, ia dividing 87 sticks by 6, oar remainder is 2 sticks 
or I group of 6 sticks but not |^ stick. Ttie simplicity of 
this UluBtration must be forgiven by those to whom it 
seems an easy matter. If sudi people will pause to count 
the number of ideas to be grasped by a child before 
answering correctly even such a simple question in division, 
they will no longer be surprised at their bad results. 
Obviously the fractional treatment of the remainder 
cannot be developed until children become familiar with 
fractional relations in general, i.e. in Standards m. 
and IV. 

{c) Remembering the value of considerii^ multiplica- 
tion as making more complete the expression of a quantity 
measured in derived units, by measuring it in primary 
units, we reach another view-point for division, which 
leads us straight to the twofold nature of division. In 
division questions our quantity is always given as measured 
in primary units, e. g. 20 pints, 64 sticks, tSa. W. Some- 
times we are told the size of the derived unit and ashed to 
find how many such units are in the given quantity, e. g. 
how many 4-pint basins can I fill from 20 pints ! How 
many yards at 8s, W. can I buy with 18a, 4rf. ? How 
many groups of 9 sticks can I make with 64 sticks 1 The 
answer in each case is an abstract number of units — 6, 
4, 6. The question asked provides the details — 5 baaina, 
4 yards, 6 groupa. But sometimes we are told how many 
derived units we are to divide the given quantity into 
and we havei to find the size of the derived unit : e.g. I 
put 20 pints of milk into 6 basins : bow much in each % 
I must buy 4 yards of cloth with l&s. 4d. : how much 
can I pay per yard? How many sticks will be in each 
group if I make 6 groups from 54 sticks ? The answer 
in each case is a concrete quantity, the derived unit : 
4 pitUa, ia. id., 9 aticka. 

The connection of this twofold nature of division with 
the commutation of factors in multiphcation is obvious. 
20 sticks are 6 times 4 sticks or 4 times 6 sticks. There- 
fore, whether we divide 20 sticks by 4 sticks or by 4, the 
numerical part of our answer is 6. So that meniaily the 
same operation of inverse multiplication oi continued 
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subtraction will give the c(»Tect result in both types of 
division. 

The remadadet difficulty is more serious. Let us con- 
sider simple examples. 

(a) How many 4-pint basins can I fill with 21 pints of 
milk? 

21 pints -f- 4 pnts gives 6, but 1 pint is left over. Each 
basin holds 4. pints, so 1 pint is ^ of a full basin. The 
answer therefore is : "I can fiU 6 basins and leave 1 pint 
over," or " I can fill 5^ basins." Both answers are oorrect, 
but " I can £11 6 basins and leave ^ pint over " is wrong. 
4 1 21 pints 4 1 21 pints 

5 basins — 1 pint over. 6^ basins, 

{b) I wish to put 21 pints of milk into 6 basins; how 
much must I put in each 1 

21 pints ~ S gives 4 pints to each basin, but 1 pint is 
left over. Tins pint must either be left or a part of it 
must be put in each of the five vessels. That part, if all 
basins be treated alike, would be i. The result therefore 
is " 4 pints to each and 1 pint over," or " 41- pints to 
each," but " 4 pints to each and ^ pint over " is wrong. 
* [ 21 pints 6 [ 21 pints 

4 pints — 1 pint over. 4J pints. 

In this case the second result makes better sense as an 
answer to the question asked. 

We note that both in (a) and (6) the mental operation is 
the same and the rules for dealing with a remainder are 
the same. 

It may be well now to add to our simple discussion the 
more technical terms occurring in this connection. In 
the first case, when we divide a concrete quantity by a 
concrete quantity we are measuring a quantity by a new 
unit; dividing a quantity into smaller quantities, asking 
the question " how many times " (Latin quot) one quantity 
is contained in another. So this aspect of division is 
called measurement or qiuMlion or division properly speak- 
ing. In the second case, when we divide a concrete 
quantity by an abstract number, we are sharing that 
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qnantity amon^t e. givea number of people and finding 
the share of each, or parting it amongst a certain number. 
Thia is sharing or jjotiilion. In the first case the result 
is an abstract number of times ; in the second, a concrete 
qnantity. 

Fortunately for children, the labour of learning division 
is not twofold. We have seen that the same mental 
activity is evoked by both types of question. . The practical 
necessities arising out of the twofold nature of division 
are — 

(i) That our children early have an intuitive under- 
standing of the principle of commutation of factors. 

(ii) That in early work with ea^y numbers we avoid 
the word " divide," as is done in above examples. " IMvi- 
sion " is a good name for the one mental activity (inverse 
of multiplication) behind both. Numerous examples qf 
both must be given from the earliest stages until children 
instinctively perform the mental operation of division at 
the call of either type of question. Insistence on their 
result being an answer to the given question preventa 
blunders : e. g. children can be made to langh at them- 
selves for saying "7 pints" in answer to "How many 
basins t " " Measuring " and " sharing " are useful terms 
in the etu'liei stages of teaching division. 

(iii) That in handling the more complex st^es of written 
divisioQ — ». e. division by factors and long division — we 
choose at first one of the two types for our concrete illustra* 
tions and, in our explanations of remainders and notation, 
consistently refer to the type selected. In other words, 
the full explanation of a harder division sum requires veiy 
careful preparation of its concrete embodiment if the 
result is not to be confusion. Having developed the new 
method of manipulation from one of the two types, we 
can use it as an instrument for tackling any question 
requiring the mental operation termed " division," 

Divieion by Numbers not exceeding 12. 

The earliest stages of division have already been suf- 
ficiently indicated. Put briefly, what is necessary is to 
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teach division hj oral work along with multipUcation 
tables, taking apparatus until children use inverse multi- 
pUcation and subtraction to obtain the answers to both 
" quotition " and "partition" questions. At this stage, 
remainders must be treated a& whole numbers left over; 
later, when the general notation for fractions is introduced, 
about Standard III. or IV., remainderB can be treated from 
the fractional point of view. 

When we advance to written work, we reach the problem 
of teaching children to divide numbers beyond reach of 
multiplication tables by divisors not exceeding 12, teaching 
what most term '.' short division." It is well to note at 
once that " short division " and " long division " are not 
• radically different division methods, but a short and a long 
way of writing out the same problem. 

e. g. I have to share 878 sticks amongst 7 people ; how 
many sticks can each person have ! 

(a) Long Divibion. 

12 4 (1) Share 8 hundred-bundles of 

sticks amongst 7 people. 1 

u.T.u. H to each and 1 H over. 

7)8 7 8(1 H ■ (2) Share 1 H and 7 ten-bundles, 

7 t. e. IT T amongst 7 people. 

a r to each use 14 T, 

7)1 7 bn'SdiMfST leaving 8 T over. 

14 „ (3) Share 8 T and 8 single sticks, 

*. e. 83 U amongst 7 people. 

7) 3 3 stickB(4 V iUto each use 28 U, leaving 

2 8 „ 5 U over. 



Altogether 1 H, 2 T, 4 U to each of 7 people, 5 sticks 
over, ). e. 124 sticks to each of 7 people, with 5 sticks 
over* or 124f to each of 7 people, since each stick over 
allows f stick to each person. 

We have here written out the quotient step by step 
in H's, T's and U's ; but all that is necessary is to write 
each above the dividend in its proper position, ^ ia 
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indicated in above example. The use of coloured chalk 
to distinguish H's, T's and U's is on aid to beginners 
in division. 

(b) Shobt Division. 

H.T.C. 

718 7 3 sticks for 7 men 

12 4 „ „ 1 man and 5 sticks over 
or 1 2 4f „ „ 1 man. 

(1) Share 8 H amongst 7 people. 1 H to each, i H 

over. 

(2) Share 1 H + 7 T or 17 T amongst 7 people. 2 T 

to each. S T over. 

(3) Share 3 T + 8 U or 83 U amongst 7 people, 4 U' 

to each. 6 U over, 
.■. 124 to each and 6 over. 

Obviously the difference between (a) and (6) is that in 
(a) we write out fully the multiplication required at each 
stage (7X1, 7x2, 7x4) and also the remainders of 
each sta^, IH, 8T, before reducing them from H's to 
T'b, and from T's to U's. When divisors are large, we 
cannot do multiplication or subtraction mentally and 
must use the long way of writing our wotkii^ down; 
when divisors are small, we can do the working mentally 
and need write down only the result. 

This brings us to a difference of method in teaching 
written division. Some teachers of young children teach 
the long-division form of writing down division with small 
divisors, and then later the short-division form as a con- 
traction; others teach the short-diviBion form at once 
for small divisors, and later, when divisors are larger and 
short-division is insufficient, they introduce the long way 
of setting down sums already set down shortly. We wish 
here to advocate that the short -division form be taught 
before the long-division form, and to meet the objeHions 
of those advocating the other. 

(1) Such say that the long-division form, showing all 
the operations involved, is easier for little children than 
the ^ort-division form. To this two answers must be 
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given. First, the lees writing necessary, the clearer is the 
operation for little children, with whom writing hides 
rather than leveals the truth. Next, the short-division 
method is quite easy for them, provided that examples 
are properly chosen, that simple apparatus is osed, and 
that the orel work in eorher stipes has been thoroughly 
taught. Before touching written division, children should 
be able to answer orally questions on table used [e.g. 
table of 5'b) as hard as : " I have to share 33 sticks amongst 
5 people. How many can each have ; how many will be 
left over ! " Then if convenient concrete embodiment, 
such as sticks or tablets, be given to questions of these 
successive types, no great diflBculty is found. 

(i) No remainders at any stage, but H's, T's, U's 
taken in turns — 

e. ff. 68 -^ 8, 848 ^ 4 
(ii) Bemaindeis only at end — 
e. g. 98 ^ 8, 849 -^ 4 
(iii) Remainders only at beginning and end^ 

e. g. 158 -^ 8, 249 -^ 4 
(iv) Remainders only in middle — 

e. g. 84 -^ S, 892 -H 4 
(v) Remainders everywhere — • 

fi. g. 77 -^ 4, 765 -r 8. 

Children will proudly make the journey for themselves 
if it is subdivided into such easy sti^s. Long division 
can only be demonstrated to them; no need for it can 
possiUy be felt at this stage. 

(2) Those in favour of teaching the long-division form 
first, argue that it will help later with teaching of long 
division. But so great a period of time usually inter- 
venes between these two st^es that the necessary revision 
of the long-division way of writing down a sum with an 
easy divisor is very much hke teaching it afresh. All that 
is necessary seems to be that children, learning long 
division in Standard' III., or, preferably. Standard IV., 
should first practise the method as a long way of setting 
down sums already worked by short division, in order to 
advance to abihty to dea] with divisors now too difficult 
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for them. Here they can appreciate the value of the 
longer form. 

Thus we maintaui that the short -divlBion form of setting 
down division sums should come first. The history of 
Arithmetic, showing the early development of the short- 
division form and the very late development of our present 
long-division form, supports our contention. 

In conclusion, it ie worth while to note that the common 
nse of -f in setting down remiunders in short division is 
fundamentally unsound — 

i". e. 8 IJ^ 4 9 

"4 9-1-2 
For the 49 are groups of 8 and the 2 are single Units. 
" 49 and 2 over " is correct but slow to write ; " and " 
can be contracted to " &." " 49 „ 2 " is also possible as 
a final contraction, since " „ " is used to separate different 
units in dealing with money, weights and other measures. 
But 49-1-2 can only be equivalent to SI. 

Division by Factors. 

The idea underlying this method' of division is different 
from that, underlying loi^ and short division. As in 
muItipUcation by factors, this is a case of answering first 
an easy question in order to be able to answer a harder 
one ; but the greater complexity of division and the 
trouble concerning remainders make division by factors 
more difficult than multipUcation by factors. We shall 
here outline a possible method of approach. 

At first it is wisest to work very simple examples by the 
aid of apparatus, at the same time writing down the full 
explanation step by step; sticks, matches and tram tickets 
are always convenient. In suggesting examples, we there- 
fore assume at each stage, first, the use of apparatus in 
answering questions, and, along with this, a full explana- 
tion in writing; next, working of a few similar examples 
in writing and testing the results 1)y apparatus ; third, 
the written solution of miscellaneous problems involving 
the degree of manipulative skill acquired at the stage in 
question. Obviously the choice of larger dividends, and 
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diviBors containing harder factors, and of problema em- 
bodying both " quotition " and " partition " vill increase 
the difficulty to any degree required, 

(a) Examples with no remainder difficulty, to teach 
method of answering a harder question by first answering 
a suitable easier one. 
e.g. (1) I put 76 sticks in groups of 8 sticks; how 
many groups ? 

8 I 7 5 sticks 

2 5 groups of 8. 
(2) I put 75 sticks in groups of 15 sticks; how 
many groups ? 
With apparatus it is easy to see that to obtain^ 
groups of 15, we use 6 groups of 3 — 
6 i 8 5 groups of S 
6 groups of 16. 
After one or two examples children will be able to 
suggest easy questions helpful in answering the harder 
question set, discovering that different easy ones can 
be chosen without affecting the final result, provided 
only that the first divisor be a factor of the second divisor. 
Compare multipUcation by factors. 

In setting down on blackboard, it is helpful to use 
different colours to distinguish between single sticks, 
groups of S and groups of 15. 

(fi) A few examples introducing remainder only in 
second part. 

e. g. I put 72 sticks in groups of 16 ; how many groups ? 
1 nf^l "^ ^ Sticks 

\8 I 8 6 groups of 2 14x2 — 8 

4 groups of 16 „ 4 groups of z/ over. 
(c) Examples involving remainders in both parts, 
e. g. 78 -;- 14 

^ ^f? I 7 8 stick s 

U I 1 1 groups of 7 „ 1 stick f 1 X 7 + 1 

6 groups of 14 „ 1 group of 7 \= 8 over 
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If coloured chalks are used and the remainders are written 
in the correct colour, the rule for finding the total remainder 
stands out very clearly. 

(d) With older children, complicated divisors to teat 
mastery of process. 

e. g. Divide 4879 by 186, using factor method. 

135 = 8 X 5 X 9 
f9 i 4 8 7 9 1 X 46 



J6] 5 4 2 groups of 9 „ 1 1 + 2X9 

1 8__,^ 45,. 2groupaof9j + l =19 






over. 



Long Division, 

It is unnecessary to repeat in any detail what has already 
been discussed in connection with short division. We 
may summarise' by stating again that long division is a 
late development of the race, never easy for children and 
best postponed as late as possible ; that, like short division, 
long division is based on dividhig each of the imits of 
notation in turn and reducing the remainders at each 
stage to the next lower unit ; that long division is simply 
the setting down in full of the work done mentally in 
short division and is best practised as a method by first 
writing out in full sums which can be worked by short 
division. Basing our suggestions on this summary, we 
outline a possible development. 

(a) Set a problem which children cannot answer by 
short division or division by factors, e. g. one involving 
tiiB division of 847 by 29. Children, being puzzled, will 
respond to the suggestion to study short division more 
closely in order to devise a plan for dealing with hard 
divisors. 

(() Practise working long-division questions with divisors 
not exceeding 12, induding ones involving a zero in the 
quotient. The result should be placed above the dividend, 
to emphasise place value and show connection with short- 
division results. 
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!. g. a problem ioToIvli^ 11937 -r 7. 



7)1 1 » 8" 7 yards 



4 9 
4 9 



170Sf yards to each or 1705 yards to each and 2 yards 
over. 

(e) Practise long-division method with such divisors as 
20, 80 or 70. 

(d) Practise with divisors like 31, 48, fll, which are 
approximately 80, 40, 60. Here value of quotient is 
eadly seen. 

(e) Practise with divisors Uke 19, 28, 87, which are 
approximately 20, 80, 40. Here it is a little more difBonlt 
to see value of quotient. 

(/) Practise with such divisors aa 26, 84, 65, where it 
is often difficult to see quotient because of carrying figure. 

At each sti^ work should include examples without 
and with remainders and examples giving a zero in quotient. 
ChUdien can obtain double practice from same problem 
by repeating division, using first quotient as their second 
divisor ; their first divisor will be their new answer. The 
passage from 2-figure divisors to largef ones does not 
usually give mudh difficulty, if children have become 
competent with 2-figute divisors. 

Italian MOhod for Long Division. 
la this method for long division, the results of multipli* 
.cation are omitted, the remainders after subtraction at 
each stage only being set down. This is not hard to do 
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if subtraction has been tai:^;ht as inverse or complemen- 
tary addition. For an example worked in full see the sec- 
tion in Chapter III. on " Subtraction as Complementary 
Addition " (p. 53). 

Checking of Division ReauHa. 
Children should frequently correct their own work, by 
applying one or other of these two methods — 

(1) Multiply quotient by divisor, add remainder to 

product ; result should be the dividend. 

(2) Divide dividend by quotient; result should be the 

original divisor, with the same remainder as in 
question set. 
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Is this chapter we propose briefly to consider the oatural . 
background to children's work with money and its close 
connection with their hves, leaving the working out of the 
suggestions to the Individual teacher. Here, if uiywhere, 
the variety in children's experience of life must be taken 
into account ; boys and girls, town and country children, 
well-to-do and slum children, the same children at different 
i^es, all will regard money in different ways. The one 
fundamental necessity is to link the learning of sums 
dealing with the manipulation of money to the life ex- 
perience of our pupils, whatever it be. After emphasising 
this by illustrations and Buggestions, we propose to deal in 
detail with the compound rules for money, since such a full 
treatment will obviate the necessity of discussing them for 
weights and measures. 

The Place of Money in Life. 
On this subject we all have views. Probably the best 
preparation for teaching "money" in any standard Is 
to think out the reasons for the importance of money, our 
own problems with regard to earning, spending and saving. 
' and the extent to which we find it necessary and difficult 
to pwform calculations involving money. It is easy to 
make thia subject " Uve " to ourselves and so to prepare 
ourselves to make it " live " to oui pupils. In this case 
we may learn as well as teach, provided only ti^t by 
sympathetic treatment we can reach the actualities of 
our pupils' experiences with money. 

With little children undoubtedly the first requi^te is a 

good supply of coins. Some will be fortunate enough to 

have at their disposal sufficient cardboard coins to give 

77 
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each child hie own purse. In other schools, ohildren can 
make ooins in handwork lessons. In our young days we 
hare all experienced the joy of scribbling with pencil over 
a paper resting on an embossed bookcover and discovering 
the pattern of the book reproduced in our pencil-shading. 
A piece of stout paper used in this way will give a picture 
of one side of any coin ; if cut out and then placed against 
other aide of coin, with clean side uppermost, the paper 
will have on this second side the second side of the coin. 
The delay in making and the lack of colour and durability 
make ihese coins inferior to cardboard ones, but many will 
find them valuable. 

Undoubtedly the best natural background for younger 
children's money work is shopping with these " make- 
believe " coins. Many of the goods required for selling 
can be made by children in handwork lessons or ouC of 
school ; much is of a very simple character, sucli as sand, 
pebblee, strips of newspaper gummed together and rolled. 
Some of it can be obtained from manufacturers and shop- 
keeper : e. g. many manufacturers will send a supply of 
show packets, or drapers will give the rolls of paper used 
inside rolls of ribbon. The shoj^ing oan be so arranged 
as to teach definite stages : «. g. addition of pence only, or 
of pence and halfpence ; subtraction of pence and half- 
pence from \8. or 2a., or of shillings, pence and halfpence 
from 10a. ; multiplication of shillings and pence ; measuring 
in yards, ^'s, J'sand|'sof ayard; weighing in lb. and oz. ; 
the making out of bills ; keeping of accounts ; the relation 
of goods sold to cash taken in a shop ; prices of common 
articles ; prices of oz., of J and J yards, if price of lb. or 
yard is given ; wise expenditure of a given sum of money 
to accomplish a given end. For instance, to teach addition 
of pence and halfpence and subtraction from 2j., objects 
would be labelled from 1^. to \l\i. and 2«. would be given 
to each child to spend, practice becoming more difficult 
as children were required to buy several articles. Or, to 
teach measuring and weighing, children could be sent to 
various shops, one selling " make-believe " ribbon by the 
yard, another sugar or tea by the lb., and a third coloured 
water by the pint. To teach halving and quartering of 
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sums of money, the same shops could be used, children 
being instructed to buy J or J lb,, yard, or jnnt. Needless 
to say, the most important type of practice is given when 
all these different operations are combined and children 
can deal with each as it arises. 

Shopping lessons are difficult to take successfully because 
of the trouUe involved in keeping every one busy. Apart 
from the occasional lesson with one shop for the whole 
class, children taking turns as shopkeepers, accountants 
and purchasers, while the class counts cost of purchases 
and " change " required — a type of lesson always useful 
as an introduction, and often, owing to crowded rooms, the 
only type possible— probably the most useful arrai^ment 
is either to have one good shop for the school and let classes 
take it in turns to have a day's shopping, or, better still, 
in staadards which require much shopping work, to have 
a set of, say, 8 shops made, by putting desks or tables 
agiunst the walls round the room. In this case, with a 
class of 40 children, 16 would be occupied in these shops, 
S as salesmen, and 8 to keep the accounts and check the 
day's sales, i. e. make sure that money taken equab value 
of goods sold, and that money taken added to money pre- 
viously in till, equals cash in hand at end of day. The re- 
maining 24 would be kept busy planning their expenditure, 
purchasing their goods and keeping their accounts, it being 
good to aUow them to work in pairs, one talking>and the 
other writing. The purchasers' account* should ^ow that 
money spent added to cash in hand at end of day equab 
money originally in hand. It is surprising how much the 
children do in keeping each other accurate, and how little 
the teacher need do in the way of definite "teaching." 
The written accounts need to be overlooked, while good 
manners for purchasers and salesmen can be naturally 
inculcated. With larger classes than 40, it is periiaps best 
to develop the plan of letting sections of the class do 
shopping in turns while the others have practice work in 
written Arithmetic. 

In connection, then, with shopping, many of the necessiuy 
money operations can be practised in our lower standards, 
with the great advantage that the children's interest is 
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naturally evoked and ao the needed attention and con- 
centration are Becured without undue strs^. Time apent 
on setting up the shops and planning introductory lessons 
will thus later be saved ; willing minds learn qnickiy. In 
addition, we can make Arithmetic seem "worth while " 
by thus linking it closely with children's Uves and natural 
desires, and we can teach* along with number work many 
other useful lessons, ranging from good manners to wise 
expenditure. A slightly different method for occasional 
use is to correlate our Arithmetic with the Geography of 
the district, and in connection with imaginary journeys 
taken by rail, set up a ticket-office and arrange for buying 
railway tickets ; singles and returns, wholes and halves, 
excursion and market tickets lend variety and increase the 
difficulty of the necessary calculations. . 

With older children the actualities of coins and shops 
can be droj^d, provided that we give them problems or 
invite them to raise problems which embody their daily 
experience of money values. First of all, prices of common 
articles must 1)e taught, with some discussion of the cir- 
cumstances in which cheapness may be iFalse economy. 
The gain in buying large instead of snaU quantities can be 
touched on, if notice is taken of the real difficulty of storing 
a quEmtity of perishable goods, especially under certain 
serious housing conditions. We can refer to butchers' 
and fishmongers' common practice of cheating their cus- 
tomers by charging too much for fractions of a pound, 
unless their arithmetic is found equal to detecting the error. 
Given a certain sum of money, girls can plan a set of new 
clothing for themselves or the furnishing of their home 
when married. The cost of building, roofing and decor- 
ating houses provides money work along with mensuration. 
We can touch on the difficulty of planning one's expenditure 
on fiuctuating wages, applying the theory of averages. 
We can drive home the extravagance of the " payment 
by instalment " system, if children calculate how much is 
actually so paid for some definite article whose real cost 
price is known; for instance, sewing machines cost about 
twice as much, if paid for in this way, and purchasers often 
forfeit them at the end, because unable to continue paying 
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their inetalmenta, tlius losing everything. It is usually 
wiser (md muoh cheaper to save and buy second-hand. 
It IB good for girls at Bome stage to spend one lesson a week 
in, planning a weekly expenditure for their imaginary 
famJlies on their husbands' weekly wi^es ; the teacher can 
invent emergencies to tax the ingenuity of older girls, e. g. 
A's illness, or B's need of new boots. 

Other illustrations, in conneotioa with pawnbrokiiig, 
payment of rent, rates and taxes, and methods of saving, 
we postpone till dealing with percenta^s and interest, 
as they involve more difficult manipulative methods than 
are assumed at this st^e. But the above material provides 
a good background for rapid addition, subtraction and 
multiplication of money, and for calculation of prices by 
short methods, or of prices involving difficult fractions. 
Reduction comes into all other money operations, but 
problems connected with the gathering of funds to provide 
a trip or raise some subscription would introduce this more 
definitely, and also division. The alert and sympathetic 
teacher will find some point of contact with his pupils' 
real Ufe, and, contact once established, will be surprised 
at the ease with which the subject develops when olfildren 
appreciate its value and begin to raise problems and make 
np their own examples. Arithmetic here comes so close 
to lessons on citizenship and home-management that 
definite correlation is easy. 

Assuming that some such natural background is given 
to children's money work throughout the school, we pass 
on to treat the various compound rules in detail, noting — 

(1) that these methods of manipulation should be first 
taught in connection with some problem of real 



(2) that they should later be practised mechanically until 

at each stage speed and accuracy are ensured ; 

(3) that throughout the course they should be used not 

only mechanically, but as methods necessary for 
dealing with interesting problems. 

If this threefold treatment be kept in view, children will 
learn to use money sensibly and will also become quick 
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and accumte in mental calculations. Both lesBons are 
eaaential as preparatioa for li|e in this world. In what 
follows we shall merely discuss the skeletons of the 
rarious rules, omitting further reference to the flesh and 
' blood which must clothe them before they are presented 
to our pupils. 

Comjx/und Addition. 
The main difficulty in acquiring skill lies in changing 
peace to shillings, and, to a lees degree, shillings to pounds. 
In adding any column of figures, two methods may be 
adopted — 

1 . The total number of, say, pence may be found and the 
pence then changed to shillings, either — 

(o) by use of the so-called pence table; or, 
(b) by use of multipUcation table for 12's. 

2. The pence may be made up to shillings during the 
addition, so that number of pence at any ei&gp never 
exceeds 11. 



I. Find value of Id. + 6d. + Sd. + id. + iOd. + 8d. 

1, Total = 43 pence, by simple addition. 

(a) Pence table says 40 penoe = is. 4(2. 

.*. 43 pence = Sa. Id. 

(b) Table of 12's tells us that there are 8 times 

12 pence in 43 pence and Id. over. 
,", 43 pence = 8a. Id. 

2. 7d. + 6d. = Id. + 6d. + Id. = 1*. Id. ; 1*. id. + 

Sd. = 13. U. ; Is. M. + id. = 2s. Id. ; 28. id. + 
IQd. = 28. lid. ; 2s. iid. + 8d. = 3a. Id. 

II. Find sum of lid., 6}<f., S^d., i^d., lOJd. 

1. Total no. of farthings = 10 = SJd. 
Carry 2d. 
Total no. of pence = STd. = is. Id., by (o) or 
(6) above. 

.*. Total = is. lid. 
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2. 7Jd. + ejd. = la. IJd. + ^d. = U. 2ld.; is. 2^. + 
Bjd. = 1*. lOld.; U. iOld. + *yi. = is. ild. + id. = 
2a. 3d.; 2s. 3d. + iO^d. = 33. iid. 

III. Find the sum of 11a., 15a., 6a., 13a., 7a. 

1. Total = 52 Bhillings = £2 12a., dividing bj 20. 

2. 18». + 7s. = £1 ; £1 + to. + 15s. = £1 + £1 + !«■ = 
£2 Is.; £2 la. + 11a. = £2 12a. 

OOHHENTS. 

(a) Obviously, in adult life, sometimes 1 is easier, some- 
times 2, and we oan check our work by using both methods 
in tiim. Therefore, at some stage, children should use both. 

(b) The difficulty of changing pence to shillings must 
be taken in muliplication even if evaded in addition; 
therefore, at a compaiatively early stage, children should 
use both methods. 

(c) Children b^in to add money before they are sure 
of table of 12's; hence arises the common practice of 
making them learn by heart the pence table — ■ 

12d. = la. 
ZOd. = Is. Sd. 
2id. = 2s. 

80(2. = 2s. id., ai)d so on. 
This is used instead of table of 12's. The result is a 
lack of accuracy and speed owing to confusion between 
tens of pence and shiUinga of pence. Two plans may be 
adopted to obviate this difficulty in teaching addition of 
money before table of 12's is sound. 

(i) A diagram of 12'8 may be construofced and used by 
children until table of 12'b becomes familiar. 
Part of a stable form is suggested — 



1.." 


■ 
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(ii) Until table of 12'b is known, children can do addition 
by making up pence to shilliiigs, this operation 
depending only on the analysis of 12. 

Either method should give better results than the use 
of the pence table. There is no reason why both ^ould 
not be adopted, children learning as early as possible thus 
to check their own vork and finding out for themselves 
on which method a given question can be worked most 
quickly by individual or by class. 



Compound Subtraction. 

The only remaining point worthy of note is that each 
method of subtraction already dealt with (see Part II. 
Chapter III.) can be UBed in Compound Rules. 

Example. — Find the value of £4 IBs. Id. — £2 iSs. 3d. 
I. Decomposition, 

(a) Before subtraction — 

£413a.7d.\_f£412«.(12 + 7)i.\_f£8(20+12)s.(12+7)d. 
£215s.M./~\£2153. Sd.j~{£.2 15 s. Sd. 



(6) After subtraction — 

£4 18a. 7d.\_/£ {20 + 18)5.7d.\ _/(£ «. {l2 + 7)d. 
£2t5s.8d.l 1 i5s.Sd.f \ a. id. 



n. Equal Additions — 

£41&(.7d.\_.r£413s.(12+7)i.l_/£4(20+13)a.(12+7)<i. 
£215«.8d./ \£216s. Sd.J \£8 16«. 8i. 
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III. Comjjlemenlary Addition — 
(I) Pence. 
£4 13a. Id. 8 + ? = 7 is impossible. 



£2 iba.Sd. 8 + ? = U. Id.; ? = W. + 7^. = lid. 
£1 17a. Ud. Carry Is. from la. Id. 

(2) Shillings. 

1 + 15 + ? = 13 is impossible. 

ifc. + ? = £1 18a. ; ? = fa. + !»«■ = 17a. 

Carry £1 from £1 13s. 

(3) Pound3. 

l + 2 + t = 4; ? = £1. 

.-. Add on £1 17a. lid. to give £4 18a. Id. 

CompouTid MnUiplication. 

Multipliers less tban 12 or easily factorised give no diffi- 
culties beyond those already noted in Chapter IV concerning 
multiplication by factors and earlier in this chapter concern- 
ing the change of pence to shillings and shiilings to pounds. 
Weat work in these rules is usually due to a variety of 
definite reasons, as was suggested on p. 16. 

Circulation of prices introduces short methods of mul- 
tiplication of money ; a few typical cases may be given as 
suggestions. 

(i) (Sa. lljd.) X 7 = 7X fa.— 7xid. = 28a. — SJd. = 

27a. Sid. 
(ii) (19a. U.) X 82 = 82 X £1 - 32 X Id. = £32 — 

32 X &i. - a2d. = £32 - 18«. Sd. = £81 la. 4d. 
(iii) 7 X (la. A\d.) + 7 X (8a. 7Jd.) = 7 times (la. 

^\d. + 8a. lid.) = 7 X 6a. = £1 15s. 
(iv) 9 X (8a. M.) + 14 X (la. Bd.) = 9 X (8a. «d.) + 

7 X (3s. ^.) = 16 X (3s. U.) = 48s. + 8a. = 56a. 
(v) 80 X (7a. 4id.) + 81 X (2a. 7id.) = 80 (7a. 4Jd. 

+ 2s. 7id.) + (23. 7|i.) = 80 X 10a. + (3a. TJd.) 

= £40 2s. 7^. 
(vi) 240 X (Ss. IJd.) = S7id. X 240 =.87J X 2V>d. 

= 871 X £1 = £87 10s. 
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(Til) 238 X (4a. 2id.) = 50^. X 240 — (4s. 2K) X 2 
= £60 5s. - 8s. 5rf.= £49 16s. 7d. 

(viii) 7J lb. at 9id. = 7 X 9d. + ^-Hd. + id. = 
(63 + Si)d. = 6a. ll^d. 

Or llj yards at Sjd. =11 X 2d. + J-^^d. + Jd. = 
(28 + 5i)d. = 2s. Sjd. 

The development of the dozens rule may be shown in 
more detail as its applications can be fat-reaching — 

(i) 12 X 3d. = 3s., 12 X (2s. &d.) = 12 X 29d. == 29 

X 12d. = 29s. 
(ii) 12 X id. = 6d., 12 X Jd. = 3d., 12 X fd, = 9d. 

.-. 12 X (2s. 7id.) = 12 X 31id. = 31s. 6d. 
(iii) 36 X (3s. 2jd.) = 3 X 12 X {3s. 21d.) = 3 X (38a. 

3d.) = £5 14^. 9d. 
(iv) 47 X lid. = 48 X 7 jd. — 7Jd. = 30s. — 7 jrf. = 29s. 

Hd. 

(v) 84 X (6s. 2id.) = 86 X (6s. 2id.) - 2 X (6s. 2id.) 
= 8 X £3 14s. 9d. — 12s. 5^. 

Multipliers such as 37 or 2&9, not to be factorised, lead 
to a variety of methods. We may work the first by taking 
6 times the multiplicand, 6 times this product, and add to 
it the multiplicand : that is 37 = 6x64-1- Or we may 
multiply by 10, then this product by 8 and add to it the 
multiplicand multiplied by 7 : that is 37 = 10 X 3 -{- 7. 
In the second case we may take 240 times the given sum, 
applying the short method of calling each peimy £1 ; then 
add to this product 19 times the given sum as indicated for 
multiplication by 37, for 259 = 240 -{- 19. Or we may 
take 10 times the multiplicand, and 10 times this product ; 
twice this second product, together with 5 times the first 
product and 9 times the multiplicand, is the required result, 
for 259 = 10 X 10 X 2 + 10 X 6 -H 9. These methods 
are all based on the ideas of multiplication by factors and 
by partial products, the two ideas being combined as may 
seem most convenient in any given case. 

A totally difierent plan is to extend the short-multiphca- 
tion method to large multipliers, a method frequently called 
" long multiphcation "— 
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EXAHPLE — 

£5 17«. »J<i. X 87 (i) 37 X id. = iHd. /Set down Ji 
37 (ii) iSd. \ft; carry 18d. 

9 X Sid. = 388d. 

361(2. = 298. 3d. 
__ /Set down 3d. 
^'"- \& carry 2fla. 

10 X 87a. = 370«. 
7 X 37s. = 259«. 

658s. = £32 18s. 

f n„/Set down Ito. 

^\& carry £32. 



(iii) 



£5 X 87 = £186 



Yet a third plan is to use the method commonly called 
" Practice " or " Ifothod of Aliquot Parte." 



Example.— £5 17s. SJd. x 259 
£259 269 X £1 or, using 

decimals 



£1296 
129 10s. 
64 16«. 
82 7s. 6d. 
8 4s. 9d. 
10s. 9id. 



259 X £6 
259 X lOs. 
259 X 5s. 
259 X 2s. 6d. 
269 X 8d. ' 
269 X id. 





£259 


£5 


1295 


108. 


129-5 


6s. 


64-75 


2t.td. 


82-875 


ad. 


82875 


id. 


-5396 



£162S 8s. 0}d. 259 X £5 17s. S^d. 

Result ^ 



1625' 402* 
£1626 88. Old. 



• Neglecting unnecessary figures. 

This third method is leamt by every child at some ate^e, 
but too frequently its real use as a short method for cal- 
culatii^ prices is obscured by unneoessary e:qilanations 
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and by the awkwardness of division of money. If decimals 
are used, it is certainly the quickest way of dealing with 
multiplication of money by large multipliers. In cose of 
easier multipliers, the first method geueially gives better 
results than the method we have called " long multiplica- 
tion," as its working is less cumbersome. But when mul- 
tipliers reach three or four figures the partial product 
method becomes in its turn unwieldy. Yet if we intend to 
teach our children ultimately to use practice for such cases, 
we may for a little time suffer the awkwardness of the 
' partial product method and so avoid teaching the long- 
multipUcation method. 
In the next section it may be worth while to outline steps 
, by which practice can be taught as a short method of 
multiplication, as it is fatally easy to " demonstrate " 
this instead of leaving scope for our pupils' ingenuity as 
discoverers. 

Practice. 

1 . Set example of type containing f 1 and one sub-multiple 
ol f 1, awkward for ordinary multiplication. 

e. g. Find cost of 342 chairs at £l 3^. id. each. 
Take on blackboard different methods adopted by 
children. 
These usually include — 

{a) Ordinary multiplication of money, 
(6) 8*2 X fl^ = £342 + £57 = £899. 
(c) 342 X &^ = £57 X 7 (cancelling) = £899. 

With above example (a) is obviously the longest method 
and usually with hard multipliers children see that (fc) 
is shorter than (c). It is wise, then, to explain to children 
that we are to learn a short way of doing multiplication of 
any sum of money, based on {b), and ask them to try next 
questions on (6) plan. 

2. Set examples of same type, always containing £1 and 
fii simple sub-multiple of £1. 

e. g. Find wjet of 895 tons of coal at £1 8*. W, or £l U. 9d. 
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Children's attempts can lead to setting down on board 
a form ready for extension to harder examples, 
e. g. £366 = price of 365 tons at £1 

£46 12«. U. „ „ l\ 

£410 128. &;. = „ „ £1 2s. 6d. 

This stage should be practised until children are sure of 
the fundamental idea, as the remaining steps can theaeasUy 
be taken by our pupils for themselves. Questions of the 
following types should be set in succession, each type being 
mastered before further difficulties are introduced. 

3. Set examples involving £1 and 2 simple sub -multiples 
of £1. , 

e. g. £1 9a. = £1 + £1 + £i- 

4. Set examples involving £1 and simple sub-multiples 
of sub-multiples of £l. 

e. g. £1 Is. ftf . = £1 + £J + i of S.\. 
or £1 16s. 3(f. = £1 + 10s. + 5s. + Is. 8d. 

6. Set examples involving more than £1 and all previous 
difficulties, 

e. g. £4 16s. Zd. 

6. Set similar examples, increasing in difficulty, but 
postpone cases where fractional remainders occur until 
decimalisation of money can be used. 

7. Cases where we multiply by a mixed number are f^o 
best postponed until decimalisation can be used. 

e. g. Fuid cost of 365| quarters at £4 3s. M,. per quarter. 
£365-375 cost at £l each. 



£1461-500 „ £4 „ 

£36*6375 „ 2s. „ 

£18-26875 „ Is. „ 

9-13437 „ 6d. „ 

£1525-441, neglecting unnecessary figures. 
Besult = £1526 8s. iOd., to nearest penny. 
In above examples we have not made a very full state- 
ment, becauae the method does not serve its true purpose 
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until full BtatementB become unnecessary. But at first 
it is wise to insist on more detailed explanation, provided 
children understand that the method is short though the 
explanation be long, and find that the reward ol good work 
is permission to omit a full explanation. Long statements 
and endless questions about the cost of " articles " have 
blinded us to the real value of the practice method as used 
by business men. 

Com-pawnd Division. 
I. Pabtitioii, i. e. division of a concrete quantity by an 
abstract number. 

Division of money is usually found difficult because of the 
complexity of the operation ; in eariy stages much driUwork 
is required and at later stages children should be encouraged 
to use decimals as a saving of time. It need not, however, 
long detain us here. We shall confine ourselves to a few 
troublesome examples, illustrating the treatment of re- 
mainders, division by factors, and a less familiar method 
of setting down long division, applicable to all weights and 
measures, and said to give more accurate results than the 
usual method. It is certainly less cumbersome and un- 
wieldy. It need scarcely be repeated that the difficulty 
of fractional remainders must be postponed until children 
have grasped fractional notation. This delay is not serious, 
as small fractions of a penny are of httle importance in 
actual experience. 
Examples — 

(a) 6 men receive £43 7«. 8d. If all share alike, what 
does each man have ? 

f 3. d. 1. £48 -r 6 = £7 each and £1 over, 
fl i 43 7 8 2. £1 + 73. = 27«. : 27a..-i- 6 = 4a. each 
7 4 7 and 8«. over. 

Z. i3. + id. = *4d.: 44d. -^ 6 = Id. each 

and 2d. over. 

Result is either, " Each man has £7 i3. Id. and 2d. is 

left over," 

or, " Each man has £7 4j. 7^., dividing 

2d. left over equally amongst the 

6 men and so giving each ^. oi Id, 
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(6) 42 men £43 78. Sd. If all share alike, what does each 

man have ? 



J * \*^ f ^ Put 42 men into 6 groups, each of 7 men. 
1 "^ nHJZlX ^"^ "^^ g>K>"P of 7 men. (See Ex. (a).) 
1 7^ for each man. 

1. £7 -H 7 = fl each. 

2. 4fl, -h 7 = ftj. each and 4a, over. 

3. S5d. -^ 7 = 7?d. each, 
and J(i. -^ 7 = jir"^- each. 

.-. 55id. -^ 7 = 7?d. + -jijd. each = 
7^. each. 

Auothei treatment of the remainder would be^ 

1. Each group of 7 men has £7 4«. Id. and 2d. remains 

over. 

2. Each man, therefore, has £l Os. 7d. and 6d. remains 

over for each group. 

3. 6 groups were made, .*. total remainder = 2d, -f 6 

X dd. = 3s. 2d. 
In this case result is, " Each man has £1 Os. 7d. and 8». 
2d. is left over. 

(c) Divide £848 18a. 9id. equally amongst 102 men. 

£ a. d. 
102 I 848 18 9i 1. £343 ^ 102 = 8 

3 7 4 Underneath : 8 x 102 = 806. 

Subtract, £37 over. 

848 753 477J 2. £37 + 13a. = 7535. 
306 714 408 753s -^ 102 = 7a. each. 

' 7 X lOa = 714. 

87 39 69J Subtract. 8»a. over. 

3. 39a. + 9id. = 477Jd. 
477Jd. -=- 102 = 4d. each. 
4 X 102 = 408. 
Subtract, eojd. over. 
Result is either " Give £8 7«. id. to each man and efljd. 
or 6s. 9}d. is left ovef," or — 
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" Give £8 7s. ♦Hrl''- ^ ®*<^ man," for each man geta 
^d. from i9d. and tot*'- ^™ i^- •'■ ^^^ "*" hkvo 
iW + ^!^- from 69id. 

!bi this ease the first result certainly seems more sensible ! 

It may be well to illustrate this method of setting down 
by taking examples from other compound rules. 

(i) A piece of land 2 miles 7 fur. 18 chains 5 yards long 
has to he divided into 17 equal parts; find the 
length of each. 

S to 22 

miles fur. chs. yds. 



4 6r^ is length of each part. 



78 115 
68 102 



(ii) A quantity of coal weighing 19 tons 17 cwts. 8 qrs. 
21 lb. has to be divided equally amongst 817 old 
How much does each receive 1 



tons 

217 1 19 




cwts 
17 
1 


qrs 
3 
3 


lb. 
21 




397 
217 


723 
661 


1461 (20 X 72 
578 (8 X 72) 



8« 
In such a case an approximate result for the re- 
mainder is the most sensible answer. 84 lb. lefb 
over is a waste of almost a bagful ; to weigh outi 
■f^ lb. or a lb, is ridioTaoiie. Obviously eMh 
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woman can have roughly Jib. extra; in actual 
weighing one would simply give good measure 
for the 9 lb. ! 

U. QuoTinoN, i. e. division of one concrete quantity by 
another concrete quantity. 

e. g. I have to pay men 273. 6(2. as a weekly wa^. I 
possess £38 12s. How many men can I employ ? 
At a later stage many examples of this type are 
best worked by fractions. At this stage they can 
be done only by reduction, children quickly seeing 
from simple examples that both quantities must 
be meastued in the same unit, sixpences ot pence 
in the above example. This example also illus- 
trates the remainder difficulty, which of course, in 
early stf^s, should be avoided. 

Measure both quantities in sixpences. 

£38 12s. = 1544 sixpences : 
27s. id. = 55 sixpences. 

We now have to divide 1544 sixpences by 65 six- 
pences. 



tl} 



6x0 + 4 = 4 over. 



Besult is : " Engage 28 men and have 4 sixpences 
or 2s. over," since to engage 23,*^ men is impossible. 



CHAPTER Vn 

BMaUSS WEIGHTS AKD MEASTTBB8 

Thb fundamental methods of manipulation outlined in 
Chapter VI. for money are applied also to weight, capacity, 
length, time, area and volume. If cMldreb in ea<^ case 
have clear conceptione of the units in question and of their 
relations -with each other, problemB involving addition and 
the other fundamental operations can be tackled by our 
pupils without assistance from the teacher unless in excep- 
tional cases. Each new table learnt gives further oppor- 
tunities for practising the manipulative methodfi commonly 
called the " compound rules " ; it is not a question of fresh 
methods each time. After a few introductory remarks 
applicable to all these tables, we propose, then, merely to 
give some miscellaneous information about each in turn, 
if possible treating in more detail any points Ukely to 
present difficulty. 

Introductory. 

1 . It is wise to teach the units of measurement in gtonpe, 
instead of teaching a whole table at once, as in this way 
we more easily connect Arithmetic with our pupils' life 
experience. 

e. g. Group hours, minutes and seconds round use of clock, 
but days, months and years round the study of 
the earth's motion. Group pounds and ounces 
round shopping, but tons and hundredweights 
round selling of, say, coal, and hundredweights 
and stones round selling of potatoes. Group 
gallons, quarts and pints round selling of milk, 
but quarters, bushels, pecks round selling of grain. 

2. It being most important to give clear conceptions of 
the units involved, these points should be noted — 

94 
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(a) Build on cbildiea's real experience, if necessary 

giving them new experience. 
(6) Connect the learning ol the tables with the practical 

use of the units. 
(c) As far as possible, let children find out for them- 
selves the connections between the units. 
These points will be illustrated in what follows. 
3. The simpler units of each class, e. g. lb. and oz., qt, 
and pt., hr. and min., yd., ft. and in., sq. ft. and sq. in., 
are best introduced gradually in lower standards with 
abimdance of practical work ; then the tables can be fully 
developed and formal problems tackled in Standard IV. or 
thereabouts. 

Length. 
I. Tables. 

Cloth merchants and carpenters require lower part of 
table, builders the middle pari^, agriculturists the middle 
and upper parts. Ko one person requires the whole table 
at once. 

(a) Inch : foot : yard. 

Inch. — Latin UTtcta, a thumb-joint. Cp. with length of 

thumb- joints. 
Foot. — Longer than average foot, which in Britain is 
probably about 10^ inches. At first a varying 
length. 
Yard. — Also a varying length at first. It is said that the 
length of Edward Ill's arm was taken as the 
standard yard. Cp. common ways of measur- 
ing a yard of cloth or ribbon, such as distance 
from chin to finger-tips of outstretched arm, 
or 8 times the distance from tip to third joist 
of a woman's curved middle finger. . 
In connection with fractions, J's, J's, and J's of inches 
and yards are important. Children should learn bow much 
material to buy for a given inexact measurement : e. g. 
for 23 in. buy j yd. or for 40 in, buy IJ or IJ yd. as may 
be possible. Connect these with shopping. 
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{b) Mile : furlong : yard. 
Jlfi7«. — Latin miUe pasaus, 1000" paces. A pace was 
a double step and, for a soldier, roughly, IJ yds. 
Cp, children's own paces and meaBurement by 
counting paces. 

So 1000 paces can be calculated as approximately 
1000 X ii yards or 1760 yards. 

Actually 1 mile = 1760 yards, with this advan- 
tage that it is easily subdivided into J, ^, ^ mile. 
Children can calculate length of each in yards and 
time required to walk each, noting time they take 
to walk a mile. 
Furlong. — Teach that in olden days fields were long, 
and furrows were often about i mile long. Hence 
J mile is called a furrow-lenglh or furlong. 

It follows that there are 8 furlongs in 1 mile and 
220 yards in 1 furlong. 

{c) Chain : pole : yard. 
Chain. — Used by surveyors and equal to 22 yards. 
It is length of a cricket pitch, (Surveyors divide 
it into 100 Links, but link is of little general 
importance.) 
Pole or Perch. — A measure which varies in length in 
different places. Its standard value is ^ chain. 
Children can see that it is thus SJ yards, and it can 
be compared with size of clafisroom or garden. 

Let children find out bow many (^ains in a fur- 
long, by dividing 220 yards by 22 yards ; also, how 
many poles in a furlong, there being 4 poles in a 
chain. Then complete table can be formulated. 

It Sdggestions fob Practical Work. 

The more familiar types of measurement lessons need not 
detain us. We are all aware of the work that can be done 
by Uttle children with foot-rules and yard-measures. 
Perhaps some may forget the value of allowing children to 
estimate or " guess " a measurement before taking it, a 
practice of value in dealing with most forms of measure- 
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ment and very sttrootlTe to children, who love " guessing " 
games. 

When we come to deal with the measurement of greater 
lei^hs, the question of apparatus is sometimes trouble- 
some. Often tape measures can be borrowed from the 
needlework cupboard, and many schools possess one or more 
surveyor's tapes. Where these cannot be had, all that is 
necessary is a supply ol string and paper. Six to ten paper 
strips a yard long, subdivided into feet or inches, or i's 
or I'b of a yard as desired, and pinned to walls of room or 
agadnst desks, will keep a large class busy without con- 
fusion. The long measurements are taken by string and 
the string is then measured by these paper stripe. Care 
must be taken with regard to measurements of greater 
length than the string or tape used, as it is easy to measure 
a crooked line instead of a straight one, if no wall or street 
guides us ; e.g. we measure AB imd BG imd say that the 
sum is the length of AC. 



If AC is too long for measurement by one application of 
string or tape, we must apply the surveyor's art of " sight- 
ing " ; t. e. we must set up a pole at, say, T), iii such a way 
that when we look from A, C is hidden. This means 
that A, D and C are in one straight line. Then we 
measure AD and DC, the sum of which lengths is equal 
to AC. Obviously two children can mark A and C, while 
a third, D, moves between them until he is in the line AC. 
Good practice in this type of work arises in connection 
with the making of plans or maps in Geography. We sug- 
gest here two lessons on a less familiar plan, hoping that 
they may set some people to more original developments 
of their practicE^ Arithmetic. The aim in each case was to 
provide practical work along with calculation as we have 
them in life outside school, mmI to make the class reaJise 
the advantages of working in groups or as a class towards 
some goal a single individual would find it difficult to reach. 
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(a) On buying Material for Articles requiring Approximate 

Measurement. 

One or more leBsone on J's or J'a of a yard, and on buying 
cloth and ribbon in that way instead of in inches, had been 
taken beforehand. 

Class was subdivided into groups of three or four, and a 
number of problems equal to the number of groups, with 
perhaps six extra ones, was sufficient. The problems were 
of this type and referred to articles at hand for children's 
measurement. 

" New lace has to be provided for the whit« tray- 
cloth. It is put Ml plam, with fuhiess only at comers. 
How much lace must you buy, if you allow 8 in. 
extra at each comer for gatherings and 1 in. for 
joining ? Find the cost at b^d. a jard." 

" How much serge must we buy to make a cur- 
tain for the classroom door, allowing 2 in. at top 
for a hem and S in. at foot, curtain to be | in. off 
the floor? Find cost at ia. iid. a yard." 

Each problem was placed in an envelope with an indi- 
cating sign outside for teacher's use {e.g. "tray-cloth," 
" door "). Inside the envelope in general should be placed 
also a tiny slip with the answer. Children must show cor- 
rect working to teacher before obtcuniug another envelope, 
but it saves waste of teacher's energy if children have some 
check on their work without troubling her except in cases 
of difficulty. If undue noise is guarded against, a noisy 
group, if need be, being sent back to written work, the 
teacher will be amazed at the amount of work done and the 
business-hke activity and ingenuity of the children. For 
a first lesson of this type, the teacher will have the trouble 
of preparing answers, but the work need never again be 
done in its entirety. 

(b) On Measurement of Playground to iUu^rate Length of 

Furlongs, Chains and Poles. 
This question was proposed to the class : " How far would 
you walk in going round the playground, keeping close to 
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the walls ? How many times could you run round it in 
10 minutes, if you can run at 6 miles an hour 1 " 

Claas, having previously looked at playground, then 
drew rough diagrams of it. Their work was checked and 
elaborated by a final sk^h on blackboard of the form of 
the playground. Children decided how many measure- 
ments must be taken, and that the measuiements were to 
be in yards and feet, correct to nearest foot. The class was 
divided into groups, each to be responsible for oae measure- 
ment ; it is even better if two groups do the same measure- 
ment and check each other's work. Yard paper strips 
marked in feet were pinned up round room and each group 
received some string. They went out, took their measure- 
ments, came back, measured string by paper strips and 
entered the results on blackboard, e. g: — 

I 



I = 20 yds. 1 ft. V = 81 yds. 
n = 6 yds. 1 ft. VI = 7 yds. 

III = 16 yds. VII = 5 yds. 1 ft. 

IV = 8 yds. VIII = 21 yds. 1 ft. 

It should be noted that I + HI = V + VII and 

m- IV + VI = VIII. 
.-. total distajice = 2 (VHI + I + Ul). 
= 2 (57 yds. 2 ft.). 
= 115 yds. approximately. 
= approximately J furlong, 
or 5 chains, 
or 20 poles. 

The working out of question asked should be done by 
the class. Other exercises can be done in this and the 
subsequent lesson. 
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e. g. Which wall is most nearly tv pole, 8 poles, tv chain, 
1 J chains 1 

If you take 22 paces in walking straight from wall 
VIII to wall IV, what ie the length of your pace % 

Find your late of running by finding how long you 
take to run twice round the playground. 

Draw a plan of the playground and find from it 
the distance strfdght from A to C. Check yout result 
by measurement. 

III. NoTB ON Reduction op Yabds to Poles. 
This is of little value in itself, but when of necessity taken, 
it may present difficulty, 
e. g. How many poles and yards are there in 416 yards ? 
We have to find 416 yards -^ SJ yards, because 

SJ yards = 1 pole. 
We must measure both in half -yards, before dividing. 
6| yards = 11 half-yards. 
416 yards 

2 

11 1^ half -yards 

75 groups of 11 half-yards and 7 half-yards over. 
i. 6. 75 poles „ Si yards. 

Aria and Volume. 

We refer the reader to Part II, Chapter XVI, on Areas 
and Volumes, noting merely that the tables must be built 
on the tables of length, the most important units of area 
beic^ square inches, square feet, square yards, acres and 
square miles, and of volume, cubic inches, cubic feet and 
cubic yards. 

Capacitt/. 
I. Mbaning of Capacity. 

The simplest method of selling some goods is to measure 
them by putting them into some vessel which is known to 
oontfun a given amount ; in other words, we measure them 
by the quantity standard vessels can hold, or by " capacity." 
Children often have the vaguest notions of the meaning of 
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the word " capacity " ; " meaaiiia of ■ca.pkvtky'"- seemed fa> 
a child equally sensible. The underlying idea is so simple 
that it is worth while to explain the word and the method 
of measurement based thereon. Children should dlecuBS 
which goods are best sold in this way ; the reaeona why 
eome things are always sold by capacity (e. g. milk, vinegar), 
some always sold by weight (e. g. biscuits, meat) and some 
in places by capacity and in places by weight («. g. straw- 
berries, currants, potatoes, grain) ; - and the advantages 
and disadvantages of capacity as compared with weight. 
See succeeding section on weight. 

II. Tables. 

(a) Pint, 1 pint, J pint. 

Cp. with tumblers, breakfast- and tea-cups, and 

refer to milkman. 
A standard gill is ^ pint, but in the north of Ei^and 
a gill is J pint ; which causes occasional confusion. 
(6) Gallon, quart, pint. 

Children should use measuring vessels and find out 
for themselves that 

1 quart = 2 pints. ' 

and 1 gallon = 4 quarts. 

(c) Quarter, bushel, peck, gallon. 

Here direct acquaintance with units is difficult, as 
they are used mainly for selling grain and large 
quantities of some vegetables. Usually we must 
state the relationships — 

2 gallons = 1 peck, 

4 pecks = 1 bushel, 

8 bushels = 1 quarter, 
and illustrate diagramaticaJly, as suggested In the 
following note on practical lessons. Fortunately 
children will not require the same degree of fami- 
liarity with these in their life after school. 

(d) Learning capacity table. 

Capacity table is the one table of weights and measures 
which must be learnt by hei»t and said through when 
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'•-■ - ■ ■' a giTOn; t^tioii is required, because of the confu- 
sion of 2'b and 4*s. At the same time the lelaliona 
Tip to quarts usually become so familiar that formal 
repetition of the table is imnecessary for measure- 
ment of small quantities. This table is most use- 
ful for giving mental problems involving applica- 
tion of relations between halves, quarters and 
eighths. 

III. SnodBsnoKS fob Pbacticai. Work. 

The necessary apparatus includes at least one set of 
standard vessels, up to quarts, and as good a collection of 
miscellaneous jugs, basins, cups, bottles, kettles, palls or 
even barrels as can be achieved by the joint labours of 
teacher and class. Ptulfuls of water can be used with 
remarkably little mess for purposes of measurement, but 
some may prefer to have a supply of fine sand. If a 
school lacks standard vessels, the teacher can usually find 
somewhere a jug, a basin, a tumbler and a cup of suitable 
size to serve in their place. We suggest these types of 
■ practical lessons, as they give good results in making units 
more familiar and in showing the relationship between 
capacity and weight. 

(a) On Measurement by Capacity, involving use of Pinta^ 
Qitarta and Gallona. 

Preliminary work can be done in connection with learn- 
ing of units, by letting children estimate how much the 
vessels familiar to them (e. g. jugs or kettles) hold and then 
checking their results by measurement. 

The method woiUd follow the lines of the lesson si^- 
gested on p. 98. The ordinary supply of standard vessels 
will probably have to be augmented by using jugs or cups 
already measured by class and having their capacity marked 
on them by, say, a gummed label. 

The problems set would be of this type : " By guessing 
the capacity of this bottle, find the probable cost of filling 
10 such bottles with vinegar at 8d. a pint. Then check your 
result by measuring the capacity of the bottle and calculating 
the cost accurately." 
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(b) On Diagrammatie BepreeentfUioa of tie Vnila of 

Ca'padty. 
Children hare each a page of ordinary squared paper, 
and are asked to devise a way of illustrating on it the units 
from a pint to a quarter. The better part of the class will 
probably make good suggestions and be able to devise for 
themselves good diagrams. The slower children usually 
require more help and must have their work subdivided 
into stages. 

fi. g. A pint can be represented by shading 1 square. 
A quart, alongside the pint, would require 2 squares. 
A gallon, being 4 quarts, 8 squares ; a peck, 16 

squares, a bushel 64 squares {— 6-4'). 
A quarter would have to be represented differently, 
as paper would not be 8 X 6-4° long, say by 
8 columns each 64" long. 
A variety of oolom-s and an explanation of the 
. units each colour refers to, is of use with slower 
children. 
Such a lesson gives children some idea of the com- 
paratively great size of a bushel ajid a quarter. Problems 
on it will keep the quick children busy while their slower 
comrades finidi what is for them very useful work, not to 
be left half done. 

(c) On Solution of a Problem involving Weight of a 

Knoum Quantity of Water. 
This problem was set. " A boy had to be able to carry 
a wabering-can full of water. It held two gallons and, 
when empty, weighed 2 lb. Find what weight he had to 

Children soon realised the difficulty and dedded that 
the weight of a gallon of water must be found. A gallon 
vessel was missing, and in any case would have been 
rather lai^e for the balance provided. They decided to 
try the quart measure, but found it difficult to weigh when 
full of water. They finally used a pint of water, weighed 
insi4e the quart vessel, and were quick to see that the 
weight of the quart vessel must be subtracted. Having 
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found the weight of a pint of water to be about IJ lb. 
the; were left to finish the problem set and a good part 
of the class got a solution for themselves. Other problems 
were then set involving the new knowledge learnt, e, g. 
on weight involved in canying water-bottles. 

Older cbildiea should be ashed if it would make any 
difference if the can were filled with milk or mercury or 
oil, and eo led to appreciate the eignificance of density or 
apecifio gravity; but such work is beyond the limits of 
the brain of the average Standard IV child. 

Weight. 
I. Mbanino of Weight, 

The idea of selling goods by weight is less simple than 
the idea of selling by capacity, for in tins case we are 
drawing on the hidden forces of the universe to aid us ; 
familiarity blinds us to the wonder of this. But although 
any full explanation is beyond the grasp of a child, as 
it is, ia truth, beyond the grasp of any one of us, yet even 
a child may feel something of the awe which best becomes 
man in face of such mysteries. Some children, too, need 
the comfort of knowing of the existence of gravitational 
force. It is but one more strange fact about Mother 
Earth. At first we thought she was fiat; but we wete 
told and convinced that she was round and felt thankful 
that we at least lived on the upper side of her. At first 
we thought her motionless; but we were told and con- 
vinced that she whirled through space at a dizzying speed 
and we became afraid of falling off into a horror of empty 
air. Surely, then, we might have been told of those 
strange invisible arms with which Mother Earth draws a3\ 
things to herself, by which she keeps us from falling away 
into space. , Every time a child jumps oS the earth, he . 
feels the puU of those, arms drawing him back; nothing 
pulls him back when he practises a long, instead of a high, 
jump. This strange pull acts on each pan of the balance 
ae it hangs in mid-air, unless the other pan is acted on by 
a great enough pull to hold its neighbour up, just ae with 
two boys on a see-saw. When we measure goods by 
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weight we compare the pull of the earth on the goods to 
be sold with the pull of the earth on some known quantity 
of metal, and so measure out a given quantity; for the 
greater the thing or person, the stronger is the pull of 
Mother Earth's invieible arms. Of course, this is a very 
inadequate illustration ; it tells nothing of the other side 
of things, of how we attract the Earth as she attracts us, 
of the efieot of distance on gravitational force ; it ignores 
the spring balance; it makes no attempt to distinguish 
between mass and weight, and might even tend to a 
confusion of mass and volume. But it should do a little 
towards providing the right atmosphere, by carrying us 
out of the hot-house of mechanical calculations into the_ 
wide spaces of the breezy heavens. Provided it is not 
given as an adequate explanation, but simply as a hint 
at truth of which later some of them may know more, 
it must do good and not harm. 

II. Apparatus, 

The provision of sufficient apparatus to allow of all 
members of a class using a bfdfuice, is a problem. To 
tiny children, rough scales made from string and the Uds 
of round tine give much pleasure and a certain intuitive 
knowledge of weighing. A shnple arrangement of sup- 
ports for these pans could be fastened to the backs of 
children's desks at a very small cost ; the making might be 
done by older boys. All that is necessary is a movable 
framework consisting of two strips of wood, jointed at A 




and B, with notches at and D for hanging string over. 
When not in use, it could be folded along the back of the 
desk, CD first rotating rowid B, until lying along BA ; the 
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whole then rotating about A until lying along the back 
of desk. Other more temporary supports are devised by- 
many teachers of little children. 

Then some of our older pupils, in learning science, will 
have practice in the use of very accurate balances, but 
most girls and a good many boys never reach this stage. 
The intermediate stage, reached in Standards II, III and 
IV, requires that children shall have an opportunity of 
using balances in common use in the workaday world. 
One and occasionally two such arc all the school possesses. 
No child can weigh for another. What are we to do ! 
For one thing, in some schools use can be made of home. 
Perhaps occasionally from a home near school tm extra 
balance can be borrowed; more often children will be 
allowed to practise weighing at home if given a series of 
definite problems requiring weighing and aaked to hand 
in the answers : e. g. " How many pennies must you take 
to balance a 4-oz. weight ? " or " Find the weight a boy 
lifts in carrying to the cupboard 20 books like your Arith- 
metic book." " Bring to school in a bag | lb. of sand." 

H practice in weighing can be given only in school 
with not more than two balances, the best plan seems to 
be to have a series of questions involving weighing, to 
which answer is known, and withdraw from lessons that 
consist mainly of individual written work groups of two or 
three children, allowing each group, say, five or ten minutes 
at the balance. Some use can be made of intervals and the 
dinner hour, but children's great desire to weigh should 
somehow be satisfied and used to lend interest to the less 
attractive parts of the series of lessons on weight. 

III. Tables. 

(a) Pound; ounce. 

Let children discover by using weights and packets 
of sand that there are 16 oz. in 1 lb. Teach use 
of ^ and \ lb. weights. 
(6) Hun(&edweight ; quarter; stone; pound. 

The hundredweight, i. e. 100-wt„ C-wt., or cwt., 
was originally 100 lb., but a varying number of 
extra pounds was added on for "discount"; 
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cp. a baker's dozen. In the reign of Queen 
Elizabeth this extra amount was ^zed by law 
as 12 lb. 
.-. lowt. = (100 + 12)lb. = 1121b. Cp. sack of coal, 
andjcwt. = 661b. Cp. average weight 

of Standard IV 
child. 
.*. i cwt. or a quarter = 28 lb. Cp. average weight 

of 2 -year -old 
child, 
and ^ cwt. or a stone = 14 lb. Note use in shop- 

ping; also that 
stone is for some 
purposes 8 or 12 
or even le lb. 

From this children can of course build up table from 
pounds to hundredweights as ueuallj given. But above 
plan helps to give children clear oonceptioos of unfamiliar 
nnits uid gives a reason (or the table being as it is. It 
should be connected with the use of the school weighing 
machine and their own weights. 

(c) Ton; cwt. 

Teach that 1 ton = 20 cwt. Perhaps children have 
counted the number of sacks of coal in a 1- or 2- 
ton load, or noted how many tons coal-trucks, 
seen on the railway, are said to carry, this being 
marked on the side of each truck. 

It is useful too if children have an opportunity of 
seeing carts and heavy loads weighed by the 
steelyard in the ground. Again the explanation 
is too difficult for them, but one day some of them 
will understand. 

Time. 
1%iB table depends not on man's arrangement, but on 
the motion of the heavenly bodies. Here, for funda- 
mental units, man accepts Nature's ruling; in measuring 
other kinds of qutrntitiee he fixes his own units. We 
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shall take the units in groups, throwing out miscellaneous 
suggestions which may be useful to some teachers in their 
attempts to give their pupils clear conceptions of the 
units and of their relations with each other. A good 
piece of preparation for oneself is to meditate on the mys- 
tery of man's appreciation of the lapse of time, on what 
we mean by " time " and on the difiereat methods by 
which it has been measured, e. g, hour-glass imd sundial. 

(1) Hour; mimUe: second. 

GhUdxea can sit still 1 minute, 1 second, and describe 
what might happen in any 1 hour of the day. They should 
make clock-faces for themselves and practise reading the 
clock in different ways. A set of railway time-tables, or 
copies of a page of a time-table, afford excellent practice 
in the two ways of stating time (e. ff. S.48 or 17 minutes 
to 4) and a variety of problems of a type obviously useful 
to children. We should teach them bow to count from 
one time to another, say, to find the length of a journey 
or the best train; we naturally introduce the distinction 
between 9 o'clock before noon, or 9 o'clock after noon, 
which, instead of writing as 9 b.n. or 9 aji., we write as 
9 a.m. or 9 p.m., because the Romans used the words 
"ante meridiem" for "before noon" and "post meri- 
diem " for " after noon." In our own minds we should 
distinguish clearly between hour, minute and second 
apacea on the clock and the actual times which correspond. 
Qiildren can bo set thinking for themselves if brou^t to 
discuss whether they can see time ! 

(2) Tear ; day ; hour. 

Our clocks, however, must all keep time with the great 
clock of the world, that is, the Sun. Reference can be 
made to the use of Greenwich time, and in upper standards 
this work may be ooirelated with Geography by taking 
the difference in time at different places on the Earth's 
surface. For the present, at any rate, we shall also have 
to deal with the effects of the Dayhght Saving Act. 

(a) Earth turns completely round once in 24 hours, 
which we call a oomplete day. But obildien find 
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this use of " day " ambiguous, aa they think of 
" day " in contrast to " night." Cliildjen ^ould 
note when a complete day begut^ and ends, e. g. 
when the date changes, and describe vhat happens 
in a day as the hour-hand of a clock makes two 
complete revolutions. 

Children can dramatise the motion of the earth 
with regard to the sun, which produces day and 
night, and quarters of a complete day should be 
taken in preparation for the discussion of the 
leap-year diflSculty. Some Bchodls will be for- 
tunate enough to have apparatus for illustrating 
the earth's motion, but it is not absolutely neces- 
sary, as children's dramatic instincts can be 
appealed to. 
(d) If some boy is asked to spin a top and the class 
observea exactly what happens, we shall get a 
simple line of approach to the twofold motion 
of the Earth. The top rotates on its own axis, 
but also moves over the floor. So the Earth 
moves, like a wonderful top, not resting on a 
floor, but held in its place by the invisible arms 
of the Sun {cp. note on weight, p. 104) ; not moving 
in an imsteady fashion, but revolving with perfect 
b^ance in a beautiful curve, very hke a circle. 
Again children can dramatise, can note that the 
earth moves round the sun in this curve once a 
year, the seasons of Winter, Spring, Summer and 
Autumn thus being given us in turn. They can 
discuss when 1917 began and when it ends; they 
can settle for themselves by whose decision it is 
that each year is just as long as it is ! The exact 
length of a year is best treated in three stages, cor- 
responding roughly to Standards III., IV. and VI, 
(i) When the idea of the rotation of the earth 
is ne^ we should teach that in making this 
" circle " round the sun the earth turns round 
about 365 times. 

,", 1 year = 866 days. 
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Children should be able to explain vhy there 
are 866 days in a yeai. 

(ii) N^xt time, the leap-year difficulty must be 
dlBcuBsed'. Does the earUi have a lazy year once 
in every four! This leads to the distiaction 
betweea a calendar year and a sun or Bolar year. 
We have to make our calendars keep time vith 
the sun and the earth, and every year the earth 
rotates about 365^ times in moving round the sun. 
.'. 1 solar year = 865^ days. 



D»te. 


Sua jtu. 


o.,...,„„. 


Ateodolyeu 
»l«iidar IB 


1913 
19U 
1915 
1916 


366 days 
36B „ 
366 „ 
365 „ 


365 days i day late 

366 „ t „ „ 
366 „ i „ „ 
366 „ (K „ „ 




Uei daya in 1461 days in 4 



We should also teach tlie rule for finding leap- 
yeara; the first would be 4 a.d., 8 a.d., 12, 16, 
and so on. Therefore we take as leap-years those 
dates divisible by 4. But since 100 is always 
divisible by 4, any number of hundreds, e. g. 
1800 or 1800, is divisible by 4. Hence we require 
to test only last two figures : e. g. 1884 is not a 
leap year, as 34 is not divisible by 4, but 1816 is 
a leap year, because 16 is divisible by 4. 

(iii) But at a later stage we may teach that 
it is very difficult for the calendar to keep exact 
time with the earth, as the earth rotates not exactly 
865^ times in one year, but a little lees. Thus, if 
we put in a leap-year every four years, the calendar 
would go ahead of the solar system ; therefore 
three times out of every four hundred years, a 
leap-year is omitted at the beginnings of centuries. 

e. g. 1700, 1800 and 1800 are not leap-years ; 
1600 and 2000 are. 
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(3) Year ; wtek ; day. 

The only thing necessary is to let children discover 
how many weeks there are in a year, why their birthdays 
and Christmafi Day move one day forvard each year, 
and how they change after leap-years. 

(4) Year; moTith; day. 

The development of our piesent system of months has 
been a long and complicated one, and the leadei who 
desires to know more is referred to any good encyclopaedia. 
Kfeantime we confine ourselves to a simple outline suitable 
for children, and helpful because it does give a certain 
historical background. 

We first note that the word " month " is connected 
with the word " moon," and often means simplyfour weeks. 
But for convenience' sake the year as a whole came to 
be divided into twelve periods, called months. Suggest 
that children try to divide the year in this way and see 
if the calendar they make is Uke the present one. 

0) 865 days -r- 12 allows 80 days to each month and 
5 days over. 

Let children suggest plans for dealing with 6 
extra days. Various plans will be suggested. 
One actually taken was to add 1 day to each 
alternate month. But this added 6 extra days. 
However, the idea of long and short months 
coming alternately was satisfactory and the 
necessary sixth day was taken from February, 
See Columns I. and II, in the following table. 

(ii) Two of the greatest Boman rulers who ever lived 
were Julius Gsesar and Augustus Caesar. Let 
children find the months named in their honour, 
and note that Juhus was honoured with 31 days, 
while Augustus had only 30. Those who favoured 
Augustus said that his month also must have 
SI days. This new extra day had to come from 
somewhere and was taken from poor February. 
See Column III. 

(iii) But this altered the bfdance of the months, giving 8 
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lor^ months on end — July, August and September. 
CSiildren will probably suggest making September 
and November short, October and December long, 
to recover some of the balance. See Colunm IV, . 
(iv) Naturally in a leap-year the extra day goes to 
February. See Column V. 

This is an historical outline of how our ci^endar came to 
be the complicated affair it is, and children will quickly 
see the necessity of learning the old rhym^— 

" 30 daya hath September, 
April, June, and November i 
All the rut have 31, 
Excepting February alone. 
Which hath but 2B days clear 
And 29 in each leap year." 

Children should use the rhyme until they know the 
number of days la any mouth. 
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31 
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30 „ 


30 


31 


360 + 6-1 
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The only difficulty in the arithmetic of the months ia 
in cultivating ability to count from one date to another 
and deciding when to count both dates and when only 
one. This can be subdivided into easy stages — 

(a) Between two dates in same month : e. g. August 17-21. 
Note that simple subtraction gives correct result 
if only one day is counted. 
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(b) Between a date and the end of its month : e. g. 

August 17 to end of August, i.e. 31-17 days. 
(g) Between two dates in consecutive months : c. g. 
August 17 to September 8. 
August 17 to end of August = 81-17, not counting 

17. 
.". Total = 31 — 17 + 8, counting September 8 = 
22 days. 
{d) Between any two dates in the same ye^. 

(c) Between any two dates in any years. 
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CHAPTER Vm 

THI MBntIC SYSTEM OF WEIGHTS AND HBASITRES 

In striking contnut to our complex English system oi 
weights aaid measures, with its loosely knit interrelations 
and awkwardness for calculation, is the compact metric 
system, unified and simple. The one bears the marks ol 
the slow, iiregular growth of mankind in measurement of 
quantity ; the other waa tapidly created by the wisdom 
of a well-developed race at a certain time and for a 
definite purpose . 

The lirench nation at the time of the French Eevolution 
set themselyes definitely to develop a system of scientific 
measurement. In 1790 a decree of the National Assembly 
at Paris appointed a committee to consider the suitability 
of adopting, as a scientific unit of length, either the length 
of a pendulum beating seconds, or a fraction of the length 
of the equator, or a fraction of the quadrant of a terrestrial 
meridian. The committee reported in favour of a fraction 
of a quadrant of the meridian passing through Paris. The 
Assembly then appointed two commissions, one to measure 
an arc of this meridian, the other to draw up a system of 
weights and measures based on this measurement and to 
decide on suitable nomenclature. In December 1799, the 
National Assembly fixed the value of the metre and of 
the kilogramme, by a law based on the reports of these 
two commissions; in 1801 they made the new system 
compulsory. It was, however, necessary in 1837 to pae« 
another law forbidding, after January 1840, the use of 
any other weights and measures, under severe penalties. 

Such a novel system of measurement, in spite of its 
umphcity and usefulness, took time to win its way into 
the haunts of ordinary life and work. As matters now 
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staad, the metrio s^tem is compulfiory in practically every 
coontry in Europe ; the list includes France, Germany, 
Austria-Hnngary, Greece, Italy, Bumania, Serbia, Nether- 
lands, Belgium, Switzerland, Norway and Sweden. It 
has also been legalised in Egypt, Russia, Turkey, Japan, 
the United States and Great Brittun. In Britain our 
sdentists use it aniretsfJly; in commerce, because of 
international relationships, we use it along with our own 
complex s^tem; but in the affairs of everyday life as 
they touch the home, the shop and the workshop, we 
adhere to the English system. So slow, indeed, have we 
been in our appreciation of the metric system, that although 
a Decimal Association has been working In its favour for 
the past sixty-six years, it was only in 1 897 that the Weights 
and Afoaaures Act legalised its use in trade and abolished 
the penalty for using or having in one's possession a weight 
or measure of the system. 

The main reason gainst change is that for a time 
comphcations would be unavoidable, as people would 
either gain or lose by the introduction of the system, 
while many would be unable to measure by the new 
units. The main reasons for a change are that we should 
place ourselves in closer contact with other nations, we 
should greatly simplify commercial relationships and 
calculations, and we should be able to save at least two 
hundred hours of a child's school time for work of 
higher value to the individnal and the race. Meantime, 
in teaching the metrio system, we should realise that, 
besides preparing our pupils for the demands which science 
or commerce may later make on them, besdes giving them 
a more sympathetic understanding of Ufe in other lands, 
we are making them ready for a change which is almost 
certain to come before some of them have reached the 
end of their days. Already our closer relations with our 
AUies in the wai are hastening the introduction of the new 
units of measurement. 

All that has been said in the introduction to the chapter 
on Engli^ weights and measures applies here also. We 
must do our utmost to make the units familiar to our pupils, 
and we must let them discover their relation to our own 
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unitB. We must also correlate the teaching of the metrio 
system with the teaching of decimals, though, for the 
purposes of this book, we postpone the treatment of 
decimals to a later chapter. 

Length. 

In attempting to devise a scientific unit of length, the 
commission appointed by the French National Assembly 
fixed their attention on that great circle on the earth's 
surface which can be drawn through Paris and the North 
and South poles. They measured a known arc of this 
circle aB accurately as possible and, acting on the results 
they obtained, stated that the length of ^^ „„„ „„„ of a 
quadrant of this circle was the standard unit of length, to 
be called a " metre." Later work has, however, proved' 
that the length they called a " metre " does not bear the 
same relation to the earth's surface that they supposed, so 
that a metre is now best defined as the length of a standard 
bar of platinum kept at standard temperature by the 
Government of France. Its length, when compared with 
our units, will be found to be about 39} inches, or rather 
more than 1 yard. It is used In general where we should 
use the yard. 

Multiples and sub-multiples of the metre were to increase 
and decrease by 10, so that the calculations involved might 
be closely akin to the ordinary fundamental operations. 
Fixed prefixes were selected for the multiples: deka = 
10 ; hecto = 100, kilo = 1000, Greek roots being used. 
Others were selected for the sub-multiples : deci = \>^, 
centi = Tiu-, milli = ttJ^ttt- Latin roots beii^ taken. The 
close connection of this with our decimal notation needs 
no comment. 

The dekametre and hectometre are of less importance, 
but every child should be able to compare a kilometre 
with a mile ; illustrations of the necessity for this abound 
in these days of continental warfare. Children can easily 
find how many yards or furlongs are in a kilometre, by 
reducing 1000 metres to inches. They find that a kilo- 
metre is approximately 6 fuxlongs or f mile, or, assuming 
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that they wtdk a mile in 20 minutes, a kilometre is the 
distance TcaJked in 12 J minutes. The application of these 
results to practical problems Involving distances known to 
the children, is necessary if the new idea of the kilometre 
is to have sufScient significance for our pupils. 

Our pupils should practise estimating shorter distance's 
in metres, decimetres, centimetres and miUimetres, and 
^ould check their estimations by measurement. If 
metre rules cannot be had, strips of stiCE paper a metre 
long can be pinned up in classroom (as suggested in Chapter 
VII, p. 97, for yard measures), while good 12-inch rules 
usually show graduations for the smaller metric units. 
When children have noted that a decimetre is, roughly, 
I foot, have proved that 1 inch is approximately equal 
to 2'64 centimetres by measuring in centimetres a Une, 
say, 5" long, have applied this new knowledge to {Hoblems 
of interest, for example, to a comparison of the sizes of ■ 
well-known French and English guns, they have done the 
minimum amount of work necessary to give the metric 
system a sound foundation in their minds. Teachers 
will naturally develop the subject on lines suited to their ^ 
type of class and their apparatus. 

Area. 

The units of length once grasped, area should present 
only one point of real diflScidty. Obviously we Iwkve as 
units square metres, square decimetres, centimetres and 
millimetres, square dekametres, hectometres and kilo- 
metres. Obviously too, the table will rise by 10* or 100; 
as there are, for example, 10 decimetres in a metre, in a 
square metre we have 10 rows of 10 square decimetres, 
or, altogether, 100 square decimetres. 

There is, however, one drawback to this arrangement. 
If we think of a square dekametre, we can visualise it as a 
square patch of ground, about 11 yards each way, the area 
of a good-sized square room. If we think of a square 
hectometre, we find by reducing it to square metres, and 
then clianging it to square indies, square yards uid acres, 
that it oomes, roughly, to 2| acres, which, as we know, is 
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BufBcient ground for several fair-sized houses. Obviously 
in this part of the table we are dealing with the sizes of 
pieces of land constantly being measured for building pur- 
poses, and we can see the awkwardness of having no unit 
between the square dekametce imd the square hectometre. 
To overcome this difSculty and obtain an intermediate 
unit is impossible eo long as the metre and its multiples 
are used as the basia for the units of area. 

Hence a new unit is introduced, called an are. Thia 
is defined as equivalent to 1 square dekametre, that is, 
to the area of a fair-sized room. The are is then treated 
as the metre in the linear table : a decare is 10 aies, a 
Tmit intermediate between square dekametres and square 
hectometres ; a hectare is 100 ares, equivalent to a square 
hectometre or, roughly, 21^ acres. Thus the difficulty ia 
overcome and we have a twofold table of area — 

100 100 100 100 



Volume and Capacity. 

Volumes greater than a cubic metre being seldom mea- 
sured, we may take as the units of volume the cubic metre, 
cubic decimetre, cubic centimetre (usually written o.c.)i 
and cubic millimetre. The relationship in this case is not 
10, nor 100, but 1000 or 10*. For example, in a cubic 
metre there are 10 square layers, each 1 decimetre thick 
and of cross section 1 square metre. In each of these 
layers wiU be 10 rows of 10 cubic decimetres or 100 cubic 
dms. ; therefore in a cubic metre, with its 10 such layers, 
will be 10 X 100 or 1000 cubic decimetres. 

But here again, in practice, a difficulty arises. If o\u 
pupils make a cube of stifE paper or thin card, 1 centi- 
metre each way, and auother cube, 1 decimetre each way, 
they will see for themselves that for purposes of buying 
milk, cream, beer or vinegar a cubic centimetre is too 
small and a cubic decimetre often too la^. The 
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difficulty is agun overcome by the introduction of a new 
unit, in this case the litre. 

A litre is defined as equivalent to 1 cubic decimetre ; a 
decilitre will be -^ m. dm. or 100 o.c., a new inter- 
mediate unit ; a centihtre will be -j^ ou. dm. or 10 o.c. 
a second intermediate unit; a miUihtre is equivalent to 
1 cubic centimetre. We have, thus, a twofold table for 
volumes and capacity — 

1000 1000 1000 



II 10 10 10 10 10 10 
EI. HL OL litre dL cl. ml. 

As, like the metre, the litre is in constant use on the Con- 
tinent, children should spend some time in making ita 
acquaintance. It should be compared with the pint; it 
measures approximately 1} pints. The amount of milk 
to be bought per week by a French family of given size 
should be worked out. The sizes of tumblers, cups, jugs, 
basins and bottles should be estimated in the new units 
and these estimations corrected by measurement. 

Weight. 

The unit of weight is obtained from the unit of volume 
in the following way. A cubic centimetre of pure water at 
standard temperature is weighed, and ita weight is taken 
as the fundamental unit of weight, called a " gram." 

Children can use the cubic centimetre cubes made in 
connection with measurement of volume and try to com- 
pare the weight of water such a cube holds with the tiny 
gram weight. A better plan is to compare with a kilogram 
weight, the weight of water held by a cube whose sides are 
one decimetre long, or by a litre vessel. Some such ezeroise 
is necessary to establish the relationship between weight and 
volume. 

The subdivisions of a gram are used by scientists and 
our older boys may use them in connection with accurate 
weighing for scientific purposes ; but for the average child 
in the average class they need not be emphasised, Tbe 
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freight of real importance in daily life la the kilogram ; 
the childien should compare this vith our pound weight 
and disDorer that it is approximately 2' 2 lb. They should 
also compare the lOO-gram weight and the lO-gram weight 
with our half-pound and ounce weights. If in addition to 
this they estimate the wei^ts of some famihai objects in 
metric units, and cheek their estimates by actual weighing, 
the metric system for weight should have a sufficiently 
firm foundation. 

For measurement of greater weights, a " totme^" which 
equals 1000 kg., and a " quintal," which equt^ ^ tonne, 
are in common use. An appreciation of these weights is 
very easy, because a tonne corresponds almost exactly to 
our ton, and a quintal, therefore, is about 2 cwt. The 
reasoning ia very simple — 

1 tonne = 1000 kg. 

= 1000 X 2' 2 lb. approximately, 
= 2200 lb. approximately. 
1 ton = 2240 lb. 
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CHAPTER IX 

VULOAB rRACnONS 

Ai/THOCQH the newness of the fractional idea and oi 
fractional notation involves us in a large amount of slow 
preparation before tackling in detail the manipulation of 
fractions, yet if this preUminary work be thoroughly done, 
it is Burprising how quickly the greater part of a class after- 
wards advances. Teachers should not be disappointed 
because a certain minority requires additional practical 
work and drill in setting down written work before fractions 
are mastered; the fundamental principles are so new to 
children that they need time to sink into the mindB of slow 
learners. 

To ensure this gradual development of fundamental ' 
ideas, two plans should be adopted. In the lower stan- 
darda the idea and notation of simple fractions should 
gradually be introduced in connection with practical work. 
For instance, halves and quarters of id., ia- and £1, and 
eighths of la. and £l can be illustrated by drawing and 
folding of lines, rectangles or circles, and apphed to the cal- 
culation of prices ; halves and quarters of an hour arise in 
learning to read the clock ; halves, quarters and eighths of 
yards, poimds and quarts in shopping; halves, quarters, 
eighths and even- sixteenths of an inch in connection with 
measurements for handwork and drawing of plans. Thirds, 
sixths and twelfths can be introduced from U., from 1 ft. 
and from hexagons in circles; see Fart II., Chapter XV. on 
Geometry. Tenths arise early in connection with measure- 
ment, along with the beginnings of decimal notation and 
of the metric system. From such introductory work in 
the first three standards, children should learn gradually 
that the lower figure in a fraction namea the kind of partfl 
J21 
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taken or the number of parts into whioli the whole has been 
divided, and is called the naming figure, Latin detiomi- 
nator ; while the upper ^ure gives the number of these 
parts actually taken and ia called the numbering %ure, 
Latin numerator. The Latin names may, of course, be 
deferred till late in school course. Children should also 
learn from this early work that the more parts a whole is 
divided into (i. c. the greater the denominator), the smaller 
will these parts be, and therefore the greater the number of 
them that must be taken to be equivalent to some simple 
part of the whole. If the whole be divided into twelfths, 
say, we sliall require 4 of them to be equal to one third of 
the whole, and so S twelfths to be equal to 2 thirds. In 
other words, the greater the denominator, the greater 
the numerator in a set of equivalent fractional quantities. 
To children well grounded it should be obvious that f is 
greater than \ and so f than ^, this although it seems to 
turn their previous experience of figures upside down ! 
Provided also that children meet fractions firat in connec- 
tion with measurement, they realise that fractions are 
always fractions of some concrete quantity and so have 
meaning ; many little ones in their day have seen no sense 
in fractions. When simple addition, subtraction or multi- 
pUcation problems arise naturally out of this practical work, 
they need not be avoided, but the formal learning of the 
rules for manipulation of fractions is best postponed till 
Standards IV. and V. 

In the second place, when such formal work is at last 
reached, the necessity for a thorough grounding means 
that, where fundamental ideas have to be made clear, 
practical work and "making haste slowly" are essential 
to success. The necessary fundamental ideas, however, 
reduce themselves to two : the idea that fractional 
quantities are equivalent if both numerator and de- 
nominator have been multiplied or divided by the same 
number, and the idea that, for example, a third of one 
fifth is a fifteenth. On these two basic ideas rests the entire 
superstructure. Much practical work at this later stage, 
except to emphasise and make sound this twofold founda- 
tion, is a waste of time and unnecessary. Addition and 
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subtractioa of fractions caa be speedily overcome if the 
first idea is clear ; OQ it too depends tka rule for division 
of fractions, while on the second idea mnltiplication of 
fractions is based. At the same time, fractions should, at 
first, never be used without concrete lefereoce; childien 
need not draw diagrams at this sta^ to show that ^ yard, 
+ I yard = {^ ysmi, but they should be asked to &id the 
length of ^ yard + t yard, not at first merely the value 
of J + i. 

We now make a few suggestions on the detailed teaching 
of fractions, in the hope that these may prove useful to 
teachers having difficulty in this part of their course. 

Equivalence of Fractions. 

1. We may approach this from two illustrations. Since 
a whole yard consists of 6 fifths, or 10 tenths, or 1 5 fifteenths 
or 25 twenty-fifths, or 100 hundredths of a yard, so J^ of a 
yard is equivalent to -^ or -^, or ^, or -^ of a yard. Or 
we may suppose a circular cake cut into S equal parts, 
and f of it set aside to be given away. We ask ourselves, 
" To how many children can I give ^ of this cake out of 
this I cake ? " If the whole cake be divided into 21 equal 
parts, obviously 7 of these go to each third, or -^ cake = J 
cake; therefore i\ cake must equed | cake. That is, in 
S = M. we have multiplied 8 by seven to get 21 and 2 
by seven to get 14, a mysterious rule unless explained 
by considering, not abstract fractions, but fractions of 
concrete quantities. 

2. This idea will have received many illustrations in 
the work of the lowest standards, and first should come 
rapid revision of it as appUed to halves, quarters, eighths, 
sixteenths; halves, thirds, sixths and twelfths; halves and 
tcnt^. 

3. Each teacher will choose his own additional illustra- 
tions, but a selection of the following has proved useful in 
experience. 

(i) Take paper ruled in squues as used in infant 
schools and lowest standards. Make an oblong 
1 square deep and 80 Bquaies across. This can 
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be nsed to illustrate, say J = ^ = |§ oblong or 
^ = ^ = ^ oblong, by making similar oblongs 
above and below the " whole," divided to show 
fifths, tenths and thirtieths, or thirds, sixths and 
thirtieths 
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These and similar papers are useful for reference 
in teaching addition or subtraction to dull children. 
They also illustrate, e. g.ioH oblong = ^ oblong 
or J of ^Jij oblong = 3^ oblong. Children are keen 
tiQ enlarge their diagrams to illustrate sixtieths, 
ninetieths and even smaller parts, thus themselves 
passing beyond the practical work to the theo- 
retical idea. This individual work or questions 
such as " Find what part of the oblong | + i 
oblong make, or 7 — f oblong," will keep quick 
children busy while the slow ones complete 
the essential parts of their diagrams, as it is 
important that even slow children fiidsh such 
work, 
(ii) Take cardboard or real coins for 1 crown, 2 half- 
crowns, B shilUngs, 10 sixpences, 20 threepenny 
bits and make equivalent piles. 

1 crown = 2 half-crowns = 6 shilUngs = 10 
sixpences = 30 threepenny bits. 

Express these equivalents as fractions of £1. 

£i = £i = s^ = m = m- 

From this illustration children see clearly that 
the smaller the coin or part of £1, the higher the 
pile, that is, the greater the number of parts to 
be taken Here too they ftre quick to pass to 
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the theoretical idea. An im^iuary l]if, coin ia 
qoickly diagnosed as £i-^ and f^VIr ^ gi^ii a^ the 
equivalent. They simply cany the teacher on 
to £5^ or even f-r^T. revelling in fractions 
introducing such enormous numbers, but them- 
selves so small, 
(iii) Use letter-weighing balance to bring out this series 
of equivatentST- 

One 2-oz. = two 1-oz. = four J-02. = eight 
^-oz., etc., passing, if possible, as before, beyond 
the actual weights : 

.-. e. i lb. = A lb. = A lb. = 1^ lb. = -^ lb. 

4. When by illustrations of some kind the idea of the 
equivalence of fractional quantities has had a chance to 
develop, the rule can be made explicit by asking such 
questions as : " Fill in the blanks in f yard = yt J^^'i 
j-ij" = X" ; iif" = ^" ; ^ = £xx," The results su^ested 
can be tested diagrammatically and fully explained and the 
rule then formulated : " Form fractions equivalent to a 
given fraction by multiplying or dividing both upper and 
lower figures by the same number." 

5. The value of the rule can be illustrated by such ques- 
tions as " Find the value of j oblong -|- ^ oblong or of 
£^ + ^^ + ^rJiTi" to illustrate multipUoation of both 
numerator and denominator, and ' ' Which would you prefer, 
fl^ of £1 or ^ of f 1 ? " to illustrate division of both. 

6. A very few such examples are sufficient as an intro- 
duction to an exciting drill lesson to cultivate speed and 
accuracy in changing denominators and ledurang fractions 
to their lowest terms. 

Addition and Svbtraction. 
Although reference to diagrams should be unnecessary for 
most pupils, a few backward children are certain to require 
it at some stage. With all pupils we should at first retain 
concrete reference, asking for the value, e. p. of J in. -H f in., 
not of J + T + f . We suggest a simpk subdivision of 
the work whereby many children find out each step for 
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themselves. AdditicMt and subtraction may be combined 
in most of these. Improper fractions and mixed numbers 
will arise, but a reference to fundamental ideas quickly 
overcomes any difiSculty ; e. g. there are seven sevenths in 
any whole, and therefore in ^ there are 4 wholes and -f . 
Reference to the concrete is now omitted, to save space. 

(a) Same denominator : e. (i. -f ± f. • 

(6) Common denominator Bug^sted : «. (T. J ± i ± A* 

(c) A new denominator required, e.g. | ± |. 

CaseB involving several harder numbers should 
be avoided till children can save time by using rule 
for finding L.C.M., e.g. i + ^ + ^. 

(d) Mixed numbers, e. g. 4J + SJ = 7^ = 7^^. 

N.B. — 7^^ is simply a short way of writing 
7 + -iV + A> one line and one common denomi- 
nator serving for two or more fractions. 

6J - 2i = 8H* = SJ. 

(e) Subtraction of mixed numbers, involving decompo- 

sition. 

e. g. Hi - 4f = 7J^ = B^Hi^ = 6H- 

Multiplication of Fractiona. 

1. For a discussion of the meaning of multiphoation by 
a fraction see p. 64. 

2. Multiphoation of fractions by whole numbers is not 
difScult, and examples of it occur in the lower standards 
in connection with measurement. 

e. g. 2id. x 7 = 14d. -|- ^. = (14 + SJK = ie. lid. 
5 yd. X 6 = -V-yd. = SJ yds., since in a yard there are 
8 thirds of a yard. 

3. Multiplication of a fraction by a fraction depends 
entirely on the idea imderlying, say, i of J = -A- ^^oto 
that " of " makes sense to a child where at first the multi- 
plication sign confuses his ideas. 

This should be illustrated until its meanlt^ is fully 
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e. g. (a) Take a line of given length ; show thirds of it ; 
divide thirds into 4equal parts. 12 of these small 
parts are in the whole. .". J of J line = ^ Une. 



^ 



(6) Take a rectangle 6 units hy 8 units on squared 
paper. Show fifths of this. Divide fifths into 8 
equU parts. Thus 1 of J rectangle = ^ rectangle. 



^ 
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(c) Take a circle; show fifths, and divide fifths into 
seven equal parts. Thus f of -J circle = -^ circle. 




^"f^'A 



4. After this fundamental idea is familiar, we may 
advance in stc^s to the formulation and practice of the 
rule for multiplication of fractions; we suggest the 
following as having given good resTiIts — 

(a) Set such a problem as, " i of my garden is soil 
8uit«d for growing vegetables. I sow f of this 
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with potatoes. What part of my garden do the 
potatoes occupy? " 

Children should be able to make a good attempt 
at solution. 

f of i garden = ^ garden (already known). 

.-. t „ i „ = A ,. 

If we now alter in the problem } and f to j- 
and i, say, some of the class shoiJJd solve this 
also. 

For i of J garden = -^ garden 
and i „i „ = A .. 
■'■ f .1 f II =1^ " 
But slow children will find it difficult to grasp, 
and it is good for the whole class to make a diagram 
to show that this result is correct. 

e.ff. 



Garde 



Similar im>blems should be set until the children 
can work them by reasoning and illustrate their 
result by a diagram. 
(ft) If a hat is kept of the answers so obtained, c. g. 
i oi i ^^ ^, and the question is asked, " Find, 
as quickly as you oan, the value of f of j^ cake," 
many, looking at th§ results already obtained, 
will work tins as * IJ- = H- When they are 
quite sure from discussion that this " multipli- 
cation " rule gives a sound result, they may be 
allowed to write X for " of," if they please, noting 
that X S has not exactly the same meaning as 
they have given to X 6, say. 
(c) The cancelling operation is best seen if an example 
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involving large numbers is set : e.g. i of ff . 
Children will work this — 

{ o' H - K-tI = Hi = Hf = H = ft 

applying their method of reducing a fraction to its 
lowest terms. They greatly appreciate the idea of 
taking out common factors before multiplying — 

c.£,.5of^ = ||*/«A. 
and soon will shorten this t<^- 
|of ?f =Tir. 

{d) Mixed numbers can then be introduced. Usually 
it is simplest to change these to improper fractions 
and [»x)ceed as in (c). 

(e) Much drill is required to make multiphcation sound 
and to gEun speed and accuracy in cancelling, but 
tliis is congenial vrotk to most children. 

Division of FranHons. 
1. Eaay examples may occur in earlier stages, involv- 
ing diviMon of a fraction by a whole number; these are 
of one of two tj^s — 

e. g. (i) f line -7- 8 = f line. 

(ii) f tect. -^ B = ^ rect., 

multiplying the denominator. 
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2. The development of the ordinftry rule for diviaion 
by a fraction, " Invert the divisor and multiply," can be 
taken in atages. Before beginning, it is wise to tell the 
children that this is difficult work which leads in the end 
to a simple result. 

(a) Make clear by easy ezamptes that, if one quantity 
be divided by another, each must be expressed 

rntho S.IM »mt; t.g. 5_P|5?5_3; 5j™!l 

2 pmts 2 pence 

makes no sense anlese we know the value of a 



4 pence 

are changed to fourpences or pence. 
(6) Give examples of this type: "How many J-lb. 
packets of tea can I make from 6j lb. tea ? " 
Children will use a quarter of a pound as the new 
unit; 
.■.e.6tlb. -rjlb. = 21(1 lb.) ^ 8(ilb.) = V- = 7. 
Lead on to examples where remainder occurs; 
e. g. 1\ lb. -^ i lb. = 2S(i lb.) -r 2(J lb.). This 
gives 11 whole packets each containing | lb., and 
a single i lb. left over, which is, however, half a 
packet. 

.-. 23(i lb.) ~ 2(i lb.) = Hi packets or 11 packets 
and i lb. over. 

Children tend at first to say 11^ packets; 
writing division as ^ helps to check this, 
{c) Give examples where the new unit is not obvious 
but is suggested, 
e. (?- 6 J pints ~ j pint 

= 18(J puita) -=- S(i pints) 
= 26(i pints) ^ S(i pints) = V- = 8f 
(<i) Give examples where new unit has to be got from 
L.C.M. 

^ 80(iVoz. ) ^ 80 ^ 20 ^ 
12{Aoz.) 12 S « 
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(e) After a few examples of the previous type, suggest 
that children look for a quiclc way. Tabulate 
results already got from {d). 

and give a question Bke J lb. -^ f lb., asking for 
answer to be found aa quickly aa possible. Many 
will notice that, on analogy of others, it should be 
H ^^ stI- ^° reason for this should be dis- 
cussed, »'. e. that each must be expressed in twenty- 
fourths of 1 lb. ; since 8 goes into 24 8 times, we 
have 8x7 above, and since 8 goes into 24 8 times, 
we have 8x2 below. Take a few examples in 
the same way. 

Let children then formulate the mle, comparing 
this division question with the multiphcation one 
which would give the same answer. 
(/) Give drill in the rule, introducing cancelling and 
mixed numbers as in multiplication. 
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CHAPTER X 

DECIMAL TBACnOSS 

The development of decimal fractioos is, historically, 
a recent one ; the decimal fraction is a very yoimg brother 
of the vulgar fraction, but he has proved himaeU so 
useful and in his essence so simple, that his position is 
assured. It would seem to be most natural to mankind 
to divide wholes into halves, quarters, ei|^ths and six- 
teenths; into thirds, sixths and twelfths. The history 
of Arithmetic and the progress of a httle child ahke indi- 
cate this. But developing mankind and the developing 
child have found it very difiScult to acquire the necessary 
mastery of harder vulgar fractions. I^n, at one stage, 
tried to break up all such fractions into a sum of simple 
vulgar fractions and a serious operation they found this 
to be. Children found themselves obliged to add together, 
say, such monsters as 8^^ cwt., i^^ ^^- ^^^ ^^iUcvt. 
To do this they had to find the L.C.M. of 116, 186 and 
620 ; to find the L.G.M. of these numbers they bad first 
to find their H.G.F. ; to do this they had to learn a com- 
plicated rule for finding the H.C.F. of large numbers. 
Even when the way was clear, the individual steps were 
troublesome ^d errors easily crept in. 

Both mankind and the child find these difiSculties 
minimised by the use of the decimal fraction, that is, 
by expressing hard vulgar fractions as a sum of tenths, 
hundredths and thousandths, it being seldom necessary 
.in practice to proceed to smaller subdivisions of the 
whole. It is easy by simple division to express any vulgar 
fraction as a sum of tenths, hundredths and thousandths ; 
it is easy, having expressed vulgar fractions in such a way, 
to add, subtract, midtiply and divide them to any required 
132 
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degree of accuracy. For these reaaons, in school we now 
spend the time once devoted to gaining a mastery over 
fractional operations involving difficult denominators, in 
teaching the decimal noiation for fractions and in ex- 
tending the fundamental operations to this new form of 
fractional quantity. We do this, believing that the use 
of decimal fractions is easier than the -use of vulgar frac- 
tions except in simple cases; believing too that because 
of their close conneotion with the ipetric system, our 
pupils must become familiar with decimal notation and 
calculation as a preparation for the practical affaira of life 
(see p. 115). 

It follows that we begin out teaching of fractions by 
introducing our pupils to the simple vulgar fractions 
whose use in measurement comes naturally to children 
(see p. 121). At a later stage, in Standards IV. and V., we 
have to develop the fundamental operations for vulgar 
fractions, but, if wise, we shall restrict ourselves, 
especially in addition and subtraction, to fractions with 
easy denominators and in A^quent use, thus avoiding the 
necessity of teaching the long H.C.F. rule and avoiding, 
too, many wearisome hones over struggles with fractions. 
Instead of this, we shall teach the application of the 
fundamental operations to decimal fractions. 

The decimal notation, however, lihe the notation for 
vulgar fractions, requires time to fix itself in our pupils' 
minds, so that the earlier we can int^xiduce it the better 
for the later development of decimal operations. Although 
plans will vary from school to school, we sugg^t the 
following as a suitable method. Children in Standards 
I. or n. can use the first decimal place in connection 
with measurement in tenths of an inch, and there is 
no reason to avoid simple addition, subtraction, multipli- 
cation and division questions if they arise naturally in 
connection with such measurement and are based on 
practical work. In Standard III. they can make the 
acquaintance of, at least, centimetres in the metric system ; 
there seems good reason often for its further development. 
This will again illustrate the use of tenths and the simple 
operations can be laaotised as far as the first decimal 
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place ; t. e. addition, subtraction, multiplication and divi- 
sion by unite. In Standards IH. or IV. the notation can 
be extended to two decimal places by the use of squared 
paper, which gives bji admirable illustration of 1 sq. in., 
'1 sq. in., '01 sq. in., and of tenths of tenths being hun- 
dredths; while leading naturally to the decimalisation of 
money as far as shillings. The metric system when extended 
in these standards gives a further illustration of the second 
decimal place and introduces the third place. Easy decimal 
operations can all be practised in connection with this new 
biowledge of decimal notation. In Standard IV. or V. a 
full revision of out Arabic notation, bringing out the con- 
trast between it and, say, Roman notation (see p. 40), 
and emphasising the siiaplicity of its basis in place value, 
is a wise introduction to a complete grasp of the decimal 
notatiim to any nvunber of places. Addition and sub- 
traction are easily extended ; multiplication and division 
by any kind of whole number or decimal fraction require 
more careful treatment. DecimaUaation of money should 
be extended to three places, so that a beginning can be made 
to the use of decinuds in general work. Still farther on 
in school, it is often t^t to develop methods of multipU- 
cation and division by decimals, contracted so as to avoid 
unnecessary figures and yet give results to a required de- 
gree of accuracy. The necessary considetations for addi- 
tion and subtraction are so simple that they might well be 
taken in most schools, because, along with the extension of 
decimalisation of money to five places, they afford a simple 
method for calculation of prices, based on the idea of 
" practice." We shall illustrate this later. 

We propose to treat the subsequent work in decimals, 
then, under the foUowing heads — 

1. :bitroductory Work in Lower Standards. 

2. The Extension of the iE^mdamental Operations to 

Decimals. 

3. Decimalisation of Money. 

4. Contracted Methods for Decimals, with Examples 

of their Application to Practice and Compound 
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Introductory Work in Lower Standards. 

We shaJl merely suggest a few pieces of work wbich 
have, in practice, familiarised children with decimal' 
notation and intioduced easy applications of the fnnda- 
menttd operations to decimal fractions. 

(a) lUkasurement of lines in inches and tenths of an 

inch. 

Drawing of lines of given length : finding sums and 
differences of these lines (e. g. 4-8' ± 2-9') ; find- 
ing, by drawing, say, 5 iimes IS'; dividing a 
line of given length into a certain number of 
equal parts, e. g. 6-9* -^ 3, i-5' -^ S. 

Making of objects in stiff paper or thin card, using 
measurements in inches and tenths of an inch : 
e. g. block letters, match box, pin tray. 

Questions on objects made to introduce easy opera- 
tions : e. g. How far would a fly waJk in going 
from one point to another on this object ? How 
much longer is this side than that ! If 6 of you 
placed your objects side by side, how long a row 
would they make ? If you made another, every 
part to be } of the first one, how long would each 
edge be? 

(b) Measurement in centimetres and millimetres. 
Well-known facts about dla^nals of lectai^es, 

sides and dif^nals of parallelograms, equilateral 
and isosc^es triangles, regular hexagons, dis- 
covered by measurement : e. g. Draw an oblong, 
sides 6-6 cm. and 7-4 cm. Halve each of its sides 
and join the points found. Afeasure the new 
lines and see if you can find out anything about 
them. Try to explain why they are (dl the same 
length. How much farther is it to go round your 
first four -sided figure than your new one ? Draw 
both the diagonals of your oblong. What do 
you notice 1 Point out any other journey du 
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your oblong which would be the same length as 8 
walk along 1 diagonal and back again. 



Such work can obviously be extended and it has 
the merita of giving variety, of demanding measure- 
ments of which the result is known by the teacher, 
and of developing geometrical notions, 
(c) Drawing of diagrams on squared paper, where 
1 sq. in. is the unit, a column of 10 little squares 
•1 or -^ unit, and 1 httle square -01 or x^ unit. 
e.g. 

1 sq.in. 'Isq.in. -Olsii.m. ■I-34 sq.in. 



Writing down size of area shaded in: e.g. 1-52, 
204 sq. in. 

Shading in given areas, e. g. 1-41, 2-03, -07, -3 sq. in. 
Finding total area shaded in, difference in area 
between two shadings, an area three times or a 
quarter of a given area, thus developing the 
fundamental operations to two decimal places. 

If diagram represents 1 sq. in. of gold valued at 
£l, finding what -1 sq. in. represents; shading of 
gold worth £1-8, £1 8s., £2 4«., 6«. : finding total 
area shaded in and its value ; shading of gold 
worth is.. Is. : finding value of areas 236, 4'7S, 
2-05 sq. in., thus develo^ong decimalisation of 
money as far as shillings. 

Shading -1 sq. in., more heavily -1 of -1 sq. in., and 
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expressing resiilt as a decimal of a square inch; 
shading -6 sq. in., -1 of -5 sq. in., and expressing 
result as a decimal; shading -1 sq. in., -4 of -1 
sq. in.; then -2 of -8 sq. in., -4 of -6 sq. in., -S of 
-7 sq. in. ; expressing all results as decimals of a 
square inch and thus developing the idea that 
tenths of tenths give htmdredths. 
Shading -^ of a tiny square, and asking such ques- 
tions as : What part is this of a square inch ? 
How might it he written ? Show a^ well as you 
can '006 sq. in. Of what is this the half t Show 
-05 sq. in. Of what is this the half^ What is 
half of 1 sq. in. ; of -1 sq. in. ; of -01 sq. in. ; of 
■001 sq. in. 1 Show the answer to the last on 
your digram. 
This piece of work carries on the child's mind to 
the further development of decimal notation and 
we may be content if it simply gives him a 
iut>spect without leading to any very definite know- 
ledge. Some use a square of 10" side as a unit, 
and by so doing show decimals up to fourth decimal 
place very easily, 
(d) Measurement by the metric system. 

See Chapter VIII. for detailed treatment. Ifore the 
child can practise knowledge of decimal notation 
already gained, as the work provides plenty of 
easy decimal manipulation, besides a&irding a 
further illustration of the relation of tenths to 
hundredths and thousandths. The third deoimtd 
place thus becomes familiar io the child. 
If some such work as the above is developed in 
Standards I. to IV., there is no reason why the full treat- 
ment of decimals should present any undue difficulty to 
a bright Standard IV. or an average Standard V. 

Extension of Fundamental Operations to Decimal 

Fractions. 

1. Before a full study of decimals is undertaken, it is 

well to revise our general notation, bringing out its basis in 
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place value, and thus showing the decimal notation as its 
natural extension. Some hints will be found in Chapter I. 
on Notation ; ohlldren at this stage profit by some acquain- 
tance with the historical development of notation and can 
be led to appreciate the simplicity and usefulness of a 
notation based on place value. 

2. Addition and subtraction need no comment. If the 
first questions arising in the lower standards have been 
worked in conneotion with measurement, children have 
already grasped tiiat tenths are added by themselves, 
hundredths by themselves, just as units, tens, and hundreds 
are treated separately, lliey also know that ten tenths 
make a whole, every ten hundredths a tenth, every ten 
thousandths a hundredth. These ideas can be extended 
to any number of decimal places without difficulty. 

3. The first steps in multiplication are equally easy. 
Multiplication by a unit makes no alteration in the value 
of the decimal ; e.g. 7 times 8 hundredths is simply 21 
hundredths, usually written as 2 tenths and 1 hundredth 
or -21 ; there is no new principle either here or in 
multiplication by a whole number which is easOy 
factorised. 

But when we come to mukiplibation of a decimal quantity 
by a deoLmal quantity we find difficulties. Three distinct 
methods are possible, the question of the idea] method 
probably depending on the conditions and complete scheme 
of the school concerned. In any case the same intro- 
ductory treatment is wise, consisting of some such work aa 
was outlined in (c) of previous section, followed by dia- 
grammatic work of greater difficulty. 

e. g. A rectangle measures 2-3' by 8-4'. Find its area. 
This should be worked by drawing and also by calculation. 

Area = 1 + 11 + 111 + IV. 3-4 

1 = 8 X 2 = 6 (sq. in.) 23 

II = -4 X 2 = -8 (sq. in.) 

ni = 3 X -3 = -9 (sq. in.) 6-8 (I + H) 

IV = -4x-3= ■12(sq. in.) 102 (IH + IV) 

.-. 2-8 X 3-4 = 7-82 7-82 
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A few examples of this kind will lead to a natural de- 
velopment in the ohild's mind of the fact that tenths 



multiplied by tenths give hundredths, leading on to tenths 
of bnndredtha and hiHidredths of tenths giving thou- 
sandths, and so to the simple rule of counting the sum of 
the numbers of decimal places in the factors to find the 
number of decimal places in the product. 
Let us look now at the possible methods — 
[a) A few people advocate multiplication of the quantities 
as given, applying first principles continuously. 

e.g. £4-23 X -605. 
£4-28 
• 605 
2-538 = £4-28 X -6 
•02115 = £4-38 X -005 



£2-66915- £4-23 X -605. 
This method never leads to a mechanical rule; each 
question must be thought out afresh. The result is that 
it is unsuitable for the ordinary type of child in our 
-Elementary Schools, though it is occasionally good for 
obildren in upper standards to check their work by such 
a method. It may be said, too, that even the cleverest 
folk find a mechanical method better; it saves their brains 
for more important matters 1 
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{b) Many multiply decimal qutuititiee as if they were 
wliole numbetfi and then, alter multiplication, 
insert the point in its correct position — 

e.g. £4-28x -606 
423 



2538 
3 116 



Two decimal places in 4-28, 3 in -605 ; therefore 5 in 
product. 

.*. £4-33 X ■605 = £2-56916. 

Ikfethod is on amilar lines if one prefers to multiply first 
by imitB rather than hundreds. 

The explanation is of the simplest, b changing 4-23 
to 423 we have made our product 10 times 10 times too 
big; in changing -605 to 605 we have made it 10 X 10 X 10 
times too lag. Thus, altogether our result is 10 X 10 X 
10 X 10 X 10 or 10" times too large. It is, therefore, 
necessary to divide the resulting product by 10, five times, 
a process which gives ua five decimal places. 

It is quite possible to t«ach this sensibly to children. 
They are asked, say, to find the cost of 2-8 yards of cloth 
at 44s. a yard, Tiiey could do it if it were 23 yards at 
■ 44a, Let them work this and criticise their answer. They 
will see that they have taken 10 times too much cloth and 
10 times too high a price, and therefore the t^tal cost is 
100 times too great. The two decimal places which result 
from dividing total cost by 100, agree with their previous 
knowledge that tenths by tenths give hundredths and that 
an area (5-7 X 4-3) sq, in. gives an answer involving two 
decimal places. 

They can proceed to extend this, say, to S-3 X -44, noting 
that the' result is 1000 times too great. After taking a 
few examples of various kinds and reasoning about them - 
thoroughly, we may ask for a rule; when given, we can 
elicit an explanation of it from oar class. The rule may 
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then be applied in general. It is so Tneohanical and so 
simple that it gives admirable lesultB in speed and accuiacy. 

It has, however, one serious defect; it in no way pre- 
pares the child to shorten his multiplication by omitting 
unnecessaiy figures. This is because during the actual 
multiplication the value of the quantities is neglected; 
hence no one can see what figures may safely be omitted, 
what must be retained. In general, however, this is the 
simplest method, except in schools where a great propor- 
tion of the pupils will in time be learning contracted methods 
of dealing with multiplication of decimals, 

(c) A third method has been developed which is a oom- 
promise between (a) and (b). It preserves the vdue of 
each figure in the product as (a) does and as (b) does not ; 
yet it lends itself to mechanical work as (b) does and as 
(a) does not. The method is that of expressing the multi- 
plier in what is known as " the standard form," that is, as 
a number whose first figure is La the units place. 

e.g. 



£-42 X -64 = £042 X 6-4. 
£-042 X 6-4 




£■252 =£-042x« 
£-0168 = £-042 x -4 




£-2688 = £-042x 6:4 


= £-43 X -84. 



Express one factor in standard form to serve as multiplier ; 
alter the decimal point in the other factor exactly the same 
numiier of places in the opposite direction (»', e, multiply by 
some power of 10 to cancel effect of division by same 
power of 10 or divide by some power of 10 to cancel effect 
of multiplication by the same power of 10). Then multiply 
by units figure first. The result lies immediately underneath 
multiplicand, since multiplication by a unit does not alter 
place value. Other figures in multiplier follow the usual 
multiplication rule — one place farther to the right each 
time. The resulting product needs no alteration. 

Children can reach this easily if led along by easy steps. 

(i) £4-8, 6'21', 72-819 metres X 2 or 3 or 7 to emphasise 
fact that multiplication by imits figure gives 
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dedmsJ pMnt in prodtict underneath decimal 
point in multiplicand — 

e.g. 72-319 metreB X 8 
216-957 metres 
(ii) £4-8, 6 21', 72-319 metres X 21 or 8-2 or 7-42 to 
bring out, by reaeoning, the fact that subsequent 
figures in multiplier move result each time one 
place towards left — 
e.g. 5-21' x 7-48 

8 8-47 = 6-21* X 7 
2-084 = 6-21' X -4, fflnce A ">* t*t = t^v 

•1568 = 5-21' X -08, since ^Hhr of T^ = TT4ff5. 
Rule is obviously the ordinary rule for multiplica- 
tion. 

(iii) £4-3, say, X -21. 

Children know what they would like multiplier to 
be; i.e. 2-1. They can see that if they work 
with 2-1 the answer will be 10 times too large, 
and find out one way of correcting this by dividing 
£4-8 by 10, giving £-43. They then multiply 
£-48 by 2-1 as above. 

' £ • 4 3 X 2.- 1 
-86 
■048 
£-903 
They con prove that the result is right by working 
£4-8 X -21 by method (a), noting the advantage 
of a mechanical rule. 
(iv) After a few such examples the rule for reduction to 
standard form may be formulated and definitely 
practised. 

This method can be taught sensibly to children and 
each figure in the product is in its correct position ; the 
method quickly becomes mechanical, if not so quickly 
as (i); it is a suitable method for later contracted work. 
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For these reasons it iB worth teaching in those elementary 
schools in which a great jnoportion of the children wtll 
later learn contracted multipUcation. In other schools 
probably the greater simphoity of (6) justifies its retention. 

4. Division by units and by factors is, hke multiplica- 
tion, very easy, if notation is understood. The rule ia 
simple. IMvision by a unit does not alter jJace vtdne of 
quantity ; e. g. 21 hundredths divided by 8, simply gives 7 
hundredths. 

But when we come to division of a decimal quantity' by 
a decimal quantity, again we find difficulties and again 
three distinct methods are possible, each parallel to the 
corresponding method in multiplication. 

(a) A few people divide the quantities as given, 
continuously applying first principles. 

e. g. 64-4iS41 kilometres —■ -126 kilometre. 



432-2 



126)64-4641 




6 tens -T- 1 tenth gives htindreds. 
.', first figure is placed in hundreds 
plaoe. After that, working follOTra 
ordinary division rule and can be 
explaiiKd ftiUy step by step, e.g. 
4-06-r*126. 4 units -^ 1 tenth gives 
tens; .'. second figure is placed in 
tens place. 



The result might be given as : 4S2-2 lengths of -126 km 
and -0069 km, left over. The remainder is obviously 
correct as above, since each figure in the working retains 
its correct value. But the method never leads to a 
mechanical rule and so is unsuitable for general use in 
school. See comment on corresponding method for 
multiplication. 

(6) Many divide one decimal quantity by another only 
after changing the divisor into a whole number. A few 
also change the dividend into a whole number, but this 
causes unneoesBary confusion. 
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e. g. 54-4M1 km. ^ 126 km. 
= 64464-1 -=r 126, measuring each in thousandths of 
a kilometre. 

As in short division first 6gaie goes 
above furthest figure required for first 
4 3 2-2 division ; for 

126goesiiito5 10,000's, 10,000's 

126 „ 54 thousands, thousands 

126 „ 644himdred8, 4buDdreds. 

To justify position of point before 

last figure, we have — 

126 goes into 821 tenths, 2 tenths : 

,', decimal point before 2 in quotient. 

Remainder = 6-9 -r- 1000, since 

question has been worked with the 

value of each figure 1000 times its 

actual value, e, g. worked in metres 

instead of kilometres . 

Result is 482-2 lengths each -126 km. long, and 

6-9 metres or -0069 km., left over. 

This is much the simplest rule for division by a decimal 

quantity, since the position of the first figure in the quotient 

follows the same rule as for short division. The value of 

the remainder is seldom required, so that the necessity for 

occasionally altering it need not be cotmted a serious iL^aw- 

back. A much more serious one is that since each figure 

loses its true place value, a contracted method of division 

cannot easily be based on it ; we cannot see which figures 

can safely be omitted. 

This can be taught sensibly to children. After dividing 
by ututs and by numbers which can be factorised into 
units, they proceed to divide by, say, 26, or 131, and find 
that except for writing out products and remainders fully, 
the procedure is exactly similar and no trouble as to 
position of decimal place arises. They can after a time 
be asked to divide by -26, They will be puzzled and cui 
be asked instead to divide by 26 and criticise their result. 
It will be, of course, 100 times too little. They can put this 
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right either by altering quotient after working or by altering 
dividend before working, in each case multiplying by 100. 
Alter taking a few similar examples and teaeoning fully 
conoemiitg them, the rule can be developed that we move 
the decimal point same number of places in same direction 
in dividend and divisor. Compare with equivalence rule 
for vulgar fractions, when division is written in fractional 
form — 

5*-4641 _ 64-4641 1000 _ 544641 

■126 ~ 126 ^ iddo ~ 126 

The temiunder can be discussed in connection with the 

above questions as fully as may be desired in individual 

circumstances, but it is comparatively unimportant in 

division of decimals. 

(c) A third method for divi^on of decimals has been 
developed which is a comfnnmise between (o) and (&). 
It leads to a mechanical rule, as {b) does and as (a) does 
not; it leads to a simple rule for contracted division, as 
(a) does and as {b) does not. It consists in expressing the 
divisor in " standard form," so that our divfeor is always 
approximately some units figure; the process is thus 
closely connected with short division by a units ^ure. 
e. g. 64-4641 km. ~- 126 km. 

= 544-641 -i- 1-26, measuring each in tenths 
of a kilometre. 
482-2 Divisor is approximately 1. 

l-26)544-641 Position of first figure in guotietit — 

6 0*- 5 hundreds -f- 1 (a unit) gives 

40-6 hundreds ; .*. place first figure above 

3 7-8 first figure in dividend. 

2 .g^ Had divisor been greater than 6, 

2-52 ^^ should have hod 54 tens -r some 

unit greater than 5, which gives tens ; 

' « K « ■'• ^"* ^S"^^ would have gone above 
'^°^ second figure in dividend. Cp. its 
■ 6 9 position in short division. 
Remainder = -069 rr 10 because every figure in the 
working has t«n times its actual value. 
L 
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Children can be taught this sensibly, if we base the 
work on short division — 

(i) £6-93, £16-25, £24-81 -H S, 5, or 7, 

to emphasise position of first figure under either 
first or second figure in dividend and to introduce 
idea of proceeding to any number of decimal 
places, 
(ii) £1-85 -^ 1-6, £5-52 ^ 2-4, £8-286 -r 7-8, 

to bring out fact that position of first figure in 
quotient is determined by the divisor being ap- 
proximately 1 or 2 or 7, bat its vaJue will be 
affected to some extent by the carrying figure 
from the tenths. This stage of findmg and 
placing correctly the first figure in the quotient 
is not easy and requires much time before a 
further advance can be made, 
(ui) £-61426 -^ -031 or £-948 -^ -41. 

C3iildren know that they could deal with 8-1 or 
4-1 as divisor. Let them work sum thus and 
criticise result, discovering that they must treat 
either dividend or quotient in game way as they 
treated divisor. See note on teaching of method (b). 
0v) After a few examples the rule for reduction to 
standard form can be formulated and definitely 
practised. 
This rule, it must be confessed, does not give aa good 
results in accuracy as the corresponding method for multi- 
plication of decimals, the real trouble arising in stf^ (ii) 
as noted above. With average children its results are. 
much wotBe than those obtained from method (b). But 
in schools where almost every child has later to deal with 
contracted methods for division, it is moat probably worth 
while to give to division at this stage the extra time 
necessuy to teach method (c) instead of method [b). 

N.B. — In multiplication and division of decimals long 
and complicated sums should never be set to children, aa 
adults work them either by tables or by use of contracted 
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5. la dealing with the relationship of vulgar and decimal 
fractions no serious difficulties arrive. Obviously, if 
children understand decimal notation, 

■86 = tW = A or 2-187 = 2^^ 

is straightforward work. The common equivalents should, 
of course, be known by heart; i.e. j^'s, ^'s, \'a, Y&, ^'s 
and ^'a. 

In changing from vulgar fraotiona to deounals, the 
process is simply one of division and in most cases only 
approximate results are necessary — 

e. ff. 5f = -7 approx. or •?* approx, by dividing 68 by 86. 

The difficulty of recurring decimals is now avoided by 
the use of approximate and contracted methods. Children 
need only learn the meaning of their notation when it 
arises naturally — 

e.g. i =s -8838 which is written -i 

or i = 16666« „ „ „ -16 

or fr=««4545 „ „ „* -46 

Dedrmdisation of Money. 

Various methods are in common use. The essential is 
to choose some form which can be taught inteUigently and 
worked mentally with speed and accuracy. We commend 
the following as one which has proved successful in practice 
and wbioh satisfies the above essentials. But it is by no 
means the only possible method. We shall briefly indicate 
a ample method of developii^ it, accompiuiied by graded 
examples fully set down. The sooner our pupils set down 
nothing save the result, the better we may count the results 
of our teaching. 

A. DiBBCT DscnUUSATION OF MONBT. 

(1) Consider, say, £8 7a. iOd., which is expressed as 
£S + £3^ + £^r- ^B reqiuTe a method of ex- 
pressing it as £8 + fnr + £nnr '+ frinnr = tbere- 
fore we look for equi^dents. 
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(2) £^ = 2*. 

.-. £6 *a. = £6-2 ; £8-4 = £8 Ze. 
Anything leas than 23. will not aSect the fiist deoimal 
place. 

(3) ij^ would be about 2^., which ie too awkward an 

equivalent to be considered. 

(4) fyiiW ^ ^T nearly Jd. Try to find exact re- 

lationship between these. To save tongue-labour 
(" thousandths " being a difficult word), S^^r^ 
or £-001 may be called a " mil." 

Thus, by definition £1 = 1000 mile. 

But £1 = 960 farthings. 
.'. 960 farthii^ = 1000 mils, 
i.e. 24 farthings = 26 mils, 
or 1 farthing = (1 + ^) mil. 
t. e. each farthing = S.^^ + I'r <■* ^inW 
/, £6 4s. 2Jd. = £6-2 + 9 farthings. 
- = £62 + 9^ mils. 

= £6-209 + } of a thousandth of £1. 
— £6-209 ... to three places, 
or = £6-20937 ... to five places (J = -875). 
£S 16«. 4d. ^ £3-8 + 16 farthings. 
= £3-8 + 16|4 mils. 
= £8817 ... to three places, 
or = £3-81667 ... to five places (| = -4). 
. £4 &r. \id. = £3-407 + ^ mil. 

= £8-407 + J^^ mil. (7 = 4 X 1-75). 
= £3407 + -'29 mil. 
= £3-407 ... to three places. 
or =s £8-40729 to five places. 

(5) But from fiorins to farthings is too great a gap. The 
above examples cover only cases of even number of shillings 
and odd pence less than id. To make system complete, we 
must take account of U. id. and U. and 6(2. Since children 
make many mistakes over decimal places when these are 
introduced in the calculation as decimals of £1, the ex- 
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periment of treating them aa groups of mils lias been tried 
and found to be Buccessfnl — 



U.Od. 



= £100 or 100 mila. 



= j of 100 mile. 

= 75 mils. 
= 50 mils. 

id. ^ 26 mila. 

.". £8 17a. 5^d. = £8-8 + la. + 21 f. 

= £8-8 + (60 + 21^) mils. 
= £8-871 + J mils. 
= £8-872 to three places, 
or = £8-87187 to live places (J = 876). 
£8 7a. lOJdr. = £3-3 + is- W- + 18 f. 

= £8-3 + (75 + 18^) mils. 
= £3-394 to three places, 
or = £3-89376 to five places. 
£3 ftj. lOJd. = £3-8 + 6i. + 17 f. 

= £3-8 + (25 + 17H) mils. 

= £3-343 to three places. 

= £3-34371 to five places (f|.=4^=-71). 



(6) i 

(i) Take even number of ahillings ae florins— 

1 florin = £-l. 

(ii) Take largest group possible of— 

la. M. = 75 mils, 
la. = 60 mils. 
6d. = 26 mils. 

(iii) Take remaining pence and farthings as farthings, 
each one being equal to 1-^ mil. 

(iv) (i) gives fiist decimal place : (ii) and (iii) added 
together give second and third decimal places 
Ttrenty-fourths of a mil give the fourth and 
fifth decimal places, trhen tbese are wanted. 
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B. Ikvbbsk Fboosss. 

(1) Summary. 

(i) Approximate to three decimal places, 
(ii) Take tenths aa florins, 
(iii) Take away the largest posdble group of — 

76 mils = le. id. 
60 mils = ia. 
S5 mils = id. 

(iv) Take the remainii^ mils as farthings, noting tliat — 

1 mil = (1 — ^) farthingB. 
For, 1000 mils = 960 farthings = £1 
.-. 26 mils = 24 f . 
.-. Imil =H^ 
= (1 - A) «. 

Where number of mils lies between 1 and 12, 
the error in calling a mil a farthing varies from 
^ to \^, which is less than half a farthing and 
^ereforo negligible. 

Where the number of mils hes between 18 and 
84, the error varies from ^ to ^, which is greater 
than half a farthing and must therefore be oor- 
rocted by subtracting 1. 

(2) Oraded examples, 
(i) £3-4 = £8 8». 

(ii) £8-411 = £8 8». + 11 mils, 

= £8 8a+(ll-H)'- 
= £8 8». 2ld. to nearest farthing, 
or = £3 8«. 8<i. to nearest penny. 

(iii) £8-413 = £3 8«. + (18 — H) '• 

= £8 8*. + 12 f. apjttoiimately. 
» £8 b. 8d. 
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(i7) £8-868 = £8 6«. + 60 mils + 8 mils. 
= £3 7a. + 8 f , approximately. 
= £8 7a. 3d. 
(v) £8-791 = £8 14s. + 75 mib + 18 mils. 

= £3 15a. 6<*. + 3id. approximately. 
= £3 15a. 9id. to neareBt farthing, 
or — £8 15a. lOd. to nearest penny. 
(t!) £4-644 = £4 10a. + 26 mils + 19 mils. 

= £4 10a. 6d. + 4J(i. approximately. 
^ = £i 10a. lOid, to nearest farthing, 

or = £4 10a, iid. to nearest penny, 
because (19 — ^) f. is nearer 20 f. than 16 f. 
(vji) £4-86178 = £4-862 to nearest mil. 

= £4 17a. Sd. approximately. 

CoTUracted Methods. 
1. ADDrnOH. 

To find an approximate' answer, correct to any required 
decimal place, two additional places are required for 
addition. For — 

(i) the carrying figure in the first additional place may 

alter considerably the required place : 
(ii) the carrying figure in the second additional place 
may alter the figure in the first decimal place 
from below 5 to above 5 and so alter the required 
place by 1. 

Example, 
Find the sum of 6-8998 Km., 2-7248 Km., 8-6887 Km.. 
S-4584 Km., to the nearest first decimal place. 

(a) Long method. 
5-3998 
2-724S 
8-6»37 
5-4584 



02^2662 .*. Answer required is 22<3 Km. 
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{b) Omission of all juiditional places. 

5-S 

2 ■ 7 This is wrong, the error in the re- 
8-6 quired place being 3, mainly due to 
5 ■ 4 omission of carrying figure from second 
decimal place. 



(c) Inclusion of one additional place. 

This gives 22-2, the error in the re- 
5-89 quired place being 1, due to omission 
2-7 2 of carrying figure from third decimal 
8-68 place causing inaccuracy in second deci- 
5-45 mal place. In general a more accurate 

result can be obtained by approximating 

2 2 ' 2 4 the first additional figure, but this is 
rather too faequently a risk. 

(d) Inclusion of t^o additional places. 

This gives 22-3, which is correct. It 
6-399 is posrable to imf^;ine a sum of many 
2-726 rows where the inclusion of two additional 
8-684 places, even with the safeguard of ap- 
5-458 prozimating the last place, aa in lines 1 
and 3 above, still leaves an error of 1. 



2 2-266 But in contracted methods we aim at a 
good practical rule. Some people think 
plan (c) above, made more accurate by approxima- 
tii^ ^e last place, is sufficiently safe for general 
purposes. We prefer ourselves the additional safety 
ensured by [d) and shall extend the expoeition to 
multipUcation on this plan, 

2. Multiplication. • 

Since we have to add the various partial products to 
find the complete product, it will be necessary to work 
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always with two addition^ places so that the result of the 
addition may be sufficiently accurate. AU figures of less 
place value may be omitted tbroii^out. 

e.g. Find the value of 48 -713928 X WSSIS to two 
decimal places. 

Changing to " standard form " we have — 

4-8718 »i|t X 4-83616 



17-4856 (i) Work to 2 + 2, i.e. four decimal 

■ 4 9 7 places. Draw line after ttf^ttf ; figures be- 

1811 yond are unnecessary. 

2 6 2 (ii) 928 at end is therefore not required. 

Consider carrying figiue from 4x9, how- 
ever. 4 X 9 = 86 : carry 4. 4 x 3 = 12 ; 
12 + 4 = 16. 

(iii) Fiiat line goes immediately under- 
neath multiplicand. Each succeeding pro- 
duct comes one place further to the right. 
It : 21-14 i. e. one place further beyond line barrier; 
therefore each time one figure can be cut 
off from multiplicand and considered only 
to find carrying £gure for fourth decimal place, 



3(2). 



8 X 3 = 24 : carry 2 
8x1 = 8; 8 + 2 = 10. 



3. DmsiON. 

Since addition does not enter into this operation, two 
additional places need not be considered. We must, 
however, know one addition^ place beyond the required 
figure : e. g. •0*4 = -04 approximately and ■046 = -06 
approximately. 

Consider the following question worked fully — 

88-196418 -^ •214935 to nearest first decimal place 
Quotient » 881-96418 -^ 2-14985. 
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S'i493e)8SlH< 
214'9S 


418 
6 


16702 
160-46 


91 
46 



16-67 468 . 
1504 646 



■62 9230 4 

■60 4546 



■02 46860 6 

•02 14936 

Result: i777. 



Note that sinoo main p&rt of divisor ia 2 «nt^, to 
secure, eay, the tene figure of our quotient we divide 
tens, t. e. 16 tonfi in second stage; or to secure, say, 
the tenths figure of our quotient, we divide tenths, 
i. e. 16 tenths in fourth stage. But last figure neces- 
sary is hundredths, therefore we need not divide 
anything lesa than hundredths in our dividend. Thus 
in last stage (5), to find hundredths, we divide 
2 hundredths by 2, taking into account the carrying 
figures. Therefore in this stage, apart from carrying 
figures, we require only ■02. It follows that in stage 

(4) we need only 1-52 to ensure both st£^es (4) and 

(5) being correct ; in stage (3) only 16^6T ; in stage (2) 
167-02; in stage (1) 8S1-06. In other words, if last 
figure required in quotient is hundredths, we may 
draw a line down after 6 hundredths in the dividend 
and regard it as a barrier past which work need not 
pass. Had last figure requu^ been thousandths, the 
bairiet would have followed after the third decimal 
place. 

W^ reach, therefore, this contracted fomt^ 
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2-M0M)S81-96 
214-98 



16708 
150-45 



Result: 177-7. 



J (i) No figures required in 
dividend after hundredths ; 
draw barrier after hundredths, 
(ii) 8 hundred -i- 2 gives 1 
hundred. Only 5 figures are 
required in product; .*. only 
5 are required in divisor ; 5 is 
crossed off except for canning, 
the last figure being either 3 
or 4. In other words, divisor 
is 2-1498. 

(iii) 16 tens H- 2 gives ap- 
proximately 7 tens. Were di- 
vieor 2'14i98 kept, work would 
pass beyond bturier. There- 
fore cross off 8 and have 2-149. 
7 X 8 = 21, however; carry 2. 

(iv) 16 units 4- 2 gives approximately 7 units. To 
keep work to left of barrier, reduce divisor to 2-14. 

(v) 15 tenths -r 2 gives approximately 7 tenths. Divisor 
is now 21. 

(vi) 4 hnndredths -^ & gives 2 hundredths. Divisor is 
now 2. • 

The rule thus reduces itself to — 

(i) Change to stajidard form, so that divisor is always 
approximately a number of unitB leas than 10. 

(ii) Draw a line barrier, one place bey6nd required 
place, to obtain additional place. 

(iii) Keep all work to left aide of barrier except for 
mental consideration of carrying figures. 

(iv) In some questions, as in case above, contraction 
begins before first product is taken away. 

In others contraction begias just after first product is 
taken away. 

In others contraction does not begin until two or more 
products have been taken away. 

These dive^enoea are all covered by the rule : *' Divide 
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as for full method until work ia paeaing beyond barrier. 

Then contract divisor one place each time a product is 

taken away." 
N.B. — ^This method does not enflure the correctness of 
the additional place taken; e. g. in above question yre 
have two hundiedtbs in contracted form instead of 
one hundredth in full form. 

4. Application to PaAcncK. See Chapter VI, pp. 87-89. 

5. Applicatioit to Compound Imiebest. 

e. g. Find the Compound Interest on £486 7s. 6d. for 
2J years at 3J% per annum. 

Answer must be correct to nearest penny, ,*. work 
two additional places for addition. 

£ 4 8 6 ■ S 7 S . . 1st Principal 

14.69125 8% Interest (t, c. X 8 and move two 
places to right) 
1-21594 i% Interest {». e. 3% -^ 12 or Princi- 

■ pal -=- 400) 

502-18219 2nd Principal 
16-06646 3% Interest (19 not required, save 
for carrying) 
1-26546 i% Interest 



618-50310 3rd Principal 

5-18603 1% Interest (Jof3i% = li%) 

2-59261 }% Interest (J of 1%) 

•64813 J% Interest (| of i%) 



526-92877 Amount after 2^ years 
4 8 6-375 1st Principal 



4 0.-5 5 3 7 7 Compound Interest for 2j years. 

Interest = £40-554 

=3 £40 lis. 1(2. to nearest penny. 
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CHAPTER XI 



This section of the syllabus in Arithmetic, being of 
comparatively slight importance and of no undue difficulty, 
need not long detain us. It may, however, be useful to 
estimate the value of this work and indicate suitable lines 
of approach to it. 

Probably its greatest value lies in the opportunity it 
gives children of becoming more familiar with the com- 
position of numbers, and thus of becoming more quick and 
accurate in shortening calculations by cancellation and 
factorisation. Special skill in finding the L.C.M. of several 
numbers is, of course, useful for shortening addition of 
vulgar fractions, and for solving a few problems involving 
the finding of a number which contains several others an 
exact number of times. Special skill in finding the H.C.F. 
of several numbers is no longer needed to help us to find 
their L.C.M,, and so to deal with them as fractional de- 
nominattirs, because large denominatots are now avoided 
by the use of decimals ; thus the usefulness of being able 
to find a number which will divide exactly into several 
other numbers is limited to the solution of a few problems 
demanding this abiUty. But, apart from this, a certain' 
amount of practice in finding H.C.F, and L.C.M, by fac- 
torisation is useful, because it supplies drill in tables from 
a new point of view, while it makes children quicker to 
see vhat cancellation and factorisation are possible in 
general calculations and also emphasises relationships 
between numbers. 

When we come to consider at what stage we can intro- 
duce children to this work so as to make them feel ite 
value, we find little difficulty. As soon as children have 
167 
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begun to add and subtract fraotions of any degree of 
difficulty, they come across a diSeience of ojanion among 
themselves aa to which is the simidest common denomi- 
nator. Here is a starting-point. The teacher knows a 
good way of fi irking a common denominator, and teUs 
tbe class that it is all a matter of knowing of what a 
nnmbet is composed, suggesting that they drop fraotions 
for a time until they hare acquired further skill in dealing 
with the compOBition of numbers. Thus we think it wise 
to take easy addition and subtraction of fractions, as sug- 
gested in Chapter IX, p. 126, before introducing any 
detailed study of H.C.F. and L.O.M., and then later to 
reme the traction work and to extend it, by using the 
newly acquired skUl in finding L.CM. So fraoticms help 
factors and factors help fractions, while, iojudentally, we 
make our children keen on finding out the composition 
and relationship of numbers, which will be useful to them 
in all calculations. 

We shall subdivide the ground to be covered into a 
ttote on the decomposition of a number into -its prime 
factors ; a eufj^estion for giving meaning to the operations 
of finding H.CJF.'s and L.C.M.'8; a development of 
(i) the factorisation rule for H.C.F., (ii) the factorisation 
rule for L.CJM., (iii) the long rule for H.C.F. ; and finally, 
a suggestion aa to other relations between numbers whose 
study is helpful to calculation. The long rule for H.C.F. 
has very little value, but as it is still taught in some 
schools, a few suggestions as to a sensible treatment of it 
may not come amiss. 



Fbiub Pactoes 

The children set out to gain skill in finding of what a 
number is composed. They know " factor " in connec- 
tion with multiplication and division by factors. Hence 
these stf^s would be suitable — 

(i) Ask for, e. g. factors of 96. 

fi6 = 12 X 8 
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We want ae many factors as possible : oould we get 
three instead of two ? 

96 =. 4 X S X 8, or 6 X 2 X 8, or 12 X 4 X 2. 

It is wise to make children multiply these together, to 
conTince them that their decomposition is correct. 

The rest follows very easily. Find as many factors as 
possible.. 
96 = 2X2X8X2X2X2 = 2X2X2X2X2X8. 

96 can now be decomposed no further except by taking 
unity as a factor. 

N.B. — Children may be taught to write this as 2' X 8. 
Probably this index notation should be postponed till 
Stimdards VI, B«id VIZ., aa it is a comparatively modem 
development of symbolism. Certainly it should not be 
introduced until the need of a short way of writing 
2X2X2X2X2 is realised. 

(ii) After exploring a few numbess to their inmost 
recesses, the terms "prime" and "composite" will be 
found usefully descriptive, and children can frame suitable 
definitions. 

(iii) When a claas advances to finding factors of harder 
numbers, such aa S63 or 162 or 320, various rules for 
seeing factors can be revised or developed — 
e. g. (a) Distinguish between odd and even numbers ; eren 
numbers can be divided by 2. 
(6) Numbers are divisiUe by 4, if the last two figures 
ore divisible by 4; for 4 goes exactly into any 
number of hundreds. 

(c) Numbers ending in 6 or are divisible by 5. 

(d) Numbers are divisible by S or 9, if the sum of their 

digits is divisible by 8 or 9. It is not, however, 
wise to take this with every class, its usefulness 
being less than that of (a), (5), and (c), while 
the reason for it is much harder to see. 
Children should be trained to search for factors in an 

orderiy faehion. But a certain fascination which this work 

has for children makes it easy to teach. 
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COHUON FaCTOBS AlfD MCIAIPLXS 

The ideas of these and their nomenclatme should be 
devdoped in connection vith measurement of quantity — 

e. g. (i) L.C.M. 

A. I buy cloth which I intend to cnt into pieces 8 yds. 

long ; how much can I buy and have none over ? 
MvUiflea of 3 yds. : 8, 6, 9, 12, SO yds. 

B. I buy cloth which I may have to cut into pieces 

either 3 or 5 yds. long ; how much can I buy 
imd provide for both contingencies ? 
Common MvUi'pUeoi 3 and 5 yds.: 16,30, 46,60 yds. 
Compare " common " stair : having goods in 
" common." 

C. In question B, what is the shortest piece of cloth 

I can buy? 
The Lmet Common Multiple of 3 and 6 yds. is 
15 yds. 

(ii) H.C.P. 

A. I have 42 childxen in my class and wish to arrai^e 

them for drill in equal rows ; how many sht^ I 
put in a row ? 
Factors of 42 children : 1, 2, 8, 6, 7 children. 

B. I have 48 children in Standard IV., 42 children in 

Standard V., drilling together, whom I wish to 
arrange in equal rows; how many shall I put 
in a row 1 
Common Factors of 48 and 42 children : 1, 2, S, 8 
children. 

C. bi question B, what is the longest row I can have 1 
Bigheal Common Factor of 48 and 42 children is 6 

children. 

Factobisation Rolb fok fimdino H.CJ". 
(a) Revise the meaning of H.C.F. by taking examples 
80 simple that the answer to them is easily seen without 
any special working. 
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(&] To lead to discovery of the rule, set Bucli harder 
examples as : If two pieces of string, 96 in. and 138 in. 
long, are to be cut up into an exact number of pieces, 
each of the same length, what is the length of the longest 
piece which can be obtained! 

In order to find out the greatest length of stinng which 
can be cut from each, we have to find a number contained 
exactly in 96 and 128. We must, therefore, know what is 
inside each number, i. e. the prime factors of each. 

96 =2X 48 = 2X2X 24 = 2X2X2X2X2X3. 
128 = 2x 64 = 2x2x 32 =2x2x2x2x2x2x2. 
The factors belonging to both are 2, 2, 2, 2, 2 : in other 
words, the H.C.F. is 32. 

Apply thia result to the question asked and so prove 
that it is correct, 

A few similar examples worked and fully discussed will 
establish the rule on a sensible foundation. 

(c) To fix the new idea and method, give drill work 
with a variety of numbers and also apply the new skill 
to the solution of mixed problems. 

Factobisation Rulb foe FraDinG L.C.M. 
(a) Bevise the meaning of L.C.M. by taking examples so 
simple that the answers to them are easily seen without any 
special working. In particular, emphasise the fact that the 
L.C.M. of two numbers prime to eaoh other is their product, 
(fr) To lead to discovery of the rule, set such harder 
examples as : (i) Find the smallest distance which can be 
measured exactly by pieces of tape 15 in. and 87 in. long 
respectively, (ii) What is the smallest sum of money 
that contains exactly la. 9d., 2s. 4d., and 3*. 6d., i. e. that 
contains exactly 21, 28, and 42 pence ? 

(i) We have to find a number as small as possible 
to contain exactly IS and 67. We need, therefore, to 
know what these numbers themselves contain, ». e. we 
need to know their prime factors. 
15 = 3 X 5. 
57 = 8 X 19. 
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We want a number to ccmtain IB; therefore two 
of its factors must be 8 and S. The number must 
alBO contain 67; therefore two of its factors are 
8 -aad 19. But there is already a 3 for 15 ; therefore 
we need only take 19 as additional factor. Thus the 
factors of the L.C.M. are 8, S, and 19. 

Or the L.C.M. = 8 X 6 x 19 = 15 x 19 = 286. 

Apply this result to the question asked and so 
prove that it is correct. 

(ii) We have to find a number as small as poBsible 
to contain 21, 28, 42. Therefore we start by finding 
what aje the prime factors of these numbers. 
21 = 3 X 7. 
28 = 2 X 2 X 7. 
42 = 2 X 3 X 7. 

The L.C.M. must contain 21, therefore it must bare 
8 and 7 as factors. Since it must contain also 28, it 
must have two 2'b and 7 as factors. To hold, there- 
fore, both 21 and 28 is must have as factors 3, 7, and 
two 2'b. But the L.C.M. has also to contain 42; 
therefore it must include amongst its factors 2, 8, 
and 7. It already has two 2's, 8, and 7, so that it 
is unnecessary to give it any additional factors. 

i. «. the L.C.M. = 2X2X8X7 = 12 x7 = 84. 
TeBt to see whether 84 pence or 7 shillings contains 
exactly Is. gd., 2s. 4d., and Sa. 6(j. 
A few similar examples worked and fully discussed will 
establish the rule on a sound foundation. 

(c) If required, lead gradually to the other way of setting 
work down, t. e. by placing the common factois at the 
side and taking them only once. The above method is, 
however, preferable, 
e. g. (i) L.C.M., as above, of 15 and 67. 
8 [1 5 57 
6 Id 

8 is common factor taken out of both but required 
in L.C.M. only once. 
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6 and 19 each belong to one number and appear in 
L.C.M. 

Thus L.C.M. = S X B X 19, multiplyii^ together 
the numbers at the Bide and on the bottom line, 
according to the nana] tule. 

(li) L.C.M., as above, of 21, 28, and 42. 
7 I 21 28 42 



1 2 1 

7, 8, 2 are factors common to two or three of the 
numbers, and therefore appear in L.C.M. only once. 

1, 2, 1 are tbe^factors left in each numbet when aa 
many of the common factors as possible have been 
taken out. 
Thus the L.C.M. = 7x3x2x1x2x1, 
»'. €. 7 X 8 X 2 X 2, as we obtained before, 
(i) To fix the new idea and method, give drill work 
with a variety of numbers and also apply the new skill 
to the solution of mixed problems. 

LONO RCLB FOB TISDISa H.C.F. 
(a) Take a simple concrete example : e.g. a, room, 40 ft. 
long and 15 ft. wide, is to have a stencil pattern painted 
round the tops of its walls. Each side must contain an 
exact number of patterns; find the size of the largest 
pattern possible. Illustrate throughout with diagrams and 
strips of paper or string. 

(i) The pattern ends exactly at the comers; can 
we fix any other points at which it will end exactly * 
If it is contained exactly in 16 ft., it must end exactly 
on the long walls 16 and 80 ft. along them ; t. e. the 
pattern must be contained exactly in the remaining 10ft. 
Or, the H.C.F. of 15 and 40 is the H.C.F. of 10 and 15. 
15 I 40 I 2 15)40{2 
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(ii) If the pattern is contained exactly in IB ajid 
10 ft., can we fix any otiier points on tlie short vails 
where it will end exactly 1 If it is contained exactly 
in 10 ft., it must end exactly on the short walls 10 ft. 
aloi^ them ; t. e. the pattern must be contained 
exactly in the remaining S ft. 

Or, the H.C.F. of 10 and 16 is the II.C.F. of 10 
and S. 



1 I 15 I 40 I 
!lO_ _80_ 

rb 1 10 1 



15)40(2 



(lii) If the pattern ia contained exactly in the 10 ft, 
on the long waE and also in the 6 ft, on the short 
wall, can we fix any other points on the long wall 
where it will end exactly t It must end exactly 5 ft. 
along the 10 ft. and also 10 ft. along the 10 ft. This 
means, however, that "the pattern 6 ft. long ends 
exactly at the comera of both long and short walls, 
or 5 ft. is the required length. 

The H.C.F. of 10 and 5 ia 5. 

Therefore the H.C.F. of 15 and 10 is 5. 

Therefore the H.C.F. of 40 and 15 Ib 5. 



40 
10 80 



15)40(2 



5)10(2 
= 10 

(6) Repeat this with a variety of simple concrete examples, 
taking concurrently the reasoning, the illustration by 
diagrams, paper, or string, and the usual way of setting 
down the working. Gradually only the working comes to 
be taken. 



ogle 



FACTORS AND MULTIPLES 165 

(c) When the rule has been grasped, for small numbers, 
it can be extended to large numbers wlthont difficulty. 
But its value is so small that it may veil be entirely omitted. 

Relationships between Xttmbers 

We give a few Suggestions for work which can be taken 
from time to time in upper standards. Its main value 
Ues in the development of short cuts. When these results 
are generalised and expressed in symboUc form, they form 
a useful piece of algebraic work. See Chapter XIX for 
further suggestiona. 

(o) Take two numbers. Find their L.C.M. and H.C.F. 
Find product of the two numbers. Find product of their 
L.C.M. and H.C.F. These two products are alike. 

Beaeon — 

Product of the two numbers contains all factors of 
the numbers. 

H.C.P. contains common factors taken once. 

L.C.M. contains all factors except the common 
factors which are taken once instead of twice. 

Therefore, H.C.F. X L.C.M. contains all factors of 
the two numbers. 

Thus product of H.CF. and L.CM. is the product 
of the two numbers. 

This result does not apply to more than two numbers. 
The reason for this should be developed. The proof is on 
similar lines to the above. 

(6) Take a series of operations involving the same 
number as factor, e.g. 23 x 17 + 6 X 17 — 9 X 17, and 
oompare with, in this case, (23 + 6 — 9) X 17. 

Or, 23 X 17 - 10 X 84 = 23 X 17 - 20 X 17 



2 3 X 13 + 26 X 12 ^ 28 X 18 + 13 X 24 
' 39 X 7 — 18 X 6 18 X 21 - 13 X 6 



15 X 13 15' 
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This can be illustrated by drawing rectangles — 



S-fl 




(Z3*5)i7 


^, 



This idea is frequently of use in calculation — 

e. g. (i) Find the cost of 37 tables at £1 49. 5(!. and of 74 
pillows at 8s. Id. 

Cost = 37 X £1 4s. Sd. 4- 37 X 17s. 2d. 

= 87 X £2 Is. Id., two multiplication sums 
being replaced by one. 

(ii) Find how much longer the circumference of a 
plate 12 in. in diameter is than the circumference of 
a plate 9 in. in diameter. 

Circ. of first plate = n X 12 in. 
Qrc. of second plate = :i X 9 in. 
Increase of length =nxl2 — jix9in, 

= ji X 8 in. 

= Sf X 8 in. 

= 9^ in. 

(c) Take two numbers. Square both and subtract the 
smaller square from the larger. Then find the sum koA. 
also the difference of the two numbers. Take the product 
of this sum and difference. It is the same as the difference 
between the squares. 

«. g. Let 9 and 6 be the numbers : 9^ = 81 and 5^ = 26 ; 
thus 9* — 5« = 81 — 25 = 56. 

9 + 5 = 14, 9 — 6 = 4; 14 X 4 = 56. 

The usefulness of this is apparent in calculation, 

e. g. Find the area of a path 8 ft. wide round a circular 
fiower-bed of 24 ft. radius. 
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Area of path = (area of path and flower-bed) — are 
= (» X 27"— » X at") sq.ft. 
- :i(27" - 2«") sq. ft. 
= a(27 + 24) X (27 - 24) «q. ft. 
= 31 X 61 X 3 sq. ft. 
= 153 jt sq. ft. 

This also can be illustrated by diagrams — 
e. g. 8" - S" - (9 + 6)(9 - 6). 



-H.m 
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CHAPTER Xn 

PBOPDRTION 

One method of calculation which is involved in the 
solution oi the great majority of miscellaneoue Arithmetical 
prohlems is of such importance that it has to receive 
special treatment, at latest, in Standard V. ; we refer to 
calculations connected with the idea of proportion. How 
such a fundamental type of calculation is best taught, at 
what age it can be begun, which method answers best to 
the child's natural mental activity, are questions still to 
some extent without definite replies. 

Perhaps the simplest way of approach is to work in grown- 
up fashion a few typical examples by different methods, 
and, if possible, decide for ourselves which is the simplest 
method for adults. I-et us take these fts our examples — 

1. If 65 lb. of a certain tea cost £9 I5s., what should 
be paid for 24 lb. ? 

2. If a supply of rations will last 87 men for 26 
days, how long will the same supply last 58 men at 
the same rate of issue ? 

3. If a boy 4 years old is 2 ft. high, find the height 
of the same boy when he is 20. 

4. How mtuiy men will mow 48 acres of grass in 
8 days, if they work at the rate at which 12 men work 
who mow 86 acres in 5 days ? 

A. Method op Unity, as practised by adult. 
1. 65 1b, of tea cost £9|. 

24 „ „ £|J (cost of 1 lb.) X 24. 
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2. Kations last 87 men for 26 days 



6 days X B7 (for 1 man) 
-^ 58 (for 58 men) 
_ 2« X 87 ,.„. 



3, The boy does not grow at the same rate, therefore 
boy of 1 year is not 6' long ! 

4. 36 acres are mown in 5 days by 12 men, 

48 „ „ „ 8 „ — X 5 men (1 

acre in 1 day) x 48 (48 ocres in 1 day) -7- 8 (48 
acres in 8 days) 

12 5 X 48 
= If X ■ — : men 

36 8 

■= 10 men. 

B. Fractional Method, as practised by adult. 

1. 65 lb. of tea cost £9| 

» .. .. »i45"S 

Answer must be less. 
Therefore cost is £9| X — , or £— , as before. 

2. Rations last 87 men for 26 days, 

.. » 58 „ 26 days x ^ or |^. 
Answer must be greater. 
Therefore time is 26 days X — or 89 days, as before. 

3. Boy's height at 20 does not bear same relation to 
his height at 4, as the one age does to the other. 
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4. 86 acres are mown in 6 days by 12 men 
48 „ „ „ S „ by 
12mei 

X -| or ^ (8 days instead of 8). 
In first case answer must be inoreaeed, therefore 

multiply by — . 
In second case answer must be decreased, therefore 

multiply by -. 

Thus men required are 12 men X -^ X S' ^^ *" men, 
as before. 
C. Pbopoetion. 

1. £x : £9J = 24 : 6fi (case of direct proportion) 

^ = ^ 
" £9i 65 

£c = £9i X II = f3|, as before. 

2. X days : 36 days = 87 : 68 (case of inveise pro- 

portion) 
X days _ 87 
26 days ~ 58 
X days = 26 days X - = 39 days, as before. 

3. The boy's height is not proportional to his age. 

{48 : 86 (men directly propor- 
tional to acres) 
5 : 8 (men mversely propor- 
tional to days) 

X men = 12 men X - X „ 

B 10 men, as before. 

D,o,i,7.<iT,Google 
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We shall probably all agree that for the adult the reasoning 
involved in the method of unity is the most cumber- 
some. The difference is most marked in a long question, 
e. g. (4) above, but it is obvious that the necessity for 
reasoning about tme results in a less simple rule than 
anfiweriilg merely the question : " Have I to make my 
answer greater or less ? " As far as ultimate speed goes 
(see example 4), either the fractional method or the pro- 
portional method, which are fundamentally ^ke, gives 
much better results. The idea of compounding ratios is 
probably rather more troublesome and less obvious than 
the plan of making one definite statement follow another 
OD which it depends. Therefore, from the point of view 
of the adult, the method of unity comes last; either the 
fractional method or proportion is to be preferred, the 
first by those who Eke a clear statement, the second by 
those who appreciate the minimum amount of setting down. 
From the child's point of view, however, matters are 
different. No ohild will naturally use the method of 
proportion, but children do use both the method of unity 
and the fractional method, if set simple problems to be 
worked mentally, their choice depending on the type of 
question set. We are, therefore, reduced in school to one 
of three alternatives — 

(o) We may teach method of imity first and later 

teach proportion. 

(ft) We may teach method of unity first and later 

teach the fractional method. 

(c) We may teach the fractional method from the 

first and later show proportion only as another way 

of setting down the work. 
Certainly the last, if feasible, wiU be best, as the method 
taught from the first is used throughout the course, while 
in (a) and (ft) the method taught fiist has to be ousted 
later by a method fundamenttdly different, for the sake of 
giving adults a sufficiently quick and powerful instrument 
tor csJculation. With (c), then, as our goal, let us try to 
find a way of approach to this goal which will be natural 
to children. 
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iNTBODUCTTOEy WORK IN LoWER STANDAitDS 

The idea of proportion ia such a fundamental one in 
life that there is no reason why questions involving the 
intuitive recognition of it should not be answered by 
quite little children. Any girl who has dressed a doll, 
or any boy who has made a model of a ship or an engine, 
has applied the idea of proportion. Such a question as : 
" That window is 3 ft. wide and 5 ft. high. I make a 
drawing of it, making it 6 in. wide ; how high should I 
make it ? " is not difficult, and the comparison of the 
window with right and wrong drawings of it can be used 
to develop the idea of proportion and the meaning of 
drawing objects " out of proportion." This is not to say 
that the child will be able to explain the relation he 
intuitively recognises, or that he will use the term " pro- 
portion " ; but it does mean that by " common sense " a 
child can answer many simple questions involving both 
direct and inverse proportion. Li particular, he applies 
his knowledge to the making of plans and models and 
the dressing of dolls and soldiers. " Common sense " 
covers here the results of experience cidminatii^ in an 
intuitive appreciation of a certain relation. 

But, until children can deal with multiplication and 
division of fractions (that is, about Standard V.), it is 
wise to restrict all questions asked to certain types, soluble 
very simply, either by the method of unity or by the frac- 
tional method; or, in the case of problems inTolving 
harder numerical relations, to demand only an answer to 
the question : " More or less ? " e. g. — 

8 children can go to Keighley and back by train 
for 9(2. What will it cost to take 6 children ? (Here 
fore of one child is obvious.) 

6 children can go to Bradford for 2e. 9d. What 
will it coat to take 12 or 3 or 18 children^ (Cost is 
obviously twice or half or three times as much.) 

A piece of cloth can be cut into three pieces, each 
14 yds. long ; into how many pieces, each 7 yds, long, 
can I cut it t (Obviously twice as many.) 
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A tin of syrup laets a family of 5 people for B days. 
If they ate at the same rate, woi^d the tin last 7 
people a longer or shorter time ? 

12 umbrellas cost £4 7«. 9d. ; would 17 (or 6) similar 
umbrellas cost more or less money t 

If we restrict ourselves to such work, we shall not meet 
any of tte real difficulties of written proportion questions. 
It will be found that children's minds respond naturally 
to the suggestion to ask about one; but, to all appear- 
ances, equally naturally to the suggestion to look how 
many times greater or less the answer must be. 

Teaching op Wbittbn Peopobtiok 
This work falls easily into four distinct stages — 

A. A development of the recognition of the difference 
between questions unanswerable by proportion and ques- 
tions answerable by direct proportion. 

A development of a fractional rule for answering questions 
answerable by direct proportion, 

B. An extenaon of A to the difference between questions 
answerable by direct proportion, questions answerable by 
inverse proportion, and questions answerable by neither, 

A development of a fractional rule for anawering ques- 
tions answerable by inverse proportion, leading to a simple 
mechanical rule covering both duect and inverse proportion. 

C. The extension of such a rule to questions involving 
changes in three or more related quantities. 

D. The comparison of these results with the results 
achieved by the statement of a proportion and the solution 
of a dmple equation. 

St^es C and D obvioudy come mu(^ later thMi stages 
A and B, which are, indeed, best taken close together, 
without, of course, undue haste. 

Stage A. 

{a) This stage is best taken by setting questions easily 
solved mentally, and by correcting these with the class 
in such a way that the fundamenti^ difference is brought 
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out. As we aim at develo^g the fcactional method, we 
set mental questions more easily solved by that method 
than by the method of unity. The following set of ques- 
tions was given to an average Standard V. class to whom 
written work in this was new. 

1. The diameter of a halfpenny is 1 in.; find the 
diameter of a threepenny bit. 

2. 7 lb. of tea can be bought for 16a. ; find the coat 
of 14 lb. of the aame tea. 

3. A boy, 4 years old, is 2 ft. high ; find laa height 
when he is 20. 

4. 12 men can build 16 yds. of awall in a day; how 
much of the same wall would S men build in a day, 
winking at the same rate ? 

5. 108 bricks wotc required to make S ft. of a 
certain wall ; how many bricks would be required to 
make 10 ft. of the same wall ^ 

From an analysis of children's attempts at these questions, 
the following points were brought out — 

(i) Some problems are of a kind where the statement 
helps you to answer the puzzle part (e. g. in questions 2, 
4, and 5) ; in some the statement is of no use (e. g. in 
1 and 3). Other examples of the second iyip& amuse the 
children, and can be introduced at intervals as catches : 
e. g. 40 potatoes can be boiled in 40 minutes ; how long 
will it take to boil one potato! 2 peacocks waken one 
man; how many peacocks will be required to waken 6 
men ? A big gun sends a shell 8 miles in one minute ; 
how long will it take to send it 80 miles ? 

(ii) Exactly what was done in question 2 was that 15s. 
was multfphed by 2; 2 came from dividing 14 by 7, 

»'. c, 7 I 14, or ^, or 14 -h- 7. 

I . 7 

Children discussed the way of setting down the work. 
7 lb. cost l&ff. 

14 „ „ 15a. X 4* or 15s. X 14 -^ T 
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The way of setting down exactly what was done is, of 
course, important as a help to working hardei sums later. 
I>i3Cii8S the cost of 21 lb., 3^ lb., 17| lb., noting that 8 is 
21 , . 8* -, . 171 

(iii) Similar handling of question 4 brought out that 16 
was divided by 4 or multiplied by i, and that ^ came 
from 8 divided by 12, or the question : " What part is 
8 of 12 i " Therefore setting down was — 
12 men build 16 yds. 

8 „ „ 16 yds. X 4 or, 16 yds. -r—. 
" " •' 12 "^ 3 

The first form was preferred because it was similar to 
previous case. Compare the work of 24 men, 6, 80, and 
72 men. 

(iv) Question 5 was attempted in the time only by 
quicker pupils. Some did it by unity : 8 ft. need 108 
bricks, 1 ft. needs 86 bricks, 10 ft. need 860 bricks. But 
the majority, having just done 2 and 4 by fractional 
method, thought of 10 as 3^ times 3, saying 9 ft. need 
324 bricks, 1 ft. needs 36 bricks, 10 ft. need 860 bricks. 
They appreciate the speed of the fractional method when 
led to it from this work. 

8 ft. need 108 bricks 

10 „ 108 bricks X ? 

9 ft. would need 8 times 108 
12 „ 4 „ „ 

So 10 „ 8J „ „ 

It is quicker finally to set down — than to think 

out that this equals 3}, but no point should be forced 

at this early stage. 
little more can be done in a first lesson. 

(b) Three or four succeeding lessons are usually sufficient 
to develop the simple mechanical rule based on a sensible 
appreciation of the reason for it. The second lesson best 
takes the form of setting a few similar questions, but in 
correcting them, analysing them, and definitely passing 
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from the eaay to the hard : e.g.B boys need £2 lbs. for a 
week's food ; what will be required for 80 boys eating at 
the same rate ? 

After answering this as — 

6 boys need £2J 
SO „ „ i2i X ^, 

which finally works out as £13 t5s., children should be 
asked how much 36, 33, 43 boys would need, and should 

be led to see that it is easier to set down — or 43 -^ 6, 

6 
instead of first thinking out that this equals 7^. 

Before this lesson is over, a great part of the class should 
be answering correctly by the fractional method questions 
whose answers are not obvious. 

(c) In a third lesson it is well to develop the underlying 
idea more explicitly. This can be done (i) by asking for 
the difference between the sums they can answer m this 
way and those they cannot answer, so bringing out the fact 
that this is a kind of sum where we are told something 
which helps us to answer something else ; (ii) by asking for 
a fuller description of the new kind of sum they are doing, 
BO leading to the idea that there is some definite relation 
between the two lines. This can be brought out, e. g. in the 
above question, by asking for the relation between boys 
and 30 boys and the relation between £2 \ha. and £13 15». 

The nature of this relation can be made clearer by 
questioning children about making a model, say, of their 
own sitting-room, where the side of a box 2 ft. long has 
to serve tor a wall which is really 20 ft. long. Finding 
the correct height and length of the model of the table, 
the circumference of \t& legs, the size of ithe chairs, the 
position of the table to correspond to its position in the 
room, all will bring out the fact that the relationship 
is always one tenth. If wrong measurements are used, 
the model will not look like the room : it will be " out of 
proportion." Hence we say the model must be " in 
proportion." To illustrate the other side of matters, use 
can be made of Mr. Wells' Food of the Qoda, a story of 
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food which, wheii given to infants, caused them to grow 
into giants 1 If their height is always twice as great as 
it should be, children can discuss the building and furnish- 
ing for the giants of a sittit^-room similar to their own. 
Everything must be twice as lai^e ; anything not twice 
as large would be out of proportion. Drawings of objects 
in the room out of proportion and in proportion can be 
examined. The point to be emphasised finally is, of 
course, that each quantity in the second line must be a 
certain part of, or a certain number of times, the corre- 
sponding quantity in the first line. 

(d) From this onwards, nothing remains save to perfect 
the mechanical rule and to extend it to compound quantities. 

e.g. I require 1 hr. 50 min. to walk 5^ miles; at the 
same rate, bow far can I walk in 4 hr. 35 mln. ! 
Ij- hr. for 5^ miles 

4iV w 5t miles x ^ 
Iff 
= 5i miles X 4^ -r If 

= *f miles X (i X ^ 

= -ij£ miles or ISJ miles. 
Li such examples the superiority of this fractional method 
over the method of unity immediately appears. 

Stage B. 

(a) This stage is again best introduced by setting a list 
of questions soluble mentally, including examples illus- 
trating inverse proportion. The following were set to an 
ordinary large Standard V. class which had been at Sta^e A 
for rather less than a fortnight — 

1. A horse can pull a load of 1 ton 20 miles in a 
day : how far can it pull a load of 20 tons in a day ? 

2. 3 pinafores can be made from 4} yds. of print : 
how many yards shall I require to make 9 similar 
pinafores ? 

3. 4 porters can empty a luggage van in 4 minutes : 
how long would 8 porters take to empty the same 
luggage van if they work at the same rate I 
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4. A piece of cloth caa be divided into 6 lengths of 
7 yds. : into how many lengths of 21 yds. can it be cat ? 

5. A square of side 6 ft. has an area of 26 sq. ft. : 
what is the area of a square of side of 10 ft. 1 

6. I can buy 12 copies of a certain book for £4 iO«. : 
at the same rat«, what must I pay for 9 copies of the 
same book) 

The children on the whole did these well. Half the class 
had four right and a few had all right. The results were 
taken rather rapidly, and the class then divided the ques- 
tions set into three types and described each type. One 
pair, 1 and d, was such that the given statement had no 
eSect on the answer required ; in the remaining four ques- 
tions it did affect the answer. In 2 and 6 the relation 
was such that when one quantity increased (or decreased) 
the other quantity increased (or decreased) in such a way 
that the same number of times (or the same part) was 
taken. This was their old friend, direct proportion. 

But in 3 and 4 children noted that things were " topsy- 
turvy " ! The porter question was dramatised and a 
table made— 



i 
i 
8 
16 

(a very weak man) } . . . .32 
This soon brought out the fact that when one was increased 
(or decreased) the other was decreased (or increased). 
Halving or quartering seemed to be the topsy-turvy way 
of taking 2 or 4 times something. The question was then 
written down and compared with direct proportion work — 
4 porters empty van in 4 min. 
8 „ „ „ 4 min. -^ 2 



Z was explained as - 
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4 mm, -r ^ waa compared with the direct proportion sums 
where -=- would have been x . If we wished to use X 

instead of -^, children said it would be 4 min, X -. In 

8 
fact, the lesson ended with the idea of inverse reached 
very hazily, as being a topay-turvy way of things — de- 
creasing instead of increasing, division instead of multi- 
plication, — instead of — . Children were asked what 

" inverse " or " topsy-turvy " addition would be : they 
said " subtraction," showing that the idea of inverse was 
to some extent reahsed. 

(b) The progress of this same class in a second lesson 
was amazing, the rule which covers both direct aad invetrae 
proportion being reached, to the teacher's great surprise, 
a result which convinced her of the superiority of the 
fractional method over the method of unity, even in 
Standard V. 

Following the previous plans, six questions were put 
on the blackboard, which the children were asked to work, 
mentally if possible, but with the warning that probably 
the last three would be the better for a full statement, 

1. A recipe for making pies states: "Take ^ lb. 
of butter with every IJ lb. of flour." What weight ' 
of butter will be required for 3J lb. of flour ! 

2. A cricketer makes 24 runs in the first half-hour 
of his innings. How many runs will he make if his 
innings lasts 1^ hr. ? 

3. A plot of ground was S ft. wide and 12 ft. long. 
Another plot, of the same area, was 2 ft. wide : how 
long was it ? 

4. In making plum jam a woman adds | lb. of sugar 
to IJ lb. of fruit. What weight of sugar will she 
require when the weight of the plums is 12^ lb. 1 

6. A shop was lit by 16 burners which consumed a 
certain amount of gas in 60 minutes ; if the number 
of the burners is increased to 24, how long will the 
same amount of gas last? 
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6. A large pile of envelopes can be addressed by a 
staff of ei^t cleiksin 12} houis. If only 6 clerks had 
been working at the same average rate, how long 
would they have taken ? 

The children spent fifteen or twenty minutes over these, 
with varied results. The first four were, on the whole, 
answered well, though some children made mistakes in 
each of them. Questions 5 and 6 were answered correctly 
by about six children. Some of these reached their correct 
answer aft«r first working the questions by direct propor- 
tion ; finding their answers ridiculous, they inverted their 
fractional multiplier without any advice from their teacher ! 
The first three were then taken briefiy as revision of 
the three difierent types. Question 3 was taken in detail 
with dif^irams, and the foUowing points were made — 
Area remains unaltered, therefore 
when breadth is got by multiplying 6 by J, length Is 

got by multiplying 12 by 2 ; 
when breadth is got by multiplying 6 by 3, length is 

got by miUtiplying 12 by }; 
when breadth is got by multiplying 6 by §, length is 

got by multiplying 12 by f ; 
when breadth is got by multiplying 6 by ^, length is 
got by multiplying 12 by j. 
'Thus the inverse idea was developed more fully. 

Question i was written out. In working it, the teacher 

wrote X - * , asking class to explain to her why this was 

12J 
wrong. She was promptly told that she had made her 
answer less instead of greater, by multiplying by the 
smaller number and dividing by the lai^r ! She then 

asked whether she should multiply by i^ '^r t- to make 

an answer less : the whole class seemed very much at their 
ease in this matter. 

Question 5 was next tackled. 

16 burners used the gas in 60 min. 
32 „ „ ? min. 

was aaked as an easy introduction. Most of the class 
C,oo;(lc 
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gave 80 min., though a few gave 120 min,, and had to 
think of using the jets of a cooking-stove to see their 

mistake. This was then set down as 60 min , -^ -, or 

16 

60 min. X r-^. Class noted that 32 burners were twice 

82 
16 burners, but 80 min. were half of 60 min. Teacher 
next asked — 

16 burners used the gas in 60 min. 

24 „ „ „ 60 min. X 1 

ChJIdien at once said — ! Teacher asked, " Why ? " 

" Because answer must be less." This was worked out as 

60 min. x — and the answer given as 40 min. But 

teacher was doubtful if class were sure that fraction was 
correct, so asked them to find out how many times 16 
burners were 24 burners, and what part of 60 min. was 

40 min. ' When children saw their answers as - and -. 
2 8 

they smiled ! Teacher asked, " If one had been — , what 

would the other have been ? " She was pleasantly surprised 
at the children's quick appreciation of the inverse idea. 

Question 6 wm taken, similarly. Gass suggested 4 
clerks as easier than 6 clerks, and, after working, noted 
the relationsh^ia J and 2. Five clerks were then dealt 
with without difficulty ; children had also to work out the 

relationship again, and hailed - and - with pleasure ! In 

answering this question, the children obviously asked 
themselves only the question, " Greater or less 1 " 

The teacher concluded that nothing could be gained by 
further delay in introducing children to mixed inverse 
and direct proportion questions, if these were worked by 
the fractional method, and the form of the fractional 
multipher were decided by simply asking, " Less or more 1 " 
It would, of course, be wise occasionally to compare the 
answer with the statement, noting equivalent fractions in 
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the case of direct proportion and inverse fraotiooB in the 
cBse of inverse proportion. Clearly the child has here 
reached the idea of ratio and of equivalent ratios, although 
the term " ratio " and the usual notation for ratio is beat 
deferred till later, when it can be joined to work in 
Geometry and Algebra : e. g. to the relation between the 
circunaferenoe and diameter of a circle, to the drawing of 
similar triangles and polygons, and to the solution of 
simple equations. 

Stage C. 

When three or more relations are involved in a question, 
the children quickly learn how to deal with them, one at 
a time. For instance, in " How many men will be needed 
to mow 48 acres of grass in 8 days, if they work at the same 
rate at which 12 men work who mow 36 acres in 6 days ! " 
teach them — 

(i) To determine the nature of the answer, men or 
days or acres. 

(ii) To make a statement of what is given in sneh 
a way that the unknown element comes, for con- 
venience, at the end of the sentence ; e. g. 86 acres 
are mown in 5 days by 12 men. 

(iii) To write down a puzzle line to correspond with 
the statement line ; e. g. 48 acres are mown in 8 days 
by » 

(iy) To alter the origiu&l number of men to suit 
each change of circumstances; 

e. g. 36 acres are mown in 5 days by 12 men 

48 „ „ „ 8 „ 12 men x % 
When acres are altered from 86 to 48, men must be 

altered from 12 to 12 X - . 
36 
When days are altered from 5 to 8, men must be 

altered from 12 x ^ to 12 X - X -. 
36 36 8 

Thus number of men required is 12 X - X -, which 

works out as 10. 
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what question 12 men x - answers. 

Aft«r a few questiomi have been thoroughly dealt with 
on these hnes, rapid progress becomes possible. 

Stage D. 

Aa stated at the end of seqtion B, all that is necessary 
now is to introduce the term " ratio," along with the 
ideaa of equivalent and inverse ratios. Children represent 
the unknown number by x, say. They write down — 
a: lb. : 4 lb. = £5 : fS 

or, - == ^, as they already know. 

Compare with similar triangles, shadows, drawings in pro- 
portion. The remaining work is simply the solution of a 
simple equation — 

Multiply both sidea by 4, j: = x 4 = ^ = 2i. 

We should note that there is no need to trouble children 
over the compounding of ratios, since there is here no 
question of ousting the fractional method of solving any 

Sroportion problem. We are simply developing more fully 
le nature of direct and inverse proportion, in comiectioa 
with a definition and examples of ratio. Geometrical . 
examples of proportion, the solution of simple equations 
and the drawing of graphs. 



The point of view of the above chapter may have been 
expressed too dogmatically for some people's taste ! Sut 
we have convinced ourselves from experience that, if only 
we know how to teach the fractional method as well aa we 
know how to teach the method of unity, its results will 
far outshine the old results. We are satisfied that the 
question of unity v. fnwtional is not a question of the 
child's ability to understand both, but a question of our 
own grasp of the relationships called direct and inverse 
proportion. 
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CHAPTER Xni 

PBBCENTAaES 

At the beginmng of our stndy of Arithmetical operations 
- we noted how maakind wae forced to count and to measure 
because of the Hmits imposed by the univerBe, We have 
seen how, in measuring quantities in order to achieve some 
desired end, man learnt to build up new wholes from parts 
and to break up wholes into new parts, as in addition and 
subtraction; to measure more exactly by using a simple 
instead of a derived unit, as in multifdication ; to measure 
the same quantity by a new unit, as in division ; to choose 
certain standud units for the measurement of typical 
quantities, such as money and length, and to develop fixed 
connections between these imits. We then passed on to 
study more closely how he dealt with the measurement of 
parts OF fractions of some defined whole, either using the 
idea and notation of vulgar fractions where any part of the 
whole may serve as a new unit ; or using the idea and nota- 
tion of decimal fractions where only tenths, hundredths^ 
thousandths, etc., of the original whole may serve as new 
units. We have noted, in the preceding chapter, that an 
appreciation of the fractional relationship between con- 
nected quantities gives us power to extend knowledge of 
one set of facta to a great number of correlated facts when 
the relation involved is direct or inverse proportion. The 
nae of percentages is the only topic of fundamental-import- 
ance in Arithmetic still imtouched, the remainder of the 
work being applications of Arithmetic either to money 
problems which arise for us as members of a great com- 
munity, or to elementary Geometry and Algebra. What, 
then, is the place of peroent^es in the above outline of our 
measuring activities ! 
Percentiles simply afford a third method of measuring 
IH 
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fractions of a vhole, a method to be set by the side of vulgar 
and decimal fractioiis. A percentage is simply a fraction, 
written with a new notation. We may vnte the same 
quantity as £^ or £-28 or 28% of £1. As we have seen, 
the vulgar fraction is most suitable for representing simple 
parts of a whole, or harder parts when it is not necessary 
to combine or compaie these ; e. g. we deal cheerfully in 
any way required with £f and £^, but we hesitate to em- 
bark on certa^in Operations involving £f^ and £^^. We 
have noted that in caaes where such awkward fractional 
quantities have to be compared or combined, it is simpler 
to use the decimal fraction and express these as a sum 
of tenths, hundredths, thousandths, etc., to any required 
degree of accuracy. la percentages we take any fractional 
quantity and express it as a certain number of hundredths ; 
e. g. £| is ezj hundredths of £1, £|4 is 30^ ot 30-9 hun- 
dredths of £1, hundredths usually being written % (N.B. — 
still a line and two O's !), By expressing fractions as per- 
centages we have the same ease in comparing them that 
we had by expressing them as decimals ; in fact, the two 
processes are almost ahke, for 62^ hundredths is simply 
•626 and 30-9 % is "SOS. But we have one additional 
reason for introducing the percentage notation. 

An example will explain this. Standard II., with SO 
children on the roU, has 46 present ; Standard III., with 56 
children, has 49 present ; Standard IV., with 40 children, 
has 88 present. Which class deserves the shield for good 
attendance 1 Here the measurement necessary is a compari- 
son of the relation of the number present to the whole class 
in each case ; the difficulty in comparing these three rela- 
tions is due to the necessity of compmng parts of unequal 
wholes. Vulgar fractions simply ask us to decide which is 
greatest : tt o' ii or ^ ? Itecimal fractions are much 
better, giving us '0, '876 and '05 of the three classes respec- 
tively as present, with obviously '06 as measuring the best 
attendance. Had the fraction been -fj or '86714S, the 
decimal method would have been more unwieldy. What is 
required is really an approximate decimal method, which we 
call a percentage, i.e. measurement per cent, or out of a 
hundred, or measurement in hundredths. This gives, in 



„Go 



5gle 



186 THE ART OF TEACHING ABITHMETIC 

the above example, 90, 87^ and 95 out of a hundred, or SO, 
87J, 95 hmdredthB, or 90%, 87J%, and 95%. H would 
thus be 85*7 %. Here we have a way of measuring the 
relations of parts to their wholes which gives an easy method 
of comparing parts of unequal wholes. This kind of com- 
parison is continually necessary; e.g. which year gives 
the best interest in the five years required for the maturing 
of a War Savings Certificate if t5s. Bd. amonnts — 

in I year to 15^. 9d. 

in 2 years to 16^. 9d. 

in 3 „ to 17s. 9d, 

in 4 ,, to ISs. 9d. 

in 6 „ to £1 ? 

Each year the interest is the interest on a different prin- 
cipal and so is best expressed as a percentage of principal. 
Tbe five percentages can be compared at a glance. 



16». M. 


-1-6% 


Is. 
16». M. 


-8»% 


la. 
163. 9d. 


= 6'0% 


U. 
17s. 9d. 


= '■8% 


U.id. 
l&i. Bd. 


= «•'% 



To snm up briefly, percentages simply aSord a third way 
of measuring parts of a whole, &nd have a notation closely 
akin to decimal notation. liiey have a peculiar use- 
fulness in enabhng us to compare the relations of parts 
to their wholes when the wholes are of unequal magnitude. 
In practice the percentage notation has proved so admirable 
that abiUty to think in terms of percentages is a necessity 
if one is to read with intelligence modem newspapers, maga- 
zines and books. With these ideas in our minds, we now 
give a brief outline of suitable steps by which our children 
may be taught percentages. 
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1. Introductory PriMems to iUuatrate the Use of Percentages. 

Set a question bearing on attendance or on marks (e. g. 
on whicli day did I do best work, when I had S out of 10, 
or 12 out of 15, or 30 out of S5 1) or on any other topic of 
interest to children. Such a queBtion should make our 
pupils feel the need of learning something new and should 
lead to an introduction of the name and notation of 
percentages. 

Per cent. : out of 100 : %. 

2. Squared Paper lUmtrations of the Connection of Per- 

centages vrith Viilgar and Decimal Fractions. 

Having vaguely introduced the new work and established 
a desire for further acquaintance, we do well to fall back 
for a time on an appeal to the eyes by using squared 
paper. 

The whole may be called a square inch or £1, or 1 hour ; 
variety is all to the good. As in work with decimals (p. 136) 
50%, 25%, 33i%, 12i%, 5%, of the whole can be shaded 
in, compared with 5, "25, 'SSS, '125, '05, and with J, J, ^, 
|, ^ of the whole. Such a question as, " I spend 50% of a 
day in sleep, 23% of the day in school ; what percenta^ 
of the day have I left for other things? " can be easily 
answered from a diagram, A very little of this work wiU 
suffice if decimal notation has previously been well taught, 

3. Making and Use of a Table of Common Percentages. 

From the above diagrams and from simple reasoning a 
percentage table for i's, i's, J's, J's, fs, J-'s, iV's, ^'s, 
should be drawn up. An immense variety of easy problems 
soluble mentally either exactly or approximately from 
this table, should be taken, so that children may gain 
facility in the use of percent^es : e.g. "33^% of this 
class of girls are wearing navy sei^ frocks ; there are 12 
girls with these frocks. How many girls are there in the 
class ? " or " I had la. and spent 7Jrf. What percent^e of 
my money was left ! " 
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i. Devdo'pmeni of Rvle for fatding ihe Value of a Percentage 
of a Oiven Whole Quaviity. 

This voTk children can easily tackle for themselTes, 
finding out, for example, that — 

17 
22% of 6 lb. 6 oz. = :^ of M oz. 



= 18-7 oz. 
They shoold, however, have special practice in finding 
5% and 2J% of any sum of money, as ability to do this 
mentally is often useful. 

(a) 5% = W- On £1 we take U. ; on Iftj., M. ; 
/. 6% of £14 10s. = 14«. id. 
H% = -h- On £1 we take Od. ; on 10a., tid. ; 

:. 2t% of £8 5a. = la. 9d. + IJd. = Is. TJti. 
(6) 5% = -)V- On every 20 pence take Id. 

.-. 5% of £14 17«. id. = iia.ed. + 6% of 
BBd. = 14a. iOd, neglectii^ fractions of Id, 
H % = A-- On every Wd. take id. 

.". 2J% of £8 6a. 2d, = la. 6d. + 2J% of 74d. 
^ la. 7d., neg^lecting fractions of Id. 

5, Deveiopment of BiUe for expreasifig Part of a Qvantity a» 
a Percentage of the Whde Quantity. 
This ctui be done in two ways. 
e. g. I got 11 marks out of 24 ; how much is that per cent, ! 
(a) Out of total of 24, 1 got 11 marks. 

„ „ 100, „ J-i-l /** marks. 



(6) I got a of the total marks. 

.', I should have ^ of 100 % 



Result is 45f %. 
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6. OenenU Problejns. 

ThfiBe are, of course, of varying degrees of difficulty and 
will be spread over the remaining years of the ohUd'a school 
life, A few of the more important money problems will be 
treated in the following chapter. 

7. lUualrationa from Other SvbjecU. 

If possible, use should be made of relations between 
quantities which emerge, say, in Geography or Hygiene 
or Housecraft, by reducing such relations to percentages 
and representing the results by means of a chart or the 
more abstract graph. The type of work taken depends on 
the work of the class in other subjects, but the teacher 
should, if possible at all, secure some such illustration in 
order to make the practical value of percentage work mora 
obvious to his pupils. 
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CHAPTER XIV 

COMMEBCIAL AND SOCIAL APPLICATIONS OF ABITHMBTtO 

Under ttie above heading can be grouped a great variety 
of topics, on which much time ia often spent : we refer to 
Profit and Loss, Discomit, Interest, Stocks and Shares, 
Rates, Taxes, Bankruptcy. We here summarise tiie ground 
to be covered as follows — 

(i) Problems on Buying and Selling, (To cover profit, 

loss, and discount.) 
(ii) Problems on Investment of Money. (To cover 

interest, stocks and shares.) 
(iii) Problems on Citizenship. (To cover rates and 

taxes.) 
(iv) Problems on Insurance (e. g. life, burial, unemploy- 
ment, sickness, fire, accident), 
(v) Problems on Bankruptcy. 
In other words, as members of a community, we have cer- 
tain problems which do not arise for individuals. We buy 
and sell; we have "spare cash" to dispose of; we are 
citizens of towns, counties, and a nation ; we are all liable 
to many risks but do not all face these risks ; at times our 
financial position is unsound. If our children are to be 
fitted to take their place in the community they must 
receive some training in these matters. 

Regarding this from another standpoint, we may dwell 
on certain points of method which are implicit in the above 
statements. First, we teach this work to make our children 
better members of the community : we must, therefore, so 
select and impart the knowledge given that this end shall 
be attained. To do this, it is of essential importance to 
know the facts for ourselves, and as these facts alter from 
year to year, especially in times of national crisis, wo shall 
190 
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Iiave to study newspapers and haunt post offices, town and 
county buildings and inland revenue establishments, until 
we acquire the necessary information. We must also know 
the social conditions of our pupils so that we can select 
such illuatiations as may be of most use to the future well- 
being of individuals and of the community. 

Next we note that the Arithmetic involved is in no case 
new work : it is simply an appHcation of the old to new 
problems which give it a fresh setting. Children have little 
difficulty in doing sensible work, if the new situation is made 
real to them, though, of course, they require time to gain 
the necessary practice. To make the new situation real 
should not be hard, as in each case it is a vital part of life. 
If we make as many points of contact as possible with the 
children's experience outside school ; if along with facihty 
in solving problems we also develop the large fundament^ 
ideas ; if, as far as possible, we make opportunities for them 
to dramatise inside school what the grown-ups do outeide; 
then we shall find that the new situations have become so 
vividly realised by our pupils that they readily apply to 
the solution of the new problems their previous knowledge 
of Arithmetic. 

Last, we note that we are preparing our pupils to become 
members of the community, not, in general, specifically 
trained business men and women. Therefore this work 
should be taken on broad lines and many things which the 
speciahst must later acquire should be omitted. If this be 
done, the vital ideas are not buried under a mass of petty 
detail, but become more potent in their influence on the 
changing problems which confront us in these tumultuous 
times. 

In dealing briefly with each of these subdivisions, we 
shall merely indicate possible starting-points, emphasise 
what seem to us the vital ideas underlying each topic, and 
make a few suggestions as to suitable illustrations garnered 
from the children's experience outside school. Here, if 
anywhere, each must work out the topics for himself in his 
peculiar circumstances. What follows is to be regarded 
merely as suggestive, though, for brevity, it is expressed in 
a somewhat dogmatic form. 
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BuriNQ AND SkLUNQ 

The idea which seems most in need of emphasis is the 
value to the community of wholesale and retail dealers. 
The commodities we want (e. g. for food and clothing) must 
come from many distant places : no longer can each find 
them for himself. This, of couise, correlates with Geo- 
graphy and should be worked out in some detail ; it dso 
linla itself closely with History, in a contrast of present 
food and clothing with those of more primitive times. How 
have we solved this problem of bringing the required com- 
modities to our doors 1 The wholesale and retaU dealers 
do this, the wholesale dealers buying large quantities of a 
few things in distant places and bringing them to large 
depots in the district, while the retail dealers, with their 
help, are able to buy smaller quantities of a great variety 
of goods and sell them to us almost at our doors. In certain 
oases (s. g. bakers, butchers and chemists) productive labour, 
in addition, is ^ven us in retail establishments. This should 
be worked out in detail. It is all to the good if the under- 
lying schism between co-operation (as in co-operative 
stores) and competition (as between livnl tradesmen) can 
be brought out and criticised by the fresh and compara- 
tively imselfish eyes of children. Their attitude may sur- 
prise us. The essentially unchristian idea of competition 
does not appeal to the childlike spirit. But here each must 
' act according to the faith that is in him. 

How, then, are these wholesale and retail dealers to be 
paid for their labours on our behalf ? Difierent plans are 
adopted in co-operative stores, in the ordinary shop, and 
in great business organisations hke Lipton's or the Maypole, 
where the owners of the enterprise are a company, not one 
or more individuals. Here we can dramatise the ordinary 
problem by having a child sell some commodity desired by 
his companions, pencils or buns or sweets. The advantage 
of being able to get these things in school is olear to the 
children : the seller confers benefit on them. How is he 
to be paid ? The prioe he himself paid for the goods can 
be discussed and a method of deciding at what price he 
should sell them in order to earn hie reward. Oiildren see 
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that to add as profit a certain fraction of the cost price ia 
fairer than to add a certain fixed sum to each article. The 
advantage of defining this fraction as a percentage is 
obvious. If work is taken on these lines our pupils are not 
likely to reckon the percent^e gain or loss on the selling 
price, as that does not answer the lequiremeiits of the real 
eituatioii. 

Interesting problems can be worked if children bring 
information from parents about cost and selling prices of 
articles they actually sell. Comparison of prices in different 
districts is of use. Discount for cash can be introduced, 
and the advantage and disadvantages of cash payments 
discussed. Our pupils can use their private knowledge to 
make up questions for their companions to solve. If these 
are worked along with some of the usual type of book- 
work question, the subject should be sufficiently developed 
for most practical purposes. 

Investment of Monxy 

The most important idea here is that money grows only 
by being used in some form of productive work. Interest 
is not made by ma^c, but by work. The far-reaching 
significance of this must be indicated. 

We not«, first, that this statement applies to all ways of 
getting interest on money. Mary has is. to spare, but lacks 
either time or ability to use it productively; Helen has 
no money to spare, but has both time and ability to make 
useful and attractive hair-tidies. She asks Mary for is,, 
buys material, makes her articles in a fortnight's spare time 
and sells them for Zs. No child will admit that Helen should 
keep the extra shilling and return to Mary only one shilling : 
every child is sure that Mary should have some reward for 
the loan of her money, though opinions vary widely as to a 
suitable sum. Children will probably suggest a penny or 
^d., halving or doubling this if either the time or the amount 
lent is halved or doubled. This simple example contains 
in a nutshell the theory of interest. 

A man or a small group of men have spare thousands of 
pounds. With this they build a mill and introduce into it 
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the most modem machinery for weaving, say, silk gooda. 
They eng^e employees, buy the raw product, aud sell the 
finished article at a price greater than the price of the raw 
material together with the employees' wages. The profit 
they thus make ia the interest on their spare thousands of 
pounds now converted into mill and machinery. Without 
work there can be no interest. Or, instead of themselves 
planning and overseeing the work, they may hand the 
money over to some other group of men nmning a raUway, 
say, or mining coal, or providing entertainment for the 
4>ublic by a picture palace. This second group of men do 
the work, but the fii«t group cannot have interest on their 
money unless the second group do some work. The original 
group may also put their money into a bank and gain 
interest in that way. But no bank makes .interest by 
magic : it has men skilled in choosing good working con- 
cerns to which to lend the money it has received, skiUed, 
that is, in choosing good investments. 

Two other examples must suffice. Recently the nation 
was investing a large part of its spare cash in War Savings 
Certificates or in War Loans. Does the statement that 
interest grows by work apply here ? The money was used to 
provide men, guns, ammunition and all the subsidiary 
services necessary to carry on a war. On the surface, the 
work done appears to he destructive, not productive : cer- 
tainly money used La such a way does not make more money, 
and the interest paid to individu^ has to he provided 
by the nation from its resources of wealth. But no nation 
would continue to carry on war unless it believed that, 
although the work was destructive in the material sense and 
for the immediate present, yet it would be either materially 
productive in the remote future, or, sooner or later, morally 
and spiritually productive. Opinions differ on these matters, 
but unless the majority of a nation believed this, that 
nation would cease to wage war. 

To descend from the great to the small, does a pawn- 
broker gain interest on the money he lends because it is 
used productively? There is no difference of principle here, 
the difference being merely that the borrower in this cose 
is so little trusted that the lender demands security in goods 
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at least equal in value to the sum of money lent. Until 
the borrower has spent in a productive way this money, 
using it to provide food to enable him to do w^e-eaming 
work, he will not be able to repay the loan and redeem 
his goods. 

We see, then, that underneath the surface life of the 
community Qovib a continuous current of money. To deal 
with the immense variety of financial problems solved 
and uns<dved by mankind is far beyond the scope of this 
book. The aim now is to show in clear outhne the main 
featjiKS of the situation, for it is of the utmost importance 
to the well-being of the nation that one and all should learn 
to think clearly, wisely and unselfishly about the financial 
problems of the State. Before August 1914 we oame too 
close to civil war between Labour and Capital to view with 
equanimity any return to similar conditions. The teacher's 
problem is how to give children the necessary guidance in 
these matters. 

The first great fact is, undoubtedly, that Labour needs 
Capital. Without Mary's shilling, the mill-owners' thou- 
Bands, the nation's savings and the pawnbroker's loan, 
Helen, the sitk-weavers, the miUtary and the penniless 
man might be most willing to work and have the greatest 
latent abilities, but work they could not. Thus Capital 
gets its power over Labour. 

The next great fact is that Capital has much more choice 
in the matter. If Capital wishes to gain interest, then it 
must use Labour ; biit if it does not care about gaining more 
money, it can do as it pleases. Children readily give 
instances of what is done with " spare cash " by the 
prosperous members of all classes of society. They bring 
forward definite examples of luxurious spending, of burying 
talents in a napkin, of the philanthropic use of money, of 
investment in concerns both beneficial and harmful to 
the community. They are quick too in expressing their 
judgments on these matters. 

It will be noted from the above illustrations that many 
members of the nation represent both Labour and Capital ; 
it is to the good of the nation that as many as possible 
should represent both. As soon as a man earns more 
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than enough for healthy living for himself and his de- 
pendents, he is a capitalist who can choose what he will 
do with his spare money. But on the one side are the idle, 
be their incomes great or small, those who, being able to 
work either with hands or intellect, will not. On the other 
side are the very poor, who, however willing they may be 
to work, can never leaob the ma^jn where they have 
enough income lor healthy, life. The existence of these 
two extremes is, of course, one cause of the embittered 
relations between Labour and Capital. 

The other chief cause of bitterness is more puraly an 
Arithmetical one. Every one realises that those who lend 
money should receive some return for it ; the question as to 
what return they shaU receive ia a thorny one. Children 
will agree that the amount of the interest should be propor- 
tional to the time and to the amount of the principal, 
but on the question of a suitable rate of interest great 
diver^nces of opinion exist. Children's sympathies, 
strange to say, are at first with the capitalists, probably 
because at this stage they have more often little savings 
than any definite wages ! Halving the gain is often sug- 
gested : not many grown-ups would demand 60% interest I 
Questions of security, time Mid Uvelihood must here be 



When we come to the details of investments, we do well 
to start as closely as possible to the children's experience. 
Many schools run Penny Sayings Banks ; the working of 
these should be understood and questions set on the interest 
gained. Here can be developed the idea of expressing 
interest as a percentage. We must deal, too, with the 
Post Office Savings Bank, making use of any forms which 
we can obttun from the Post OfBce, e. g. a form for 12 penny 
stamps to let children save pence until they can put a 
shilling into the Savings Bank. Problems should be sensible 
and aa far as possible de^t with by short methods. Most 
teachersknowtbat 2}%perannnmis6(2. per£l peraimum, 
or id, per £1 per month : money has to He in the bank for 
a month before interest is allowed on it, and interest is 
calculated only for a whole number of calendar months. 
Real bank books should be produced and the interest on 
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them oalculEited. War Savings AsBociatiocB are Tiin tem- 
porarily in some schools : problems on interest arise from 
these. Children should work out the rates of interest 
charged by pawnbrokers and moneylenders; some con- 
structive work on better ways of dealing with financid 
emergencies can in certain schools do considerable good. 
Pupils should, in better districts, find out how much money 
they must save to secure a weekly income of from 10^. to 20a. 
As far as the Arithmetical processes go, a variety of 
methods is possible. In the beginning it is probably best 
to use the fractional method for proportion, 
e.g. (i) Find the Simple Literest on £436 68. for SJ years 
at 4% per annum, 
S. I. on £100 for 1 year is £4, 

S. I. on £436i for 2^ years is £4 X ^ X Sj. 

(ii) Find the rate per cent, per annum if the interest 
on is. for 1 week is id. 
S. I. on is. for one week fs id. 
S. I, on iOOs. for 52 weeks is ■^. X 100 X 62. 
1300 

or 433^9. 
Bate is 483^ % per annum I 

(iii) Find the S. I. on £P for T years at R% per annum, 
(See Chapter XIX.) 
8. 1, on £100 for 1 year is £B. 

S.I, on £P forT years is £R X 7^ X ^ 
■' 100 1 

Or I = 

100 ■ 

From tiiis work children can advance to the use of the 
formula, if that be desired, but in many schools such work 
is of comparatively little importance. 

Before leaving school children should understand the 
principle underlying Compound Interest and find out the 
time necessary for a sum of money to double itself at given 
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percentageB. For form for calculations see Chapter X, 
p. 156, but apart from gaining a grasp of the idea, the work 
is of little value, as adults use tables and only the direct 
questions are soluble by other meane. 

Older children, especially boys, should gain some idea 
of the running of a company, that is, of what happens to 
our money when we invest it. A good plan is to dramatise 
this by having our class make-beheve to run some concern 
inside school, e.g. a company to publish a school ma^zine, 
or to (tpen a new light railway in the neighbourhood. A 
group of them can formally decide on the undertftkii^; 
invite " the pubhc " of the class to subscribe the capital; 
discuss the spending of this capital on the stock necessary 
to begin work ; analyse the running of the work for a year, 
distinguishing between income or gross receipts and expen- 
diture, and in the case of expenditure between wages, 
upkeep of stock and other working expenses, a contribution 
to a reserve fund,. and the balance. The children can next 
study the treatment of this balance, how a dividend of so 
much per cent, is " declared " from it on the capital sub- 
scribed by the public ; each subscriber can calculate how 
much dividend he should receive. Later arises the ques- 
tion of some member of the public who needs his money 
again. He cannot have the capital, as it is now represented 
by things used in the concern instead of by money : 
children will suggest what he can do, and the idea of selling 
his stock, with the right to dividends, can be worked out. 
Selling prices above and below par will be discussed, with 
possible reasons tor each and for measuring each by per- 
centages. A description of a stock exchange will interest 
boys, in connection with buying and selhng, but the whole 
thing should be treated on broad lines, while the intricacies 
of brokerage are beside the point. The main thii^ is not 
to be able to work tricky questions on stocks and shares, 
but to have a good general notion of how such concerns are 
run, of how prices rise and fall, and in the case of an intelli- 
gent class, probably of what is meant by " speculation." 
The Pit, a novel by Frank Norris, gives a very good descrip- 
tion of the Chict^o Wheat Exchange, which may prove 
euggestive to the teacher of this subject. When questions 
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of the ordinary type are taken, it is wise occasionally to 
use a newspaper to bring up to date the facts they embody. 
Using " to-day'B newspaper " gives an atmosphere of reality 
which is often sadly lacking in working " stocks and shares." 

CmZBNSHIP 

The main idea here is that with advancing civilisation 
and the concentration of individuals in communities small 
and great, many services which individuals once rendered 
to themselves are now rendered to them by the commmiity 
as a whole. These services cost the community money 
which has to be repaid by the individuals on some plan 
or other. 

Jn the primitive stages of life, for instance, each family 
finds its own wat«r and light : a time comes when a small 
community share, say,- a village pump or a harbour Ught 
by the sea : nowadays, communities of any size beyond the 
small village or hamlet provide a water supply and means 
of lighting for all the individuals concerned, until at the 
highest level we find a corporation like Maochester spend- 
ing enormous sums in bringing a plentiful supply of pure 
water from the Lake District, and also providing electricity 
or gas for all parts of its mighty whole. Other services 
rendered to individuals by the town or county communi' 
ties are police protection, universal elementary education 
and a limited amount of secondary education ; care of the 
penniless, the insane, and those suffering from infectious 
diseases; making of roads and provision of public parka 
and sometimes of tramways. On the other hand, the great 
national community provides us, among other things, with 
postal and telephonic services, along with military and 
naval protection. But the bill has to be paid, often with 
excessive grumbling; when we pay our rates and taxes, 
we are apt to remember only the money we pay, not the 
services we gain ! 

What, then, are we to teach our pupils concerning these 
things ? It matters most, perhaps, that they realise their 
privileges and leeponsibilities. If children felt that such 
things as streets, lamps, parka and even police belong to 
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them 8^d exist for their benefit, the; might be a little more 
careful of their own property. It ia, for instance, very 
important that ohildien'e originid ideas of the policeman 
as a "bogey" to frighten naughty children should give 
way to the idea that be is there, not primarily to punish 
the evil-doei, but to protect those that do well. Girls in 
Bome districts sorely need this protection at times, ajid to 
give them a correct idea of the functions of the pohoe 
matters not a little. Let our pupils count up the services 
they receive from the community, including even their 
education ! We can start best, probably, either by an 
arresting question such as, "Who pays the poltcemaa? " 
or by an historical survey, say, of the ways in which people 
have got their water supplies or provided for coast defences. 

Next comes the cost of these services. On the analogy 
of the family, where the young and the infirm share in 
what is provided by the able-bodied adults, the State and 
the corporation or county do not demand payment from 
all. The plan of the latter is to estimate the total expen- ' 
ditureforayearandaskeachA(KMetopayashare. Children 
will see that for all houseB to pay the same amount would 
not be fair, and so come to the idea that each house pays 
according to its rent. If the total paid in rents is known, 
say £100,000, and the total expenditure is known, say 
£10,000, the rate charged must be one-tenth of the rent; 
». e. for £1 of rent the houseliolder must pay 2a. of rates. 
It Is easy, then, to calculate the total rate any one must pay. 

Questions which the children should consider are (i) the 
relative value of the two plans of paying the rent alone to 
the landlord and the rate to the corporation, and of paying 
the landlord a sum to cover both rent and rate and leaving 
Mm to settle with the corporation : (ii) the proportion 
in which the rate paid is divided between poor rate, water 
rate, education rate, and other services, for this purpose 
using the rate collector's slips commonly issued : (iii) the 
distinction between the rental at which a house is " aasewed " 
and the actu^ rent which may be paid. 

In the case of the nation the money is collected partly 
by "taxing" various commodities used by the people, 
e.g. spirits, tea, sugar, tobacco, the amount of tax paid 
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thus depending on the amount of the commodity used; 
paitly by chaining for some services (e. g. postal service and 
telephonic communication) as they are used, as corporations 
charge for houBeholders' me of gas or electricity ; partly 
by lump sums paid on incomes, or on amount of money 
, bec^ueaUied after death, or on increased values of property. 
The most important of these is the income taz : questions 
dealing with this ^ould be taken in detail, keeping close 
to the actual facts of abatement for low incomes, for life 
insurance and annuities, and for possession of young 
children. We should base the work on the schedules sent 
out by the aesessors. 

This subject has had little attention in Arithmetic lessons, 
jiartly because the great democratic developments of it 
are very recent and partly also because the Mathematical 
problems to which it gives rise are often very complicated. 
The whole theory of probabilities and much statistical work 
lie behind any scheme of insurance. NevertheleBS, be- 
cause insurance schemes touch aiO. of us in these days, 
children should realise the main idea lying behind them aH. 

The main idea is the simple one that the aocidents of 
life do not befall us all : we know not which of us they will 
befall : we should prepare ourselves in advance to meet 
them, but much less preparation will suffice if we join to- 
gether and help each other than Lf we all act as separate 
individuals. 

A good starting-point is to let the class make-believe to 
be a group of men and women earning their own living. 
Let each member of the class decide what his weekly wages 
are. Baise the question of any dangers to which their 
livelihood is exposed : they may suggest sickness or un- 
employment or accident. Simplify the situation by taking, 
say, sickness. Discuss who have been ill in the last year, 
for how long they were ill, and what would have been the 
cost of supporting them while they were sick. Then let 
tfaem look ahead and discuss who will be ill within the next 
yeur; let them realise their ignorance of this and discuss 
how each means to meet sickness if it does come. They 
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will advuioe to the idea of aU paying a little to make a {nnd 
from which to pay money to eick who cannot support them- 
selves. In the simple case in question they can work 
out from the previous year's statistics, allowing a Bensible 
margin, the amount of insuranoe each person ought to pay 
per year or per week to have' a right to. a certain sum 
of money per week if ill. Comptoe the result with the 
conditions of the National Insurance Act with regard to 
both sickness benefits and premiums ; this will emphaose 
the value of great combinations, of employers' compulsory 
contributions, and of State aid. Let them then suggest 
other accidents of life to meet which t^e 'insurance system 
is extended. Personal knowledge of the social con<^tiona 
of his pupils will in this connection be most valuable to the 
teacher. 

Bankeuptct 

A very simple example will serve here. Mary owes Sa. 
to Helen, is. to Muriel and 2a. to Nan. A time comes when 
they all ask her for their money; the value of her posses- 
sions is found to amount to b». She pays Mary &a., but 
gives nothing to Muriel or Niui. When children are asked 
to criticise this arrangement, they condemn it as unfair and 
quickly suggest each girl having only half of the money due 
h^, since Mary possesses only half of the value of her debts. 
The terms "debtor," "creditor," "debts" or "liabiH- 
tiee," eind " assets " can be introduced naturally, while the 
usual way of measuring Mary's ability to pay can be noted, 
that is, taking £1 of debt as the standard amount. In this 
case Mary can pay 104. in £l and so 2a. 9d. on 5a., ta. id. 
on ia., i». on 2». When the terms are famiUar and this 
plim has been accepted as the fairest possible under the 
disastrous circumstances, the usual type of question set 
presents no difficulty. This subject is, however, of very 
slight importance compared with the other topics treated 
in this chapter. 
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CHAPTER XV 

aSOMBTBY IN THE BLEMENTABY SCHOOL 

In considering the place of Qeometry in the Elementary 
School, we shall start by glancing at the scope of this subject 
and b; outlining the history of its development in theiaoe, 
This ^ould help us to see the matter in truer peTspective. 

The derivation of " Geometry " ia simple ; " metry " 
measurement, " geo " = earth (cp. Geography and Geology). 
Geometry is, in its original sense, earth measurement or, 
as it is sometimes called, menauration. We note at 
that most people have some of this measurement to do. 
Farmers and gardeners need it in connection vith rents, 
seeds, manures, stock; surveyors and engineers need it 
in connection with town-planning, ship-building, water- 
works, road-niaking, railway and bridge -building, machinery 
of all kinds ; architects, masons, plumbers, joiners, slaters 
and decorators, all need it for their own peculiar con- 
tribution to house -building; soldiers require it for scouting 
and tu-tillery work, while it underlies all strategioal 
manceuvres; sailors require it for steering their courses; 
designers and weavers of patterns on any kind of 
material start from Geometry, and the housewife uses it 
in cooking, sewing, decorating and gardening. In fact, 
almost the only work which does not demand some abiUty 
in earth-measurement is teaching ! This is one reason 
why Geometry in schools is usually so much detached from 
the realities of life outside the school. The ground indicated 
above has to some extent already been covered in dealing 
with weights and measures; the question raised here is 
what additional ground should be covered in the Elementary 
School. Certainly Geometry in some form and to some 
extent is necessary as preparation for future hfe. 

Historically, Geometry is a very anoieat branch of 
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Mathematics, its earliest traces being found among the 
Egyptians and Phoenicians as long ago as 2000 B.C. We 
hare a papyrus of that dat«, attrihuted to Ahmes, which 
includes roles for finding the cubical contents of buns and 
the areas of Tatious ^ures, and also a method for the exact 
orientation of a temple which is the germ of the important 
Geometrical theorem about the square on the hypotenuse 
of a right-angled triangle. The story of Joseph having 
granaries built to store the grain of the seven ftdl years in 
preparation for the seven years of famine, suggests a reason 
for the Egyptian interest in bams ; the annual innndation 
of the Nile, which swept away landmarks and made a 
re-division of the adjoining land essential, su^ests why 
the Egyptians were uiged towards measurement of areas, 
while their religious development and their sun-wotship 
explain their intense desire to find a line due East and 
West, To do this they found a NorUi-South line from the 
positions of the heavenly bodies and then succeeded in 
marking a line perpendicular to this line by using a circle 
of rope knotted in three places so that it was divided in the 
ratio 8:4:5. If sticks are fastened into the ground 
through the knota at each end of, say, the length measuring 
8 units, on a line due North and South, a stick passed 
through the third knot and fastened into the ground so 
that all the string is taut, will put the line measuring 4 units 
in a direction perpendicular to the line measuring 8 units, 
since 5' = 4* + 8*. Thus the temple could be built to 
face due Eaet. The results given in this old papyrus of 
Ahmes are frec[ueiitly inaccurate; this is natural, as 
they were sought for practical purposes and discovered 
from a consideration of particular cases, not by general 
reasoning of any kind. 

No great advance is found until the period 600 to 300 b.o., 
when the Greeks, with their acute minds, began to ask 
theoretical questions about this practical knowledge of 
Geometry. For instance, Ahmes knew that in one case 
the square on the hypotenuse of a right-angled triangle 
equals the sum of the squares on the other two sides; 
by 500 B.C. several other special oases were known, but 
^iihagoras, about this date, was the first to ask if this 
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result would always be true, and if bo, why. He did not 
set down any ooncise, ajmihetic proof, placed as an item 
in a well-knit system of geometrical theorems, nor did he 
attempt to prove a converse, but he exfJained by reasoning 
what had before been taken for granted and he generalised 
the knowledge previously limited to particular cases. 
Many of the well-known easy theorems about isosceles 
triangles, the sum of the angles of a triangle and similar 
triangles were explained in this somewhat unsystematic 
way by such men as Pythagoras and Tbales. We read, for 
instance, that when Thales discovered how to inscribe a 
right-angled triangle in a circle, he sacrificed an ox to the 
immortal gods ! 

The third great advance follows dose on this and centres 
round Alexandria, where what might be called the first 
university of the world was established about 300 B.C. 
Here Euclid was the " Professor " of Mathematics, a 
teacher so successful that, through all the centuries until 
within the last few years, the teaching of Geometry has 
been dominated by his work and, unfortunately, by a 
mistaken view of his methods which was accepted as the 
whole truth. Within recent times a book of has has been 
brought to light, written for his pupils. This contains 
ninety-eight illustrations of the application of analytical 
methods to the solution of problems by deduction, showing 
that Euclid tried to stir up his students to solve riders 
on the analytic plan adopted by any good teacher of to-day, 
and also that he considered the development of abihty to 
prove new Geometrical truths for oneself the most im- 
portant part of the teaching of Geometry. What, then, 
is the place of the well-known book entitled Eiidid^ 
Euchd's department flourished so much that in course of 
time he had many aesistant teachers to whom he felt the 
necessity of giving some guidance in their teaching, especi- 
ally guidance as to the body of Geometrical truth which 
should be known as a foundation for further work and also 
guidance as to its inter-relations. For men, then, to whom 
this knowledge was already living and growing, he syetem- 
atised the groundwork of Geometrical knowledge in several 
books, setting the proofs down in a most ooncise, synthetio 
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form, a form well euited to a summary of work already 
familiar. But Euclid's book for his pupilB was lost ; his book 
for his teachers Uved. And in time, teachers forgot that it 
had been written as a manual for teachers and tried to im- 
part it to all their pupils, just as it was. Only the few acute 
mathematical minds could Sourish on a diet so indigestible ; 
it is tragic to think of Euchd's feelings could he:ha7e walked 
round the schoolrooms of the laat two thousand years ! He 
himself taught Geometry to people whose interest in 
Geometry had been aroused through practical problems and 
through exercising their brains on the generalisation of 
results so obtained; he taught Geometry to them on 
analytic methods, working back from what they were 
required to prove to what they knew, in due course, after 
this had become familiar, having it set down in a usefully 
concise, synthetic form, but aiming mainly at the develop- 
ment of ability to apply the new knowl^ge and the new 
analytic method to the solution of problems still unsolved. 
Men ever since, believing they followed in the steps of a 
great master, have taught a mere skeleton of Geometrical 
knowledge, deprived of all the living associations which give 
it vital interest for the ordinary individual ; they have most 
frequently tat^ht a brief summary of the ground covered 
in a form so much curtailed that the avera^ student took 
refuge in learning it by heart; in doing so, they failed 
entirely to develop, in any save the really mathematical 
type of mind, ability to apply old knowlei^ to the solution 
of new Geometrical problems. Within the last twenty 
years we have wakened to the tragedy of this and are stffl 
battling in the whirlpool of change. More knowledge of 
the historical development and of the mistake under- 
lying our methods of the last twenty centuries should 
hasten the return of our teaching of Geometry to a more 
stable equilibrium. Those wishing further knowledge 
than this bold outline suppUes are referred to Ball's History 
of Mathematics, or Cajori's History of Elemevtary Mathe- 
matics, or Benchara Branford's Study of Mathematical 



As regards the further history of Geometry, no great 
change took place until the modem developments of the 
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nineteenth century, developments bo far beyond the pupils 
of the Elementary School that we entirely omit them and 
hasten to draw from the above outline the conclusions we 
require. 

Corresponding to the three stipes of the historical 
development of Geometry, three aspects of the teaching of 
Geometry arise for consideration — 

(o) As Geometry grew, in very early times, side by side 
with the beginnings of Arithmetic, the recent development 
of a little Geometrical work even in the lower standards of 
Elementary Schools has the justification of history behind 
it. Bttt Instory takes us fwrther by supplying tests for 
our choice of material and for our methods. The Geometry 
taught should grow out of problems of living interest to 
the pupUs, more particularly out of problems which arise 
in connection with handwork of various kinds; it should 
be taught in such a way that the new knowledge imparts 
new slull. The matter taught will differ from school to 
school in accordance with the nature of the handwork 
scheme, but it is justified only if it is related to hfe XoA 
leads to power. 

(6) As children's minds grow more active and inquisitive, 
they should not be restricted to particular cases of practical 
■problems. They should be encouraged to ask questions 
about results found true in one case : will these results be 
true in other caaes? They should try to explain their 
reasons for their views in theit own words, their methods 
of explanation being criticised and gradually improved. 
They should also attempt to solve other problems by the 
use of such knowledge as they have obtained from their 
practical work and its discussion. 

(c) When our pupils' minds have reached the stage of 
development when abstract reasoning is possible and is 
instructive, they should be led to criticise more thoroughly 
the forms andsoundness of their explanations of Geometrical 
truth and so systematise and expand the old knowledge. 
This means finally the building up of a system of Geo- 
metrical ttuth, by rigorous proof of a deductive kind, 
accompanied by an appreciation of the value of such a 
logical treatment of Geometry, 
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Obviously, as long a^ the compulsory school age does not 
rise above fourteen, only (a) and (6) need be consldeied in 
the Elementary School. We shall give a few suggestions 
as to each, purposely omitting any detailed working out 
of a scheme, since each school should make its own, based 
on the scope of its general curriculum. 

As regards a practical line of approach to Geometry, 
introductory notions of simple Geometrical figures, or what 
might be termed simple deBcriptive Geometry, can be 
developed in connection with paper-folding, or the use of 
some of the Moatessori apparatus, or the making of objects 
in paper, cardboard or wood. The making of objects 
in various materials, practical Geographical problems in 
connection with finding the altitude of the sun or unknown 
directions or inaccessible heights and distances, the making 
of plans and maps, the keeping of a school garden, all these 
give rise to Geometrical problems which, when solved, give 
the chUd greater power in dealing with the original subject. 
It may he simplest here to centre our suggestions round 
the 'use of the simple Geometrical instruments. 

Work with the luler has already been taken in some detail 
in Chapters VII . and X. To this may be added the making 
of plans for models; this involves measuring the actual 
object to be copied, representing it by drawing, and planning ' 
the model on the correct scale before cutting it out and 
actually Constructing it. Any of the modem books on 
cardboard or wood modelling give models which cui be 
used in this way. We should also include the drawing of 
plans of the classroom, the school (uid the neighbouring 
district, with the resulting measurement by a scale. In 
such work children quickly learn the value of accuracy in 
measurement ; a lid that refuses to fit or a plan that gives 
wrong information inculcates accuracy much more forcibly 
than daily sermons on the subject S- 

Such work leads naturally to the use of the set-square 
and the common facts connected with right angles. The 
class, say, has made a match box and found that its sides 
are not vertical, or that a plan gives wrong information, 
their mistakes being due to their angles not beii^ " square." 
The idea of an angle as measuring revolution, or amount of 
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tumiDg, along with the ideaa of a complete revolution 
(illustrated, say, by hands of a clock or by children's 
movements)! i^^lf ^ complete revolution or a straight angle, 
quarter of a complete revolution or a right angle, can be 
introduced ; children can then moke simple set-squares tm 
themselves by taking any scrap of paper, folding it once 
and then a second time, edge on edge, to secure a quarter 
of a complete revolution. To substitute a more substantial 
set-square of cardboard or wood is a simple advance ; the 
improved results in box-making and plan-drawing will be 
sufficient evidence of its value. There is no reason why 
children should not make the acquaintance of halves and 
thirds of a idgbt angle and use these in their constructive 
work, by means of the other comers of th^r set squares. 
Easy problems on the movements of clock hands, of the 
sun and of children themselves, will familiarise our pupils 
with the new ideas. Triangles of the common types 
represented by the set-square shapes can be studied. 

A little later, children can be jwesented, say, with a 
hexagonal box or tray and allowed to construct this as 
they hke. They find it hard to do- this accurately and so 
respond well to a su^estion to leave the work for a time 
and see if new knowledge about hexagons can be discovered. 
The connection with a circle immediately suggests itself 
and introduces compasses. The gardener's plan of making 
a circular bed by means of two sticks and a string leads 
naturally to the more elaborate pair of compasses, with the 
fixed point as " centre," the fixed distance between point 
and pencil as " radius," and the pencil swinging round to 
make the " circumference." An abundance of interesting 
work now presents itself. Children can study hexagons 
and six-poiated stars, find out that' the distances between 
consecutive points are all equal and, moreovec, equal to 
the distance of each from the centre of the figure or to half 
the distance across the figure. From this they can invent 
a way of making a hexagon and a star by the ose of com- 
passes, advancing to the invention of Geometrical designs. 
Children do surprisingly good colour work in this direction 
and their designs can be applied as decoration to needlework 
or stencilling or other forms of handwork. They cui also 
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be asked to find out, as a puzzle, how some of the familiar 
linoleum and wall-paper designs were constructed. Geo- 
metrical knowledge about equilateral triangles, about 
hexagons, about the making of an angle of 60° (the " degree " 
as a small unit equal to ^ of a right angle becoming useful 
at this stage), and about the relationship of the circum- 
ference of a circle to its diameter, here arises naturally. 
Children can apply their new skill to making first-rate 
hexagonal boxes and clock faces for use either by them- 
" selves or by a lower standard. The clock face leads to 
the necessity for halving the lines joining the six hours 
first found by the hexagonal construction. If children 
try to guess the middle pmnt by use of compasses, they 
make diagrams like — 



Instead of continuing to mark points until t^ey final^ 
reach diagram (iii), they will see that (ii) can be used 
immediately if the points A and B be joined ; such appears 
to be the way in which the familiar method of bisediing 
a straight line arose. When a construction for bisectii^ 
an angle is required a tittle later, it can easily be invented 
by a ^ght modification of the above. 

Various Imes of approach to the protractor may be 
taken. The making of a pentagonal box or tray introduces 
angles not familiar as simple parts of a right angle and so 
emphaoaes necessity for new knowledge. An attempt to 
measure some inaccessible distance, say, the distance of 
a ship from the shore ; a study of the altitude of the sun ; 
the exact description of some direction for naval or military 
purposes — all these lead to the necessity for further skill 
in measuring angles less than a right angle. In whatever 
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way the need for a protractor comes to be felt by the 
child, he should always begm by constructing a fair-sized 
cardboard protractor for himself; if this be done, half 
the difficulties met with in teaching the use of the pro- 
tractor disappear as if by magic I Children can begin 
with a semicircle, and make in it the angles they know 
how to make— 60°, 90°, 120°. They can get 30° and 150° 
either by using the arc between 60° and 90°, or by developing 
a method of bisecting an angle of 60° ; they find the arcB 
for 16° by bisecting an angle of 30°; the smaller arcs 
necessary for 5° can be guessed by the eye in such roughly 
made protractors. The angles themselves should be drawn, 
at least in part, instead of merely marking the arcs, as 
otherwise children do not understand the fundamental 
principle of the protractor. They should finally complete 
their protractors by marking the centres clearly, by cutting 
away the unnecessary heavy cardboard so as to leave 
either the usual semicircular or lecttmgular protractor, 
by marking every 10° strongly and every intermediate 5° 
less strongly and by making scales to rood from both left 
and right on any one of the plans commonly adopted. 

The need for acquiring skill in the use of a protractor gives 
the child an opportunity of discovering, by measurement 
of particular cases, many of the well-known truths about 
an^es, triangles, parallelograms and ciroles. Here, if not 
before, stage (b) in Geometrical teaching can be begun, 
by asking children to discuss, and then finally exf^ajn 
t» iJieir oum vxtris, the reasone, say, for the equahty of 
vertically opposite angles, or for the sum of the angles of 
a trian^e being always two right angles, oi for the equality 
of angles in the same segment. This work will rosemble 
not at all the " proofs " usually taken with older children; 
it is simply an introduction to such work. Easy problems, 
more especially easy numerical problems, involving this 
new knowledge, should he set frequently. But when skill 
in using a protractor has been acquired, it should be 
appUed to a variety of objects. Amongst others, we can 
take the mariner's compass ; an extension of plan-drawing, 
of Geometrical designing and of making of trays oi boxes 
to include regular polygons not yet dealt with; the use 
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of this plaiiie table and of tiiangulation to make a map 
of some piece of gioand; the measuring of inaocesslble 
heights and distancea and of gradients by the use of pro- 
tractors specially devised to measure angles from a vertical 
or horizontal line and to provide a simple means of " sight- 
ing " ; or the finding of one's direction at any moment by 
the use of a watch and the sun. 

Some of the work outlined above should introduce our 
pupils to the use of the simple Geometrical instruments, 
while satisfying the foinoiples of Geometrical teaching 
enunciated earlier in this chapter. Other Geometrical 
work of value in Elementary Schools includes the intro- 
duction oi the results of the theorem of Pythagoras about 
right-angled triangles, the study of similar triangles and 
polygons, the making of models of the simpler mathe- 
matical solids, the measurement of areas and volumes and 
the development of the rule for extracting a squue root. 
The next two chapters will be devoted to a mote detailed 
treatment of mea, volume and square root. 
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ABEAS AND TOLUUES 

Thk real difficulty found by many teachers in securing 
satiafactory results on these topics seems to arise from 
confusion in our pupils' minds as to the distinctions between 
lines, surfaces and solids, and between length, aiea and 
volume ; such confusion leads at once to inaccurate numeri- 
cal results owing to use of the wrong table. Another cause 
of trouble is that many of our pupils apply the rule for 
rectangular areas (area = length X breadth) in a way 
both mechanical and teckless, heeding not its limitation 
to rectangular forms. To secure good results, it is absolutely 
necessary at first to make faaete slowly and to develop the 
fundamental ideas with great thoroughness. Fortunately 
the measurement of volume seldom presents much difficulty 
if the measurement of area has been placed on a sound 
basis. 

Afeaeurement of area is now frequently introduced even 
in Standard II. Children at this stage are well able to 
describe surface as tJie " top " of anything and to indicate 
vtuious lines (straight or curved) and surfaces (flat or 
rounded or uneven) in the room and on themselves. They 
can also learn that surfaces must be measured by a unit 
which is a surface and that a square inch is a very useful 
unit for measuring small surfaces ; they can measure any 
small surface approximately by covering it with square 
inches and then, by applying this method to the rectangle, 
they can establish the rule for a rectangular area and apply 
it to the measurement of the areas of various rectangular 
surfaces. Since similar work — taken, of course, more 
rapidly — ^is the best way of introducing or revising the 
beginnings of areas in ^ter standards, it may be worth 
while to indicate suitable steps. 
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(i) Present class ^rith pieces of paper of various shapes 
and sizes and ask a qne^ion which will lead to measure- 
ment of their surfaces. 




e. g. These represent four ^aeoee of cake, all of equal 
thickness ; which would you prefer to have t 

Or, These represent four fields of equally good soil which 
you may rent for the same sum of mwiey ; which 
would you choose ? 

(ii) From the medley of guesswork answers received, 
it is possible to develop the distinction betwewi a surface 
and a line, between, e. g., the fence round the field and the 
soil inside it, so that the problem, " How to measure a 
surface " definitely emerges. 

(iii) From the medley of suggestions as to ways of 
measuring'the given surface, it is simple to lead up to the 
idea that a measuring surface is necessary, that a square 
is a good shape for it, and a square inch a convenient size. 

N.B. — Refuse to accept length x breadth, which some 
child Is almost certain to have heard before, unless such 
a reason for it is given as wiU satisfy the class. It does 
not apply to A and B. 

(iv) Let class make paper square inches, distinguish 
between an inch of edge and a square inch of surface, and 
then proceed to answer question in (i) by fitting on the 
squares and counting them. The class can be divided 
into four groups for this purpose. 

(v) The sulwequent steps must vary greatly from class 
to class. Some teachers will repeat similar questions, being 
doubtful if the idea of surface is sufficiently dear. Some will 
present a similar question involving larger surfaces tuid so 
iutrodtioe at once square feet and square yards. Some will 
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fasten at onoe on the fact that in the question set, and D 
were most easily dealt with, and so invite class to study 
the arpaa of rectangles, pointing out that this method of 
cutting out.squares and fitting them on is slow. When the 
rectangle has been reached we advance to (vi). 

(vi) By drawing rectangles, children c^i see that they 
can count the number of square inches in their surface by 
drawing lines to divide them into square inches. This is 
rampler than fitting on squares. 

(vii) Soon they can tell the .answer without counting. 
The lei^h gives the niuuber of square inches in one row ; 
the breadth the number of rows. Therefore the number of 
square inches in the area is obtained by multiplying the 
number of inches in the length by the number of inches in 
the breadth. Later this can he rfiortened to— 

Area = length x breadth ; 
still later to 

A = lb. 

When this has been achieved, the subsequent work is 
straightforward. It must include, in whatever order seems 
best to the teacher, the building up of the relationships 
between square inchw, square feet and square yards; 
the application of the rule for a rectangular area to finding 
the areas of real objects, e. g. room, window, playground, 
handkerchief, book (for a suggestion as to a useful tjrpe of 
lesson see p. 98) ; the apphcation of this rule to the working 
of written problems of various kinds ; the extension of the 
rule to cover fractional quantities by drawing of diagrams 
(fi. g. h\ ft. X 8J ft.) and its apphcation to further written 
{ooblems, these problems being connected as closely as 
possible with girls' work in housecraft; the apphcation of 
the rule to finding the areas of surfaces easily subdivided 
into rectaiif;1es, such as — 
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In dealing with housecraft problems, interesting and 
useful work on suitable prices, materials and even colours 
can be introduced; from the arithmetical standpoint, the 
main requirement is that the methods used be such as to 
give a Benfiible Tesult in house management. For instance, 
in order to discover how many tiles to order for a hearth, 
it is not safe to find the aiea of the hearth and divide it 
by the area of a tUe. If the resulting number of tiles was 
ordered, it would be possible to cover the hearth with 
tiles, but, in neariy every case, only by breaking a few tiles 
into fragments ! The wise plan is to count the number 
of tiles required for each row, and the number of rows. 
Similarly, in trying to discover how much matting, oi 
linoleum, or other material laid down in stripe, is required 
for a fioor-coveiing, to divide the area of the floor by the 
width of the material and purchase the resulting length, 
is apt to make it necessary to cut one's last strip into many 
small pieces in a fashion that is sometimes too unsightly 
to be possible. To get an absolutely right result, we must 
find the number of stript required (by dividing width of 
room by width of material) and the length of each strip ; 
and use the narrow piece left over for some other purpose. 
The economical housewife can sAnetimes compromise 
between the two, arrai^ing to have a few simple joinings 
in a comer of the room where they are not too conspicuous. 
The essential point is that the attitude of the girls to such 
problems be that of common sense and wise economy. 
Practical lessons are essential. 

Finding the correct amount of wall-paper is another 
operation requiring judgment and a sense of the fitness 
of things. To find the total wall area is usually simple : 
multiply the perimeter of the room by its height. To find 
the area of a " piece " or " roll " of paper is also easy ; 
obviously the division of the one area by the other will give 
an approximate answer to the question, " How much paper 
must I buy ? " since paper can be bought only by the 
" piece " or " roll," usually 12 yds. long. Only common 
sense can turn this approiimate answer into a sensible 
answer ! If the paper be plain or have a tiny pattern, 
probably what i^ sav^d from irindowa and doors, with the 
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possible extra fraction of a piece (e, g. from buying 8 
pieces, if above answer is 7^ pieceB) will make Bightly 
joinings possible; if there are many doors and windows, 
it may even be wasteful to buy so much. But with very 
little door or window space, or with a large pattern awkward 
for joinings, one or two additional rolls must be purchased. 
This work can often be made most interesting by obtaining 
old books of paper patterns from decorators. 

In the above work we have aheady hinted at ways of 
passing beyond the measmrement of rectangular areas. 
We now summarise very briefly the ground still to be 
covered to gain complete skill in measurement of area. 

(a) ParaUdogmma. 

(1) By cutting out, change the parallelogram to an 
equsl rectangle. 



A 7 



,'. Area = base X height. 

(ii) Test the rule by drawing parallelograms on squared 
paper and finding their area by counting squares. 
In counting, squares less than half a square are 
omitted ; those greater than half a square count 
as one. 



(iii) Apply to numerical examples 
complex figures : e. g. 



including cases of 
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(b) Triangles. 
(i) By paper-cutting and folding, show that every 
triangle is haU a parallelogram; this includes 
obtuse -angled triangles. 



.'. Area of triangle = J baae X 1 
(ii) Teat result by use of squared paper, 
(iii) Apply as above : e. g. gable end of a house, kite. 

(c) Trapezium. 



Area = trian^e I + triangle II. 

= i AB X height of trap. + J CD X height of 

trap. 
= J (AB + CD) X height. 
= ^ the sum of the parallel sides X distance 
between them. 
Apply this to roofs of houses, bay windows and, most 
of all, to (d) (iii) below. , 

(d) Any Polygon. 
(i) Divide into triangles and add their areas. 
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(ii) Transfer to squared paper and count tlie squares. 

(iii) Use a base line and offsets, dividing the polygon 
into tight-angled trian^es and trapezia. Thin 
is the Burveyor'B method — 





AB = 800 yds. 






AK= 40 „ 


KC = 80 yds. 


J?. LF = 20 yds. 


AL= 60 „ 






AM-1« „ 


MD - 60 yds. 


NE - M Jd». 


AN = 160 „ 






Area of ABCDEF =I + II + IIH-IV + V-|-V1 

= (i. 40.80 + 100. i^JL+^ + i-«0. 40 
+ i . 40 . 40 + 110 . ■ *" j "> + i 20 . 60) sq. yds. 



(e) An}/ Irregular Surface. 

(i) Reduce to approximately equal polygon and apply 
methods of (d) above. 

(ii) Cut out of paper; out out a known area from the 
same paper. Weigh both. The areas are pro- 
portional to the weights; hence find area of 
unknown surface. 

(iii) Transfer to squared paper and count squares. 
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(f) Girde. 

(i) Change circle into a figure like a paraUelogram by 
cutting it into sectors and arranging them thus — 




Hie greater the number of sectors, the more nearly 
do they make a parallelogram. 

,', Area of circle = area of parallelogram 

= baae of / /" X height of / /" 
= i circumference of Q x radius of O 
= i X 2nr X r 

= 71^ 

(ii) Teat by drawing on squared paper and counting 
squares. 

(iii) Apply to numerical problems, including Areas of 
rings, flat ends of cylindera and cones. 

(g) Curved Surface of Cylinder. 

(i) Cut out paper to cover this surface exactly. Paper 
is a rectangle, breadth equal to height of cylinder, 
length equal to circumference of cylinder. 

.". Area of curved surface = area of rectangle. 

= circumf. of eyl. X ht. of cyl. 
— 2nr Xh 

(ii) Apply to pipes, ohinmeys, legs of chairq ^^ other ' 
familiar objects. 
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The introduction to measurement of volume can be taken 
on lines similar to the introduction to measurement of 
area, by setting a problem involTlng the discovery of the 
cubical contents of differently shaped vessels and boxes. 
Cubic inches are not bo easily provided as square inches, 
but frequently inch cubes can be borrowed from the 
infant department of the school ; or our pupils can make 
paper cubes for themselves. 

This work leads naturally to the discovery of the rule for 
measuring the volume of a rectangular box by taking the 
product of its length, its breadth and its height ; or if two 
of the dimensions are replaced by the area of the surface 
they define, by the product of this area and the third 
dimension. These rules can be applied to the practical 
measurement of cubic contents and also to the solution 
of written problems. One useful application is to study 
simple questions on ventilation, depending on a knowledge 
of the air supply necessary for each individual. The 
children can compare the air-space per individual in 
different classrooms. Cubic feet and cubic yards will be 
required as well as cubic inches ; the table is easily built 
up from the table of length. 

The measurement of the volume of any solid object 
insoluble in water, can be found by immersing it, when 
it displaces its own volume of water. The rise in water 
can be measured either by use of a measuiing-jar or by 
use of the pipette and burette. The cubic contents of 
any vessel may be measured by fiUing it with water or 
sand and then measuring the water or sand by a measuiing- 
jar. 

But in certain cases volumes can be calculated by rules 
almost as simple as the rules for a rectangular prism. 
Before closing, we shall indicate ways of establishing these 
rules through practical work. In no case does the practical 
work of itself prove the rule ; but it gives our pupils good 
reason for believing our assertion that mathematicians 
have proved the rule true. We shall first consider the 
cylinder and the cone. 

The cylinder, of itself, is simple. It it is 6 in. high, 
say, we can imagine 6 layers of cubic inches filling it. How 
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many cubes irill there be in each layer ? Obviously, one 
cube can test on eacli square inch of its base, or, in other 
wordfi, the number of ouIho inches in one layer is the 
number of square inches in the base, which we ab«ady 
know to be nr*. Thus the volume in this case is finr', 
in the general case m* X ht . or 7tr*h. Children should apply 
this formula to finding the volume of common cyUndriciJ 
objects — tins, for instance, of various kinds. They can 
fiud out how much cheaper it is to buy cocoa in a large 
tin rather than in a small . They can also illustrate the truth 
of the formula by taking a muffin or some other oylindrioal 
object easily cut, dividing it into wedge-shaped sectors 
and arranging the sectors as the sectors of the circle were 
arranged on p. 220. The more pieces there are, the more 
nearly will the solid made be a rectangular block; its 
width is the radius of the cylinder, its height the hei^t of 
the cylinder, its length J the circumference of the cylinder. 
Thus its volume = t X h X nr = utr^h. The correctness 
of results obtained by the formula can, in any particular 
case, be checked by immersing the cylinder in water as 
suggested above. 

The volume of the cone is best measured by comparing 
it with its corresponding cyhnder; that is, with a cylinder 
of the same radius and the same vertical hei^t. To carry 
out this work, our pupils must first make a cone; the 
diagram suggests a simple method — 




This sector is rolled up so that AC Ues along AB, while the 
adjoining flap is gummed underneath. They must next 
make the corresponding cylinder. For this they must 
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measure the circumferenoe of the cone and the vertical 
height of the cone. The plan is as follows — 



The rectangle is rolled up so that CD Uee along AB, while 
the flap is again gummed underneath. A circular bottom 
is then attached. When the children have completed 
these two models, they can estimate for themselvea the 
relation between their cubic contents and then check these 
estimates by filling them with sand or sawdust ; they will 
find that, as nearly as possible, the cone must be emptied 
three times into the cylinder to fill it. Thus the formula 
for the volume of a cone is V = }nr*A, since r and h for 
the cone are the same as r and h for the cyhnder. The 
formula should be apphed to practical problems and the 
results obtained should be checked, as si^gested above 
for the cylinder. 

Bxactly similar methods and reasoning can be applied 
to any pair of solids, consisting of a prism and its corre- 
sponding pyramid. The volume of the prism is the product 
of its base-area and its height ; see reasoning for cylinder. 
Take case of hexagonal bases. A dz-sided pyramid is 
made as si^gested la diagram — 
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The side and vertical hei^t of this is measuied, so that its 
corresponding prism crai be made, as indicated below — 




If sand is now used, it will be found that the pyramid is 
one third of the corresponding prism ; t, e, its volume is 
iAA, whore A is the area of the base and k the vertical 
height. 

In conclusion, we suggest a rough method of justifying 
the usual formula for the volume of a sphere, by compUing 
it with the volume of a cylinder of the same diameter and 
of height equal to its diameter. 




Volume of this cylinder is nr^ X 2r or 27ir*. We try to 
show that the sphere is J of this cylinder, and so } of 
2:ir' or Jjir*. 



(i) Make in clay or plasticine a cylinder whose height 
is equal to its diameter. Call its volume C. 
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(ii) Cut away from top and bottom of oylindei, so that 
a sphere is left. Call the volume of the part 
cut away P and the volume of the sj^ere S. 

(ill) Let class weigh the part cut away and weigh the 
sphere, in a number of cases. From the results 
obtained, within hmita due to the roughness of 
the experiments, S is found to be about 2P. 
Tell class that this has been proved by mathe- 
maticians to be true, although they themselves 
have not proved it. 

(iv) If S is twice P, S must be $ of the cylinder C. 

(v) ,*, volume of sphere = S = | of C 

= f of 2jit» 

= int' ,- 

(vi) Apply this formula to practical measurement and 
test the results by use of measuring-jar. 



CHAPTER XVn 

SQUABB BOOTS 

Thb teaching of square root need not long detain us. 
The finding of a square root b; factorisation is a simple 
matter; the Geometrical applications to finding the side 
of a square, given its area, and hence to finding the length 
of the hypotenuse of a right-an^ed triangle, given the other 
two sides, are familiar and useful. In some schools, how- 
ewr, it may be desirable to teach the older pupils the 
oMinary rule for extracting a square root. This rule : 
" To obtain the next figure, always dividp by twice what 
yon have already found," is simple to work, but teachers 
often find it bard to explain and still harder to teach in 
such a way that our pupils make the journey for them- 
selves. We are indebted to Dr. Nunn for an introduction 
to a Geometrical way of approach which solves these diflS- 
culties. As many people are unacquainted with this, we 
do not apologise for here repeating Dr. Nunn's ideas on the 
subject. It will be simplest, perhaps, to divide the ground 
to If) covered into steps suitable for teaching. 

(a) Set questions of this type ; ABCD is a square piece of 

ground ; its area ia 121 sq. yds. Find the length 

of AB. 
(6) <Bet questions of this type : ABCD is a square piece of 

ground; its area is 68^89 sq. yds. Find the length 

of AB. 

(i) It is easy for our pupils to tell that AB lies 

between 8 yds. and 9 yds. Cut ofi AK = S yds.; 

note that length of KB must be less than 1 yd. 

The main part of ABCD is thus AKLM 

= 64sq. yds A. 
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(ii) What is length of KB! To find this, study 
portion left unsliaded. We know about thiB part 
that KL = LM = 8 yds.; that KB = MD, each less 



than 1 yd.; that the area of the part is (68'89— 64) 

sq. yds., I.e. 4*89 sq.yda B. 

Let children change this remainder into a rect- 
angle, since a rectangle is the simplest figure. 

N ' P 

I i I D 151 

s fi 

Compare the rectangle with the remainder ot the 
square, to discover all that is known about the rect- 
angle and what is wanted from it. 
Area = ♦■89 sq. yds. 
Length = ON + NP + PQ = 16 + a; yds. 

where x = KB = less than 1 yd. 
= 16 yds. approximately. 

We wish to find KB, which is QR or PQ or x yards. 
To find the breadth of the rectangle, we divide its 
area by its approximate length. 

Breadth will be about ^^ yds., which is about 
•S yd C. 

If this were the length wanted, OQ = 163 yds., 
QR = '3 yd. and the area would be IS'3 X '8 sq. yds. 
or4'8flsq.yds., whichiscorrect D. 

Thus we have found the. exact breadth, by good 
fortune ! 

/. KB = QR = PQ = 8 yd. 
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(iii) Therefore the length we Bet out to find, or AB, 
which is AK + KB, = »Z yds E. 

(iv) The five numerioaj calculations, in the lines 
marked A, B, C, B, E, are summarised below — 

8) $ 8- 8 9 (8 A.Numberwhichgives 
6 4 nearest square below 
, 68 is S. 

B. 68-89 — 64 = 4-89. 

C. Divide4'89bytwic© 
8, the number al- 
ready found ; the re- 
sult appears to be *8. 

D. Divide 4-89 not by 
16 but by 16-8; 16-3 
goes into 4"89 ex- 
actly -8, without re- 
mainder. Therefore 
search is ended. 

£. Square root is 8*8. 



16-8]4'89(>8 
4-89 



V68-89 = 8-8. 

Qeometricdl key to above — 
AK)ABCI>(AM 
AKLU 



OP + PQ )OQES{PQ or QR 
or2xAK + PQ OQKS 

orOQ 

AB = AM + QR. 

(c) Set questions of this type : ABCD is a square piece of 
ground; its area is 100489 sq. metres Find the 
length of AB. 

(i) As above, AB hes between 3 and 4 metres, and 
main part of square is AKLM of area 9 sq. metres. 
KB is less than 1 metre A. 



M L 
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(ii) As above, area of remainder is 10*0489 — 9 
sq. metres or 1'04S9 sq. metres ; KL = LM = 8 

metres. Let KB = x metres B. 

Change remainder into rectangle OQRS. 



- Area of rectangle = 10489 sq. metres. 

Lengtii „ = 8 + 8 + a: metres = 6 metres 
approximately. 

.', as above, QR or breadth is approximately 
i:2^ C. 

or some length between *! and -2 metre. Try "l. 

Length of rectangle would be (8 + 3 + -J) metre 

— 6'1 metres; 

Breadth of rectangle would be ■! metre. 

.". area -would be 6*1 X "1 sq, metre = '61 sq. 
metre D. 

But thie is less than area of OQRS. It follows 
that PQ or QR is greater than '1 metre but less than 
■2, and our problem is not yet solved. We know 
only that the main part of KB is '1 metre, but that 
KB is a httle longer. Mark o£E part known on 
rectangle OQRS. 

o N P T Q 
^ 



or = 6-1 metres, TU = -1 metre. 

Therefore OTUW, the shaded area, is -Bl sq. metre. 

(iii) What is the length of TQ ? To find this study 
the portion left unshaded. We know that WX = 
XV = 8; thatVU = UT = -l; that TQ = WS = y, 
say, less than '1 metre ; that the area left is (1*0489 
— -ei) sq. metres or •4889 sq. metre E, 

Let children change this remainder also into a 
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reotangle and compare the nev rectangle with the 
remainder of the first rectangle. 



j^ T 'n In 'IV z 

Area of this rectangle = '4889 sq. metre. 
Length „ „ = EF + FG + GH + HI + lY. 

= (8 + a + -1 + -1 + y) metres. 
= 6*2 metres, approximately. 
We wish to find lY or YZ, which was TQ in pteviona 
figure, 
YZ is breadth ; breadth is about ' *g.p or about 

•07 F. 

If this were the length wanted, 

EY = (6-2 + -07) metres = 6-27 metres 
YZ = -07 metre, 
and the area would be (6'27 X '07) sq^ metres or 

■4889 sq. metre '. G. 

But this is correct ; and we have now found that 
YZ or TQ is -07 metre exactly. 

(iv) Therefore PQ or KB is -17 metre, and AB is 

8-17 metres H. 

(t) The eight numerical calculations, in the lines 

marked A, B ... H, are summarised below, 

A, 6, C, as before. 

D. Divide 1*0489 not by 6, but by 

8)10*0489(8 6-1; 1*0489-7-6-1 gives -1, 

9 - but there is a remainder. Thus 

search is unfinished. 

6-l)l-048fl(*l E. 1*0489 — -61 = -4389. 

* 6 1 F. Divide '4889 by twice 8-1, 

already found; the result ap- 

6-27)*4889(-07 pears to be *07. 

• 4 8 8 9 G. Divide ■4389 not by 6-2 but by 

6*27 ; -4889 -^ 6*27 gives '07 

without remainder. Seareh is 
therefore ended. 

H. Square root is 8*17. 



,.,.„Go 



5gle 



SQUARE ROOTS 



231 



(d) If the ftbove typea are taken until the children ctin 
explain the written working without actually "draw- 
ing diE^atOB, and an iUusttation is taken which does 
not work out even with third figure (so that there is 
a third remainder to be turned into a third rectangle 
whose length is aj^roiimately twice the lengtiis 
already found), the formal development of the riile 
need not be delayed. The only remaining difSculty 
may be with the crossing off of figures in pairs from 
the decimal point. By trisd we can construct this 
table for numbers and their squares. 



N (or VB) 


If* (or B) 


1 figure 

2 figures 
s „ 


1 or 2 figures 
S „ 4 „ 
5 „ 6 „ 


n „ 


2ft — 1 or 2« figures 


i dec. place 
2 dec. places 
s „ „ 
n „ „ ■ 


2 dec. places 
4 „ 
6 „ 
2n „ 



Now let N' be B and N must be VB. We see then 
that where B contains 1 or 2 figures, the square root 
of B contains 1 figure ; where B contains 8 or 4 figures, 
VB contains 2 figures, and so on. Hence figures 
must be counted ofE in pairs from the decimal point 
to the left. Also n-here B has 2 decimal places, VB 
has 1 decimal pltwe ; B 4 decimal places, VB 2 deci- 
mal places and so on. Hence figures must be counted 
off in pairs from the decimal point to the right. 

This completes the rule as commonly known. It 
ia wise to remember, however, that square roots are 
usually extracted by adults by the use of a elide rule 
or of logarithmio tables. 
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OBAPHICAL WOBE IN ELSUBNXABY SCHOOU 

Ths value of the graphical method of repreBeuting simnl- 
tsjieoua changes in two connected quantities has, within 
recent times, become so generally recogniaed tliat some 
acquaintance with this kind of work forms an essential 
part of even an Elementary currictilum in Mathematics. 
Before estimating its importance and indicating lines of 
approach, it may be helpful to take a glance at the nature 
of the subject under consideration. 



Ag* in Ye*r«. 

We all understand the bare framework of the graph. 
Two quantities which change simultaneously (for instance, 
date and temperature, diameter and circumference of a 
circle, i^ of man beginning to pay life insurance premiums 
and the amount of the annual premium) are represented 
by distances measured along two lines or " axes," at right 
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angles to eacli other, meeting at a point oommonly called 
the origin. 

Take the case of insuranee premiums, where a man may 
start payment, Bay, at any age between years and 50 years. 
His age would be measured along OX, starting from 0. 
Our soale must run from to 50. See diagram above. 
Suppose that the premium to secure a certain sum at death 
varies from £10 to £80. This premium would be measured 
along OY, starting from O, and the scale janst run from 
£10 to £80. Since to age years corresponds £10, is one 
point on the graph. If to age 10 corresponds £12, A is a 
second point; if to age 20 corresponds £15, B is a third 
point ; if to age 80, £20, C is a fourth point, and so on. 
Thus in any graph the essentials are — 

(i) It must represent two quantities which change 
simultaneously. 

(ii) These two quantities are represented by distances 

. along two rectangular axes ; therefore each axis 

must be labelled with the quantity it represents. 

(iii) Since the distance along an axis is proportional to 
the m^nitude of the quantity, a scale must be 
attached to each axis showing the value attached 
to the origin 0, and sufficient to indicate the 
v^ues of all points on the axis in question. 

(iv) In the graph, the values which the two quantities 
have at the same time are measured off along 
each axis and so fix a point : e, g. in above dia- 
gram where to age 30 years corresponds £20, 
we measure " 30 years " along the horizontal 
axis, and from there measure " £20 " in the direc- 
tion of the vertical axis; arriving at the point C. 
C thus represents the fact that £20 and 80 years 
occur together in the set of circumstances under 
consideration. 

But when we look at the whole matter more closely we 
find that graphs fall into three main classes, either corre- 
sponding to the ways in which the single points found as 
in (iv) above are grouped together, or corresponding to the 

D,g,i,7?<iT,Google 



234 THE ART OF TEACHING ARITHMETIC 

types of conneotion between the two quantities which change 
simultaneously. Let us take the latter point of view. 

{q) Some quantities are connected not because of any 
" kinship " between them, but aimply because some one de- 
sires to think of them together. They are acquaintances, 
as it were, not relations. For instance, in making a graph 
to show the changes in the temperature of a room from 
day to day, there is no reason why the temperature 
shoiild rise or fall from Wednesday to Thursday just be- 
cause it is Wednesday or Thursday. To know the tem- 
perature on Thursday and Saturday is no help towards 
knowing it on Friday. But if we show the connection 
between months of the year and the averalge temperature 
for each month measured over, say, twenty years, a certain 
kinship between the quantities would reveal itself in the 
graph. We should find that the temperature was lowest 
at one time of the year and highest at another, and that we 
could tell approximately the average temperature on July 
15th during the last twenty years if we knew the average 
temperature on July Ist and on August Ist. We shall give 
more examples of this kind later. Other examples of 
quantities such that the change in one in no way depends 
on the change in the other are — class attendance or marks 
and days of the week ; imports or population and date of 
the year; distance walked and month in which walked. 
In all sach cases the points found should simply be joined 
by straight lines, since any attempt to seek information 
for Intermediate quantities must be futile. We know not 
whether, if one increases, the other will increase or decrease. 
Thus the usefulness of such graphs or charts is limited to 
the fact that they present a series of co-ordinated facts to 
the eye vividly and in such a form that they can be easily 
grasped. Most of the graphs printed ia newspapers or 
used by children in a classroom are of this type. IV)m an 
attendance or bad-mark or temperature chart, it is easy to 
report at a glance on the week's attendance or conduct or 
on the' comfort of the, room, to compare one week with 
another or one day with another. Such charts can be of 
real value both to teacher and class. The other day we 
saw in a newspaper » chart showing the rate of ezohan^ 
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in a neutral country for British, French, Italian, Ruaaian 
and German money, from month to month since the be- 
giniung of the vaa. It was impossible to deduce from this 
what would happen in the future, or to read from it the rate 
of exchange on any given date, but at one glance the eye 
could for any time durii^ the duration of the war appreciate 
its success or failure, from the point of view of any country 
concerned, and could note the balance between the various 
countries. No mere list of figures could (in any length of 
time) have been so assimilated as to give au equal amount 
of general information. The use of charts of this type to 
record economic, social and national results of importance 
is constantly on the increase; our pupils should be able 
to understand results recorded in this way. 

(b) We shall now indicate examples of another type of 
connection, which afford the greatest contrast to the above 
instances. This is the case where one quantity depends 
definitely on the other, where the relation between them is 
so close that if one is known the other can always be calcu- 
lated. Our children's acquaintance with such relationships 
must probably be limited in the Elementary School to direct 
and inverse proportion, although the relationships between 
numbers and their squares or square roots could also be 
easily developed. Mathematicians know, of course, of an 
endless variety of such relations and express them algebrai- 
cally by equations connecting the distances along the two 
axes. For instance, if x measures the distance along OX, 
y the distance along OY, y always = kx for direct pro- 
portion where k is some constant depending on the par- 
it 
ticular pair of quantities : j = - for inverse proportion : 

y = x' OT ijx for square or square root. If we recollect 
the types y = aa; -|- fe, y = oa:* + 6a; + c, x» + y* = o*, 

^ "1- ^ = 1 , we remember that in each type, when a certain 

number of points have been " plotted," they are found to 
lie, not in the haphazard way notioed in the previous cases, 
but always on definite curves or lines. In fact, the form 
of the curve is in each case the geometrical or graphical 
expression of the nature of the relaUonship existing between 
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the two sets of changing quantities. In other words, the 
graph tells us such faots about the quantities as were indi- 
cated in (a), but also tells us about the law of their relafion- 
ship ; to use our previous metaphor, the acquainttuices of 
the first case, having become relatives in this case, the 
graph will tell us whether the relationship is a filial one, 
a fnitemal one, or an avuncular one ! 

Let ue study more closely the two common types of direct 
and inverse proportion. Take this example for direct 
proportion. 

" 1 metre = 89-4 in., to nearest tenth of an inch. 

Make a graph to show the relation between inches and 

cantimetres." 
Let UB first make a table of the quantities as they change, 
calculating by proportion — 



crm. 


100 


10 


20 1 30 1 50 1 60 1 80 


inches 


39-4 1 


'■' 


7-9 1 11-8 10-7 23-6 [Sl-S 



Now plot these points on the graph— 
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It will be seen tliat the points lie on a straight line. Children 
can try to explain why this is bo, but a complete proof ia 
beyond most children in Elementary Schools. After taking 
several examples of the direct jaoportion relationship, 
calculating the table and then plotting their results, they 
will be willing to believe the teacher's assertion that mathe- 
maticians can prove that the points always lie on a straight 
line. If this is so, in any case only two pairs of values need 
be found, since two points fix a straight liae. Thus it is 
easy to draw the graph for any pair of quantities in direct 
proportion, such as kilograms and pounds, diameter and 
circumference of a circle, weight of a certain kind of 
tea and its cost. Moreover, intermediate results can be 
read o£E as accurately as the measurement will permit, 
since each point would lie on the line. For instance, in 
above graph, to find how many centimetres equal 20 in. we 
read the horizontal distfmce of the point on the line 20 in. 
up, that is the horizontal distance of P, which is 51 centi- 
metres. The use of a straight line graph as a " ready 
reckoner " makes a strong appeal to children, and can 
be applied, amongst other things, to calculation of simple 
interest for a given length of time on various sums of 
money. 

For inverse proportion we may take the case in Chapter 
XII, p. 177, of 4 porters emptying a lu^age van in 4 
minutes, and study the relation between tiie number of 
porters employed and the time taken. Let us c^culate 
as before for this table — 



Porters . . 


4 


S 


12 


u 


32 


= 


2 


■l» 


Minutes . . 


4 


2 


H 


■ 


' 


1"' 


8 


16 1 32 



Here the form of the curve is harder to see. But when 
several examples of inverse proportion have been similarly 
treated, children see that the points found lie always in the 
same way with regard to the two axes. The form can 
then be discussed. It is, of course, possible to take inter- 
mediate readings in such a case, but the curve is so much 
more difScult to draw than a atraight line that it cannot 
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be used bo uiuTereaUy aa a "teady reckoner." Its main 
value with our children is to give emphaeis to the distinc- 
tion between direct and inverse proportioD. 



We can study, <m above plan, the relationship between 
a number and its square or a number and its square root. 
In each caae intermediate results can be obtained from 
the curve within limits fixed by the accuracy of our 
measurements. 

(c) Between mere charts and graphs representing definite 
mathematical relationships lies another type of graph, 
where one of the quantities depends on the other, but in 
such a way that it is impossible to say exactly what is the 
law of their relationship. Very often this is because a 
third element enters in. For instance, the amount of an 
insurance premium depends not only on the number of 
annual payments made, but also on the results revealed 
by death statistics as to how many men per thousand of a 
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certain age die at that age, Thus the relationship between 
premium and age is not a simple mathematical relation- 
ship, but that compUcated by a question of vital statistics. 
Evidently if a man Bells a series of saucepans of the same 
material but of differing diameters, the price will depend 
on the diameters. But it mil depend also on the difficulty 
of making smaller things. In aJl such oases calculation is 
of no value, but when we are given a series of co-ordinated 
facts (see p. 233 for Age and Insurance Premium) and fix 
the points representing them, it is near the truth, but not 
the whole truth, to draw a curve through those points to 
represent the unknown relationship. We can use such 
curves to summailse information, but not to give additional 
information as in cases where the curve denoted a mathe- 
matical relationship. Any intermediate result, however, 
read from such a curve, will probably be approximately true, 
if we assume that the unknown law of the rBlationship 
continues to hold good. Illustrations of this can be best 
taken from work in Science or Geography : e. g. the time 
of the day and the length of a shadow ; the sun's altitude 
and the time of the day; the amount of salt in a 
solution and its boiling-point. Often the similarity of 
curves drawn in this way to a curve representing some 
known mathematical law has led to scientific discoveries 
of importance. 

The ground to be covered by children in Elementary 
Sohools has incidentally been indicated. Charts of the first 
type, dealing with topics interesting to children, probably 
form the best introduction. Children can keep graphs of 
their own work in various subjects. Any good Arithmetic 
book gives examples suitable for practice. At first children 
should draw vertical lines instead of marking merely the 
points at the top of each line, and at first, too, it is g»>od to 
choose quantities easily represented by lines : e. g. height 
or distance. But if a newspaper graph, or some interesting 
chart made by the teacher, is hung up on the wall a few 
days before the formal study of this work is undertaken, 
pupils often gather a surprising amount of information for 
themselves I 
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CHAPTER XIX 

AIXjEBBA IN BLBMBNTABV SCnOOLS 

The value of Algebra to human life being much leas 
obvious than the value of Geometry, teachers have found 
some difficulty in deciding on the correct position of 
Algebra in the curricula of various tjrpes of schools. We 
shall here confine ourselves to a definite question : " To 
what extent and on what lines should Algebra be taught to 
children whose school education ends at fourteen years of 
age ? " To help us to answer this question, we shall first 
try to form some estimate of the value of Algebra to himian 
life and then glance for a moment at the history of lt« 
development in the race. 

The value of Algebra to mathematicians is that on a 
sound knowledge of Algebra, progress in every branch of 
modem Mathematics depends; it is as essential for the 
future student of Mathematics to leam Algebra as it is for 
the ordinary person to leam to read. But almost every 
pupil of an Elementary School, who will later study Mathe- 
matics on these lines, is transferred to a Secondary School 
at eleven or twelve years of age. Hence this aspect of the 
value of Algebra may here be neglected by us. 

Algebra has frequently been included in a curriculum 
because it was supposed to develop the minds of those 
studying it. For some consideration of the question of the 
place of mental training in a course of Elementary Mathe- 
matics, we refer the reader to Part I, C3iapter IV. Here we 
simply ask two questions. To what extent did we our- 
selves derive mental training from learning the beginnings 
of Algebra on the usual mechanical lines ^ We do not 
deny that the mastery of a new mechanism gave many of 
us real pleasure. Are the reasoning powers of children 
undev fourteen sufficiently developed to enable them to 
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understand a sound treatment of Algebra as far as the 
development of rules of signs for positive and negative 
quantities ? Granted that our pupils can mechanically 
apply these rules when known, are they fit to understand 
them or merely willing to accept them * 

Algebra has a value to " practical " men in the great 
majority of ocoupatioos because it embodies useful general- 
isations from experience made by their predecessors, in con- 
densed forms easily carried and readily appHed. We refer 
here, of course, to the use of formuI». Take a very simple 
case. A timber merchant haa discovered that the quickest 
way of approximately calculating the surface of the sides of 
a rectangular box is to add its length to its breadth, double 
the result and multiply this by the height. After working 
out the surface area time after time in specific instances, 
timber merchants " generalised " from this experience 
and handed on their advice to their successors. But advice 
handed on in words, as indicated above, is slow to read and 
not too easy to apply. When, however, it has been ex- 
pressed succinctly in the form A = 2h{l + b), no man could 
desire a piece of advice more easily read and more simply 
applied by any one who has learnt to " read " simple 
Algebraic symbolism. Thus to " practical " men who 
wish to hand on to others their generalisations from ex- 
perience or who wish to profit by others' advice, ability 
to make generalisations and express them in formulae, 
and ability to read and apply a formula are essentials. 
Therefore, simple work on the above lines should, if possible, 
be included in the Elementary School curriculum. The 
only doubtful point is how far we shall carry the develop- 
ment of the symbolism, a point to which we shall return 
later. The concluding portion of the last paragraph has a 
bearing on this. Before passing on, we note that women 
even in their homes should find scope for their ability to 
make and apply useful f otmuhe. Confining ourselves to the 
ordinary Algebraic symbolism, we have the formula (similar 
to the wood-area one above) for calculating the number of 
rolls of paper (12 yds. by 21 in.) to purchase for a room : 
2A(6 + 1) . 
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Or to calculate the [oice of, say, 7^ lb. of meat at ISJd. 
per lb., C = ld + + d) + J, where I = whole number 
of lb., d =2 whole number of pence, C = cost m pence. 
In addition to this, will not girls who have been trained in 
school to make and apply formulce, using ordinary Algebraic 
symbohsm, be better able to " take off " knitting and 
ciochet patteme from books, since these pattemaare simply 
formulfe using a peculiar knittii^ or crochet symboUsm < 
Might not women develop formulsB for needlework, knitting, 
crochet and cooking which would give a complet« general- 
isation of the way to make articles of a certain shape or 
design and foods of a certain taet« and consistency ? The 
limitation of the work done so far is that a new formula 
is required for every new size ol the same article or food. 
This, however, is merely a su^estion to emphasise the 
point that Algebra has a value for " practical " women as 
well as for "practical" men, and that probably the last 
word has not yet been said in many directions which afiect 
women's work. 

The one value of Algebra which appeals to many who 
have studied its mysteries is that it enables us to answer 
puzzle problems which we cannot answer by Arithmetic, 
or to answer them with less labour than an Arithmetical 
solution demands. The reasoning necessary to answer 
many a proUem, when expressed fully in words according 
to the laws of language (that is, in " rhetorical " form), is 
extremely hard to follow ; the reader can test this by writing 
out in ordinary EngUsh style, without any contractions, 
the reasoning adopted in the solution of what is called a 
" problem involving a simple equation ! " It shortens 
work and simplifies reasoning, to use contractions for the 
words, and perhaps a few odd symbols for operations (such 
as X and +). since the eye rather than the mind is over- 
strained. Such a form is called a "syncopated" form. 
But when one goes further and represents the unknown 
quantity by a symbolic letter, all the operations and 
quantities by symbols, abandoning altogether the attempt 
to write English, the reasoning such a problem demands 
becomes so obvious that quickly one learns to go through 
it mechanically or, in other words, to " solve the equation." 
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Thus the same le&soning may be ezpieeaed in three forms — 
rhetorical, syncopated fuid symbohc; the advantage in 
speed, and in economy of hand and brain effort, Ilea entirely 
with the last. Ability to solve an equation, however, is 
not only valuable in tackling puzzles and problems; it 
also enables one to use a formula made for one purpose 
for a different purpose. For instanoe : A woman has 
6 rolls of standard English paper ; her room is 15 ft. long 
and 12 ft. wide, and she intends to paper to a certain height 
and distemper the rest. How high must she paper ! 

P _ 2A(fe + 1) 

^ — 9irr 

Substitute 8 

9X7 8X7 

.-. A = 7. 

Thus a formula made to calculate amount of paper has 
been used to calculate a height. In advanced Mathematics 
men often struggle to solve an equation in order that, 
from one formula known to be true, another can be deduced 
■which will be true and will prove itself true when tried. 
An engineering professor was approached by his workmen 
because some engine was out of order. He performed some 
mathematical calculations with a formula known to be 
true, and, expressing the result of his calculation in words, 
he gave advice to the workmen. They carried t>ut his 
advice, found the engine working correctly, and admiringly 
said, " The Professor can see through three inches of sohd 
steel." He could not do that, but he could solve what 
was probably a troublesome equation ! Hence ability to 
solve equations meiuiB power to the " practical " man and 
woman, and should be developed, if possible, in the 
Elementary School. The doubtful point again is simply : 
" To what extent will young pupils' imperfect reasoning 
powers allow this ability to lie developed I " Fortimately 
the simple equation is a very useful type. 
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The development of Algebra in the race was a slow one, 
probably retarded iinduly by the fact that, in Ckeek, letters 
of the alphabet lefeired to definite numbers; henoe symbols 
for number in general were not ready to hand. The 
beginnings of symbolism for operations are found in the 
[wpyrus of Ahmes, about 2000 B.C. He used a pair of legs 
walking forward for addition, walking backwards for sub- 
traction ! Our + and — are supposed to have been used 
by Italian merchants in the iAGddle Ages as marks on sacks 
which were over weight or under weight ; mathematicians 
adopted them from the merchants. But further develop- 
ments of symbolism were slow in coming. The beginnings 
of Algebra were attempts to solve problems, and at times 
problems leading to indeterminate. equations. Diophantus, 
a Greek of Alexandria, in the fourth century I.D., was 
particularly interested in such problems, but his solutions 
were put forward in the syncopated form ; symbolism was 
still in ita infancy. The Hindus and Arabs within the first 
twelve centuries of the present era made great advanoes, 
but in a purely rhetorical form. One Arab, called Alkarismi 
(c. A.D. 800) named his work " Algebr," which means 
" restoration." It refers to the fact that, in solving an 
equation, the same magnitude must be added to or sub- 
tracted &om both udes ; from this source comes our word 
Algebra. But although these Hindus and Arabs did much 
work in Algebra, and arrived at many of onr laws of com- 
bination and methods of solving equations, their work was 
sadly handicapped for want of a good symbolism. The 
mental effort required for rhetorical and syncopated 
Algebra was tremendous I It was not until the close of 
the sixteenth century thai an Italian called Vieta intro- 
duced letters as symbols for numbers in general. Within 
the next hundred years much progress was made ; Xapier 
invented logarithms, while Descartes introduced the index 
notation and was the first to give an interpretation of 
negative quantities. Thus the great advance which in 
Geometry was made between 600 and 200 s.c, in Algebra 
was delayed until 1500-1660. Then Algebra came into its 
own as the foundation of all advanced work in Mathe- 
matics i ^hile with the beginnings of scientific discovery in 
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the seventeenth and eighteenth centtuiea Algebraic sym- 
bolism and the Algebraic formula as a method of recording 
important reenlts began to have a value for "practical " men. 
Regarding, then, the stage of mental development of the 
pupil who leaves school at fourteen, the value of Algebra 
in human life and its slow development in the race, we 
suggest the following treatment of Algebra as suitable for 
an Elementary School curriculum. 

1. No treatment of positive and negative quantities 
should, under ordinary conditions, be attempted iu an 
Elementary School. + and — should be regarded as signs 
for the operationB of addition and subtraction. Hence 
such statementa as — (8 — 4)^ — 8 + 4, or — 4x — S 
= + 12, or — 8x = 12, and ,',x ^ — 4, have no place 
in our syllabuses. 

2. Our pupilfi should learn to generalise from their 
Arithmetical results, to express their generalisations in 
Algebraic symbolism and to use the formulte so made to 
Bave labour. They should also learn to read and use 
formulfe made by other people who know more than they 
know. But> the symbolism introduced should exclude 
signs for positive and negative quantities as such, and thus 
must limit itself to positive integral indices ; even these 
should not be introduced too quickly. This work leads 
to much of the ordinary manipulation of Algebraic symbols 
now done in many schools. 

3. Our pupUs should learn how to solve problems, 
including proportion problems, by solving a simple equation, 
provided that its solution is not a negative quantity. 
They should apply this ability to answering "inverse" 
questions on formulce used in Arithmetic and science, bo 
extending their power over a formula. 

(1) requires no further comment, but a few illustrations 
of the way in which (2) and (3) can be developed may prove 
useful to those who are unaccustomed to the exclusion of 
negative quantities. 

Hxamjies of QenertUisation and Uae of a Formula. 
The variety of possibilities is very great; these are 
meiel; typical examples. 
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1. little obildren in studying a equore can be aaked to 
find the distance round it ; they leam to measure one side 
and multiply its length by 4. After measuring a few 
squares they can try to express in words what they have 
done — i, e. try to form a generalisation to help people 
who do not know what they know. They can shorten their 
geneialisation to • 

Distance round = side X 4 
and shorten it still further to 

D :» < X 4 and so to D = 49 
teaming that *a is not 4 tens and s units (as in 42), but means 
4 times a in this new language ! 

Obviously, by similar steps, children can write down the 
total distance round two or four or seven squares of equal 
sides or of unequal sides ; subtraction can be introduced, 
provided the answer is not negative. As soon as they know 
that the area of a square is got by multiplying a side by a 
side, they can make the formula A = ss, and if it seems good 
(which is doubtful at such an early stage) write this as 
A = a*. This explains why the index 2 is always called 
square instead of two. 

2. Children who have found out the sum of the angles 
of a trian^e can be asked to find the base angles of an 
isosceles triangle whose vertical angle is, say, 40°. This 
leaves 180° — 40° for the two base angles uid so 70° for 
each. After a few definite questions, they can be asked to 
atat« their method In words, that is, to make a generalisa- 
tion. " Subtract the vertical angle, from 180° and halve 
your answer " can be shortened to 

base angle = half of (180 — vertical angle) 
(the bracket is here useful) ; and so to 

6 = J(180-.)or»L=J? 

They can answer questions on finding the base angle from 
the formula. 

3. All the tesulta for finding areas and rolumes of 
various mathematical figures and solids should be embodied 
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in formnlse. This work gives valuable practice in making 
■ and wdng a formula. 

4. After working several questions on finding Simple 
Interest, children can explain how they worked them and 
so pass to the well-known formula — 

,_PRT 
100 

5. To develop the Algebraic law for distributing a 
product, children can begin with this example — 

There are 40 children in Standard IV. and 35 In Stan<^ard 
V. Each child has 8 Notebooks and 5 printed books. 
Write down the total number of books in the classes. 
Thia ia 75 X 8 or (40 + 35) (3 + 5) or 600. 
Ask them now to write down all the Standard IV. boots 
and aU the Standard Y. books separately and lead thus to 
(40 + 35) (3 + 5) = 40 (3 + 5) + 85 (8 + 5) ; then to 
write down notebooks in each class as separate from printed 
books, and lead thus to (40 + 35) (3 + 5) = 40 X 8 + 40 
X 5 + 85 X 8 + 85 X 5. 

The meaning of each term in the product should be made 
clear. 
After several examples this leads to— 

a chUdren in St. IV. b children in St. V. 

c notebooks d printed books 

Total number of books = (o + 6) (c + d) 

= ac -\- ad + Ic Jr bd. 
This can be well illustrated by areas of rectangles. 
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From this follow the formulse for (a + W, (« — b)^, 
a* — b^, all of which can be applied to shori^oing oalcnlA- 
tions and illustrated by diagrams. 
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The above work can obviously be extended to introdnoe 
most of the ground usually covered in Elementary Schools. 
But children will use " symbolical expression " early as a 
short way of explaining to others how to do sums they 
themselves know how to do, while " substitution " will be 
practised on formulee made by the children to shorten 
their future labour, or made by others to give the children 
new information. Children might sometimes be able to 
bring such formulae to school from their fathers; the 
advantages of this are evident. 



Solution of Simple Equations and their Application to 
Problems and Formula. 

\. The rules are best developed from easy problems 
worked mentally. 

e. g. (1) I think of a number. I have added 9 to it. The 
result is 66. What is the number ? 

After a few of this type, the reasoning can 
be set down aymbolically— 

M + 9 = 65 

.-. n =66 — 8 

n =56 

I think of a number. I have added to it 9 
then 4, then 11. The result is 66. What is the 
number ? 
This leads to 

n-(-9 + 4 + ll = 65 



» =21 

or n =65 — 9 — 4 — 11 

« =21 

(ii) I think of a number ; I subtract 7 ham it. Tho 
result is 15, What is the number ? 
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I think of a number; I subtract 7 from it 
and add 12. The result is 17. What is the 



n — 7 = 15 n — 7 + 12 = 17 

.*. n =15 + 7 n + 5 =17 

» =22 n =17 — 6 

n =12 

(iii) 4 times a certain number is 36. What is the 
number! 

This is very easy — 

4n = 3S 
n = 9 

(iv) 4 times a certain number with 9 added on is 57. 
What is the number ! 



(t) I think of a number and divide it by 5. My answer 
is 4. What is the number ? 



From these and similar examples it is easy after a time 
to deduce the usual rules — 

(i) If a quantity disappears from one side it appears on 

the other with its sign changed, 
(ii) Both sides of an equation can be multiplied or 
divided by the same number without spoiling 
the baliuice of the equation. 

These results have been obtained without any considera- 
tion of negative quantities and they should not be extended 
to negative quantities without full discussion. 



ogle 



250 THE ART OF TEACHING AEITHMEriC 

2. The application of simjde equations to problems needs 
no oomment. Obviously this is the stage at which the ratio 
method of answering proportion problems can be Introduced. 
See Part II., Chapter XII. 

3. As examples of the application of simple equations 
to formulae, let us use the formulae mentioned earlier in the 



e, g. (i) An isosceles triangle has its base angles each 40°, 
Find its vertical angle from the formula 



V = 100. 

(ii) The S. I. on £233 6a. Zd. for 3 years is £65. Find 

the rate % per annum from the formula I = 

100. 
_ 233i X R X 3 
100 

.-. 6500 = 15? X 8 X R 
ft 

„ _ esod _ _, 
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PART III 



THE FROBLBM OF HOTITB 



Beehid every action performed by man, woman, or 
child, lies some motive prompting the performiuiGe of that 
action. Although the work to be done may be fixed in 
type, yet the varying nature of the prompting force affects 
the quahty of the results, gives colour, as it were, to the 
action, ^ua any person concerned in the production of 
work by other persons must meet this {nx>blem of motive. 
We shtdl first glance, for the sake of illustration, at the 
national duties now being performed by many citizens, 
and then pass to a consideration of the motives which 
prompt our pupils to learn Arithmetic. 

Three years ago, the great majority of the people of 
this country was unaware of any call to perform service 
of national importance ; now every one knows that to the 
extent of his abihty, duty summons him to help his country. 
Moreover, the State has the power of forcing reluctant 
individuals to perform such work. So arises a great 
cleavage in the hation. Some serve voluntarily in what- 
ever way may be possible ; others serve only under com- 
pulsion. We all recognise that a job done by one man 
under compulsion and by another man voluntarily, may 
be extemaUy the same luid yet in spirit radically different ; 
we all recognise, too, the superiority of voluntary work. 
As each new call comes for soldiers and sailors, for munition 
workers, for money, for economy in food, the attempt is 
made to secure as large a supply as possible of willing 
service; only after this supply is exhausted does the 
State resort to compulsion. We see the waste of effort 
involved ia any Bystem of compulsion, and we desire the 
251 
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colour and fiie and ioBpiratioit which accompany good 
voluntary wort, but which cannot accompany labour until 
it has ceased to be forced and has become willing aerrice. 
These are truisms in matters of national importance. 

With these ideas ia our minds let ub approach the ques- 
tion of how we are to stir up our children to do Arithmetic. 
Probably many teachers, if they voiced their private 
opinions on this proMem, would summarise them after 
this fashion : three-quarters of our pupils do Arithmetic 
only because they must, one quarter of them do Arithmetic 
because they naturally like working with numbers and 
are good at it. Such a view, though becoming less and 
leas prevalent, is still held by not a few. If a personal 
reminiscence may be pardoned, the author well remem- 
bers her first experience of Arithmetic in an Elementary 
School. She was sent as a student to teach Arithmetic 
to Standard VII., a class of sixty taught in a large room 
and separated from another large class by a blackboard 
screen. To reach this room she had to pass every day 
through a room occupied by quite little children busy at 
Arithmetic ; she never passed through that room without 
seeing children in tears. She was puzzled during her first 
lesson by the sounds which came from the other end of 
the room. It seemed as if notebooks were continually 
being thrown on the desk. Next day she discovered that 
the rule with the other class was t^t each sum wrong 
earned one stroke from the " tawse," the Scotch substitute 
for a cane ! Of course, such a state of matters is now much 
less frequent, but do not most of us know of some school 
where circumstances comparable with these exist, where 
the attitude is that most children will do Arithmetic only 
when forced to do it, and that a cane is the simplest instru- 
ment for the application of force ! No regulations with 
regard to corporal punishment imposed on schools by out- 
side authorities will ever reach the root of the evil. To 
forbid such teachers to punish add at the same time to 
insist on good results from large classes in crowded rooms, 
seems like putting an undue strain on a teacher's honesty 
and his loyalty to the authorities. In the great majority of 
euch oases the teacher himself would rather produce good 



„Go 



5gle 



THE PROBLEM OF MOTIVE 263 

results by happier means, but he knows not how to succeed 
And when occadonaJly a teacher believing In other methods 
than compulsion, struggles hard in such schools to achieve 
results from children used to the compulsory regime, kk 
his eflEorts not often to some extent frustrated by a head 
who comes in occasionally to cane evBry child whose sums 
are wioag ^ When a teacher is suspected in such schools of 
not exercising sufficient oompulsioa, the head steps in to 
" put things right." This old regime is dying, but it is 
not yet dead. Behind it is the wrong idea, the idea that 
most children will do Arithmetic only because they must ; 
that none' save bright children, good at figuring, can enjoy 
Arithmetic. 

Let us now pass to a more congenial topic. Many 
t«achei8 and many schools run the teaching of Arithmetic 
on totally different lines and yet secure good results. How 
is this achieved t The secret appears to be that we often 
fail to realise the reinforcements we teachers can receive 
from our children. In every human child ,are certain 
natural desires which prompt their energetic actions out- 
side school. Is it impossible to yoke these desires to 
the service of Arithmetic ? We shall look at a few of 
them in detail and note how we can utilise them for our 
educational purposes. 

Krst, nearly every child loves a puzzle, enjoys dis- 
covering how to accomplish a piece of work never per- 
formed before. If only we could make Arithmetic lessons 
more Uke puzzle-aolving games, part of our diflBculty 
would be overcome. But there are hindrances in the way. 
Puzzles become sums, the game becomes a task, when 
failure invariably means punishment or censure, or when 
the aim is mere preparation for an examination. Another 
difficulty is that much of the new work children cannot 
find out for themselves : work demonstrated cannot arouse 
the puzzle instinct. Then, too, in working lessons on 
familiar topics, only the brighter pupils are able to tackle 
problems for themselves. The other children must be told 
what to do, and to be told how to solve a puzzle spoils the 
game. The answer to the first point is that with children 
accustomed to the regime of fear, it will take time to pro- 
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duce a happier atmosphere, but that when this atmosphere 
has been produoed, the puzzle-loTing instinct will be a 
magnificent aid to ns in teaching Arithmetio. It is not of 
much use with the majoritj of a class until fresh air tuid 
sunshine have replaced the fogs of fear and the mists of 
suspicion. The answer to the second difficulty is that 
children truly can find out how to do new work in Arith- 
metio if the work be subdivided into easy stages, as has 
been continually suggested in Fort II. ; that even those 
weaker children who do not discover the new for them- 
selves, when they have once tried to discover it, are more 
interested in the teacher's demonstration, or, preferably, 
in their friends' solutions. In other words, when we 
" waste time " in letting children attempt new work by 
themselves, we are replacing forced labour by voluntary 
eSort, and the time wasted for a moment will be recovered 
when our pupils are once into the steady pace of the work. 
The answer to the third point can be fully taken only in 
the succeeding chapter : the problem is really the problem 
of providing harder puzzles for quick children, easier 
ones for children of mediocre abihty, ajid yery simple 
ones for the weaklings of our classes. No one can be 
expected to go on loving puzzles if they never come out 
ia his hand. If children, too, acquire this attitude to 
Arithmetic, they may be more safely entrusted with 
answers than we often suspect, even trusted to use an 
answer to help them to do a difBcult sum. " Copying " 
would be practically non-existent; but we shall return to. 
this matter a httle later. In conclusion, we may note 
that the most frequent reason for a bright pupil's love of 
Arithmetic is the satisfaction of his natural desire to solve 
a puzzle or make some fresh discovery." 

Another natural desire in the child which is really 
helpful to us in Arithmetic is his love of playing at being 
a " grown-up." For children all that pertains to adult 
life has a certain romantic attraction ; doUe are mothered, 
schools are taught, soldiers boo drilled, the sick^iTe given 
medicine, operations are performed, marriages and funerals 
are held with equal enjoyment. The child is vastly 
interested in life, although he is frequently unintecested in 
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Bchool. We have only to remember the games we loved the 
beet when we were children, our passionate desire to be 
considered really grown-up, our wonderings as to our future 
careers, to realise that anything that can be shown to have 
to do with adult life has a charm of its own for every child. 
But in the earlier parts of this book we have seen how im- 
portant a part Arithmetic plays in the doings of adults, 
how Arithmetic can be so taught that it is kept in touch 
with hnman life. If, in beginning each new topic, we 
take paina to give our pupils an inkling of its value for 
life, and if, in the few cases where this is impossible, we 
ask them to accept our word that the new work is valuable, 
and later take time to indicate its value, we shall find 
that a sense of the " worth -whileness " of Arithmetic will 
be developed even in our weaker pupils and will stimulate 
all to greater eSort. Here is a motive for willing toil most 
potent in its working, most safe in its effects on children. 
It cannot too often be repeated that Arithmetic is not for 
examinations or inspections, but for life. 

If our pupils had been taught all their Arithmetic by 
methods which satisfy the natural human desires we have 
just indicated, probably little else in the way of motive 
would be necessary; Occasionally, from time to time, 
with awkward individuals or with ordinary individuals 
under awkward circumstances, voluntary effort would for 
a brief time be replaced by forced labour. The wiser the 
teacher, the wider the range of his understanding and 
sympathy and the surer his touch on human weakness 
and misery, the less frequently will he require to resort 
to compulsion. He will regard it always as something 
to be regretted, though he will admit that from time 
to time it was the best possible under the cireumstances. 
If he can develop some method of allowing the claas as a 
whole to decide when compulsion is necessary and how 
force is to be apphed, he will secure the greatest possible 
effect from its use. After all, even sensible adults resent 
compulsion by superior beings much more than compulsion 
by their peers ! 

But, unfortunately, we often begin work in the middle 
of a muddle ! At its best it may be that we have a new 
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class previously taugbt by some one not very good at 
yoking children's natural desires to the service of Arith- 
metic; at its worst it may be a class in a fresh school 
vhere the Arithmetic teaching is bad, where compulsion 
is the order of the day, where the children regard their 
teachers as indifferent beings or aa enemies, but never aa 
friends. To refuse to apply general compulsion means 
bad results, aa the children mistake kindness and absence 
of harshness for softness and weakness. It takes time for 
firmness, justice, and good teaching on interesting lines to 
convince children that the teacher wants to be friendly 
and to help, but yet means to have work ; prefers volun- 
tary effort, but yet, if need be, will use compulsion; 
punishes because of children's faults and not through 
harshness or caprice. Are there any other natural desires 
in our children which we may use under such circum- 
stances to secure voluntary effort and reduce foroed labour 
to a minimum 1 

Many of our pupils have a strong desire to excel; of 
this much use is made in schools. But to stir up effort 
in pure competition, ia the desire to be the best in the 
class, has very serious drawbacks. It affects only that 
part of the class whose progress is the least part of our 
problem, while we have no guarantee that the selfish 
motive behind the effort put forth will not have a peinicions 
effect on our pupils' moral growth. 

What is probably most useful under such circumstances 
is a modified use of this desire to excel. To do bett«r for 
the pleasure of surpassing our own previous best, to do 
better for the sake of some body of people to which wo 
belong, even to do better for the sake of pleasing some 
individual or of obtaining some desirable reward — these 
are all safer and more moral motives than to do better 
simply to defeat other people. Perhaps the most useful 
step in advance which a teacher can make with such a 
difiScult class, is to invent some method of marking in 
which effort counts for more than success, laziness for 
more than failure. We suggest two methods which have 
proved useful. One is to have a large sheet on the class- 
room wall with all the children's names on it, and with 
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places opposite for entering good tuid bad marks. With 
little cMdren stars of gummed paper in two colours can 
be used, the affixing of good or bad stars being made a 
ceremonial occasion; with older children crosses in two 
coldura of crayon wUl suffice. The idea is that when the 
teacher comes across work better than the individual's usual, 
work with eSort in it, a good mark be made ; when he 
comes across work that is slack or lazy, a bad mark, unless 
there is some adequate excuse. The children can see theii 
progress and other pupils' progress, while the progress of 
the class as a whole in effort from week to week can be 
shown on a chart by counting good and bad marks and 
recording the diiEerence. In addition, the teacher has a 
most useful aid in tackling the thoroughly lazy individual. 
If punistuuent be promised, say, after five bad marks in 
one week, no child can feel that punishment is not merited 
by his laziness. Of course, the system necessitates a 
sensible teacher in whom the class have confidence, ajxd it 
should never be required for long. But in the first months 
with a new class in a difficult situation, it may be helpful. 

The other plan is to give marks for work on the usual 
lines adopted in the school, but to add a + for every 
piece of work showing care and efiort, a — for every piece 
of work showing carelessness and slackness. The teacher 
can keep a record, and so can each child ; the promise of 
some little reward for those who make a certain amount 
of advance in a month or a term may help to secure an 
increasing amount of voluntary effort. The real problem 
is, of course, to get over the initial period while ^le class 
becomes acquainted with a new kind of teacher. 

One of the motives indicated above, the motive of 
doing better for the sake of some group to which we belong, 
can be made general use of in almost any circumstances. 
The class can be divided into two or more teams under 
captains, which "play" each other in Arithmetic for 
some convenient period. Public spirit can be developed 
by such means, and the time spent in choosing teams and 
in comparing their results is saved by securing keener 
effort. Often, too, pressure can be brought to bear on 
" slackers " more effectually by captains than by teachers ! 
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One Iroablesome characterutio of many classes is olosely 
connected with the problem we have been conddering : 
we refer to the preralenoe of what ie known as " copying," 
to the difficulty of securing independent work from the 
majority of our pupils. To meet this difficulty most 
teachers say that it is absolutely necessary to provide 
different work for children sitting side by side. However 
desirable it may be to do this when there are special 
reasons for testing children's powers, to make a constant 
practice of it obviously uses in a wrong direction the 
teacher's energy and preparation. The class cannot so 
easily be worked in subdivisions according to ability, if 
for each subdivision double work must be set. In the 
next chapter we shall discuss in greater detail this aspect 
of the copying problem. At ittesent let us try to see the 
matter as children see it and as the problem of motive 
affects it. A better way of escape ^ould be possible, 
since in some schools and some classes the difficulty as a 
class-problem simply does not exist, although from time 
to time it emerges in individual cases. 

We believe t^t the child's attitude to this matter may 
be simply put in this way : " We are encouraged to help 
our neighbours in other matters, and we hke helping our 
neighbours and being helped by them in other matters : 
can it be wrong to help each other over Arithmetic ? Of 
course, teacher says we are not to ; but he is croBB if our 
sums are wrong even when we try our best. At agy 
rate, we need not trouble as long as he doesn't know that 
we are helping each other." Needless to say, this is not 
the real attitude in every case of copying : lazy children 
will do it simply to save themselves effort. But in such 
cases we have still to understand why the other children 
help the lazy ones. 

An analysis of the child's point of view brings out the 
three main features of the situation. Childi^ fail to 
understand why individual work is demanded. Children 
regard the teacher's order as having no monU authority 
because of his unjust demand for correct work at all costs. 
Children, being in league against a teacher whom they 
distrust, pass from the broad paths on which the sun 
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BhineB, to the narrow tracks of dishoneBty and deceit. 
In fact, copyiog U just exactly what we should expect 
from a class, the majority of whom give only forced labour. 
For the teacher who is unable to see the possibility of any 
general motive for work except fear of consequences, will 
be equally unable to make his pupils understand why 
individual work is sometimes necessary. The production 
of good results by force leads to children distrusting the 
t«acher as a moral guide : they know he is often wrong, 
and so disobedience is sanctioned by the child's conscience. 
The more harsh the application of force, the more easily 
will children's feet be turned into the paths of dishonesty 
and deceit. 

On the other hand, if the class has been trained to put 
forth much voluntary effort through the motives sug- 
gested above, knowing, that Arithmetic has to do with life 
and is therefore a matter for the individual, they will see 
sense in being independent of help and will be slow to 
take unnecessary assistance ; regarding Arithmetic as a 
puzzle-solving game, they will be eager to find things out 
for themselves ; being on friendly terms with their teacher 
and being set free from any undue fear of punishment for 
poor work, they will have no moral sanction for disobedi- 
ence and no strong inducement to dishonesty. Obviously 
copying would be a rare occurrence in such a class. 

What, then, can be done to cure a class suffering from 
this disease 1 We do not call it a vice, because in classes 
where it is prevalent the children themselves do not see 
that it is really wrong. There is no public opinion against 
it : until there is, httle headway can be made. Firat, it 
is generally wise frankly to talk things over with the 
children, showing that one appreciates their point of view, 
but trying to help them to a new point of view. It is 
right to help one's neighbour, and the wise teacher will 
make opportunities for such help, allowing equally able 
children to work together, or a quick, clear child to help 
a backward one, or occasionally forming groups to work 
under a captain ; from such experience children quickly 
distinguish between wise and imwise assistance. But the 
teacher wants to help also : the children most be en- 
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couraged to ask for necesBary help, and the others must 
see that the teacher oannot know how to help the claas 
to do Arithmetio unless he has a ohwioe of sometimes seeing 
just how much each individual can do. The children can 
be asked to suggest other reasons for sometimes working 
quite independently : if they can discover the reasons for 
themselves, public opinion will thereby be developed. 
They can perhaps for a time be allowed to decide for 
themselves on which days- they will work independently. 
After a httJe experience of this they will be more ready 
to accept the teacher's right to order individual work. 
If the teacher feels it wise to set A and B work for a weekly 
or fortnightly test, the reason emphasised should be the 
awkwardness of the situation when one does by accident 
see an answer difiEerent from one's own in a test. By such 
means, within a few weeks' time, provided that one's 
efforts are not undone by undue punishment for poor work 
applied accidentally by oneself or dehberately by one's 
head, some kind of public opinion will exist. Now remains 
the difSculty of tackling the thoroughly lazy and the 
really deceitful. Where exigencies of space permit, un- 
doubtedly the best cure is to set each of these individuals 
to work by hinfeelf in such a position that copying is im- 
possible. The gregarious instinct comes to our assistance : 
no child likes continued isolation, and a week of such work 
would probably cure most children ! When the room ia 
unduly crowded ajid floor space and extra seats are mere 
dreams, one must compromise between the labour of 
setting separate work to these troublesome individuals 
and the apphcation of compulsion. Unfortunately, com- 
pulsion of itself is seldom sufi^ient to cure this evil : there 
is no short, sure way in this case. But gradually, by such 
means as we have indicated above, the class as a whole 
does pass from dependence to independence, while the 
teacher's time and enei^y can be devoted to better pur- 
poses than the continued provision and correction of two 
sets of work similar in scope. 
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CHAPTER n 

TEACHINa THE AVEBAOE CHILD 

One problem which has met ub from time to time 
throughout the earUer parts of this book must now be 
faced — the problem of teaching Arithmetic to large classes 
containing pupils of varying abihty. We foimd, for 
instance, that the development ol speed and accuracy in 
a class depends to a great extent on setting the correct 
amount of suitable work to every member of the class ; 
we found that the development of ability to tackle prob- 
lems depends lai^ly on setting harder problems for the 
best members, easier ones for the mediocre, and babyish 
ones for the backward. We noted also that the attempt 
to teach a class as if it were entirely composed of samples 
of the " average child " results in a serious neglect of the 
weak pupils, and in a failure to make the best of the 
bright pupils. By some means or other we must, in our 
teaching, provide for the variety of individual knowledge 
and skill that presents itself before us. The problem 
varies in acuteness, however, from school to school. In a 
district with a floating population, a school lai^ enough 
to allow of only one class for each standard finds the 
problem most harassing ; in a settled district a school large 
enough to have two or more classes for each standard 
feels the problem least distressing. But in the majority of 
schools the problem exists, whether there be any organised 
attempt to solve it or not. Obviously it becomes in- 
creasingly acute as. a class rises in school, mileSB some 
such organised attempt be made. 

Let us first try to make a rough classification of the 
pupils who are before us in the average class. We can 
usually subdivide them roughly into three groups, which, 
for convenience, we may label A's, B's and C's. The A's 
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are quick and alert and usually hare good memories, 
tbougli some may be superficial. They form, perhaps, 
26% of an ordinary class; even as much .as 50% of a 
good class may belong to this group, or as little as 10% 
of a weak class. Such children usually enjoy Arithmetic, 
because the puzzle element appeals to them and they 
haTO the frequent joy of success. They require little 
definite teaching, but an abundance of educative work. 
At the other end are the C's, dull, slow and often very 
inaccurate, probjibly badly grounded in Arithmetic or held 
back unduly by physical conditions. The real C child is 
seldom an active nuisance in class, but listlessness and 
inattention mark him as their prey. lu the ordinary 
class of the average school there are probably more C's 
than A's, say 30%, rising to 45% of a weak class and 
falling to 10% of a good class. Between these two ex- 
tremes sit the mediocre B's, good, useful members of the 
community, the best of them held back below the A's 
either by slow-moving minds or by inaccuracy, the worst 
of them raised above the C's by a greater amoimt of 
initiative and vigour. They form the largest section of 
the ordinary class, the p«roentE^ working out at 45% on 
the above reckoning for A's and C's. If we wish to be a 
little more discriminating in our judgment, we might pick 
out from the A's at the top of the dass a very few children 
with real mathematical ability, who will forge steadily 
ahead under almost tmy teaching, provided only that 
their time be not waeited; from the C's at the bottom of 
the class,-a very few with real intellectual deficiency, who 
will never be able to perform even the simplest abstract 
calculations without assistance. lii districts which pro- 
vide for the ment^y deficdent, such pupils will, of course, 
be practically non-existent in the ordinary classes. We 
thus have three main sections to play oS against each 
other in such a way that our teaching may secure the 
greatest good to the class as a whole. 

It is obviously impossible to give dogmatic advice for 
such a complex situation ; we can only indicate some ot 
the lines along which a solution of this problem may be 
found. The art of teaching a daes Arithmetic may, from 
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this point of view, be compared with the art of playing 
an o^an with three or five stops. It is clearly bad always 
to puU out all the stops and play steadily on, just as it is 
clearly bad to attempt to teach Arithmetio to a class as 
if all its members were specimens of " the aveia^iie child." 
The impossibility of giving to the budding organist advice 
on the manipulation of his stops, suited to every piece of 
music played and to his own individuality, ia equalled by 
the impossibility of giving to the teacher advice on the 
handling of his class -sections which will be suited to every 
type of lesson and to his own physical, mental and moral 
qualifications. For both types of work an artist ia re- 
quired, and each artist must give his own rendering of 
the piece of work in question. With this idea in our minds, 
we pass on to indicate possibilities. 

Some schools have found a partial solution of this 
problem by sending children up or down to other standards 
for Arithmetic lessons. This can be done, because in most 
schools Arithmetic lessons occur at the same hour. Only 
two objections to it are raised : it interfeiea with the 
marking of registers, and at a certain st^e in the school 
Arithmetic lessons usually become ten minutes longer. But 
surely the very few late scholars arriving after 9.30 could 
be taught to report themselves to their own teacher before 
going elsewhere for Arithmetic; surely some time-table 
plan could be adopted whereby at the one awkward tran- 
sition, children with a spare ten minutes could spend them 
to advantage, and thosb requiring an extra ten minutes 
for Arithmetic could avoid missing an essential lesson in 
their own class. The plan must, of course, work in two 
directions : one must receive the best from the standard 
below if one gives up one's best to the standard above; 
one must receive the worst from the standard above if 
one gives up one's worst to the standard below. The 
plan can be worked merely for the best of the A's and 
the worst of the C's, or some more thoroughgoing scheme 
can be developed. 

Another way of deajing with the very few at the top 
and the bottom of the class is to provide the best, as soon 
as they have mastered the new work along with their 
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Btaadard, with our own old Arithmetic books with answers, 
or with cards and answers, and to provide the worst with 
a good Arithmetic book for a lower standard and with 
apparatus and tables. Both sets can receive only a little 
attention; fifteen minutes a week for each being often 
the maximum possible, but they will make some headway 
for themselves, and evAy step onwards will be clear gain. 
This, however, still leaves us with the ordinary A's, B's 
and C's. 

One line along which a solution for these may be found 
is subdivision of the claes, either permanently or, perhaps 
better, temporarily, into smaller sections. New work can 
be taken with the class eis a whole, the quick childreii 
playmg the part of explorers. This helps all, for the 
brighter children tend by themselves to wort too quickly 
for thoroughness, while the slower children by themselves 
miss the stimulation of more e^er minds. As the new 
becomes familiar, the sections emei^e distinctly. The 
A's quickly master the new, and are ready for miscel- 
laneous problems combining the new with the old, or for 
other new work ; the B's do finally master the new, but 
they move much more slowly, the best of them gradually 
being trcuisferred to work with the A'a ; the C's must have 
the new thoroughly tau^t for a second time, and are 
never able to work more than simple examples embodying 
it. From day to day we must transfer our main attention 
from section to section. The A's work can sometimes be 
marked outside class, sometimes marked by each individual 
from answers given, sometimes marked by the first children 
to finish correctly the day's work ; or they can work in 
pairs and help each other. They will require occasional 
assistance with a hard problem, and a certain small amount 
of supervision; perhaps at a later stage they will be 
taught new work which the others do not letTm. The B's 
work requires much attention to secure care and accuracy, 
while the C's only towards the later stages can be left" for 
long to work alone. In general the time must be pretty 
evenly divided between B's and C's, either by giving one 
the most of the time one day and the other the next, or by 
dividing the attention in one lesson pretty equally. Tl^ 
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A'e Bhould al^vays receive a small part of our time, though 
on many daya five minutes will suffice. The plan somids 
more compUoated than it actually proves in practice. 
For one thing, work as a whole goes more amoothly when 
each child has questions within his ability, and can taste 
the joy of success and the greater joy of rising to a higher 
division. For another, it is easier and quicker to give 
satisfactory oral teaching to a small section whose diffi- 
culties are much abke than to a large class, part of which 
is always wearied by the others' troubles. It is possible, 
for instance, to take a small section round the blackboard. 
We can utihse, too, the best in each section to help the 
weaker ones or to assist us in marking. The setting of 
three sets of questions is much helped if. there are two 
different books of examples for the standard, or if a second 
blackboard is provided, and if double work, to prevent 
copying, is not demanded. Often the three sets may be 
reduced to two, the same exajnples serving for B's and C'e, 
or for B's imd A's, if the easier ones are placed at the 
beginning. Occasionally it may be possible to arrange 
for one part of the class to do Composition or Silent- 
Reading with questions to answer from their reading, 
while the other part is taught Arithmetic : that is, possible 
to arrange for oorabining two i)eriods of the day's work. 
This is particularly useful for practical Arithmetic lessons 
in large classes, a point to which we shall recur in a later 
chapter. We have already suggested a weekly lesson in 
pure driU work to develop speed and accuracy in the funda- 
mental operations. If this be given to different sections 
on different days, wo shall again be more free to give 
attention to the individual sections. All such suggestions, 
of course, apply more in upper classes than in Standards I. 
and n., but there is no reason why subdivision should 
not be begun at least in Standard II. with benefit to all 
concerned. 

Another aid towards dealing with pupils of- varying 
abihty we find in grouping our problems. An example 
will best explain. Take, for instance, a Standard II., able 
to do compound addition and multiplication of money, 
extending them to length. We wish to teach our children 
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to answer written queetions involving the addition and 
multiplication of feet and inches, all knowing already bow 
to meaaure objects in feet and inches. One may reaeon- 
ably expect the better half of our class to be able to 
do the new for themselves. With this in our minds we 
go to the lesson, and put up on the blackboard these 
examples — 

1. A joiner has 8 boards of the following lengths : 6 ft. 
6 in., 7 ft. 10 in., 8 ft. 2 in. How many feet and inches 
long are all the boards put together ? 

2. John is 8 ft. 7 in. high, Tom is 2 ft. 11 in. high, 
Annie 2 ft. 8 in. high, Doiothy 8 ft. 1 in. high. If t^y 
lay down to make as long a line as possible, how long 
would it be 1 

3. A man needs 2 ft. 5 in. of string to tie up a parcel : 
how much string will be needed to tie up five parcels of 
the same size ? 

4. In a classroom are seven desks, each 6 ft. 6 in. long. 
What length of row would they make ? 

We perhaps do a little oral work, revising the changing 
of pence to shillings and the oonnection between a foot 
and an inch. We then read over the first two questions, 
remark on their newness, but express our expectation 
that some will get them right, and set the class on to > 
try, telling them to stand when finished. H, in going 
round, we notice that two or three are forging far ahead 
of the others, we can write on the board in question (1) 
above the original ^[ures, using coloured chalk, a different 
series of numbers, e. g. 17 ft. 9 in., 4 ft. 11 in., S ft. 5 in. ; 
when these pupils stand up we can tell them to work the 
new question (1). This may not be necessary; that is, 
about a quarter of the class may finish (2) at much the 
same time. The whole class is then stopped, and question 
(1) is worked carefully on the blackboard. The common 
mistakes are to leave the inches without changing them 
to feet and to divide by 10 instead of 12. The extent 
to which these mistakes are made will determine whether 
we shall also work question (2) or merely give its a 
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For the second {Ktit of queetion (1) we need give only the 
answer. Obviomly those who get either one sum or two 
right, hcie deserve praise because they have discovered 
the new, be their discovery quick or slow. The others 
have tried for themselves. The class can now be asked to 
work questions (3) and (4), and harder numbers may be put 
in one of them to keep any very quick minds at work. 
Question (3) is taken with class as soon as some have finished 
the two or three set ; the others will be taken in full, or 
merely corrected by reading out their answers. If time 
remains in this first lesson, those with questions (1) to (4) 
right may work from their books; those with them wrong 
may correct their mistakes, the teacher probably not 
finding out the extent of their misunderstanding tiU the 
following lesson. This plan of setting two similar ques- 
tions, correcting the first fully, but mer^y giving the answer 
to the second, is frequently most useful when new work 
is heang taken, as a method of keeping quicker children 
busy and yet giving slower children a chance to accom- 
plish something. Making the same question serve again 
by adding different figures, or asking quicker children to 
prove their sum correct, or work out some extra question 
connected with the sum, or make up a problem for them- 
selves, will serve to keep the brighter minds busy when 
for any reason it is desired to keep the whole class together 
in its advance on the new work. To give one question at 
a time to a large undivided class means to waste the time 
of the best and to discourage the worst from tackling 
impossibilities. We need not dwell on the famifiar but 
useful plan of setting questions sufficient to keep the 
quick children busy, and allowing each child to work on 
at his own speed. 

We have already indicated one or two ways in which 
we may occasionally use the better brains of the class to 
aid the slower ones. Children niay work in pairs : the 
children who first finish correctly may have the answers 
and go round marking and helping the others. Another 
plan is to use the very best as captains of teams, chosen 
by themselves. A class of sixty, say, might be divided into 
ten teams. At times the captain may have the answers 
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and aimply supervise his group under the teacher's super- 
vision ; at times he may drill his pupils in mental work, 
more especially in tables, a series of questions and answers 
prepared by the teacher for the use of captains heing most 
valuable ; at times his group may carry through a piece 
of practical work under his direction. " Matches " be- 
tween teams may be developed. Obviously such a use of 
bright children must be strictly limited, but it h^ its 
value for themselves as well as for slower pupils. 

At this stage some one is sure to ask, " What of examina- 
tions ? " If a class is doing different work, some perhaps 
going to higher or lower standards, some never reaching 
the advanced examples in any of the new work set, some 
even doing work not done by the rest of the class, what 
is to happen at the time of tests 1 Well, surely examina- 
tions are to help Arithmetic; not Arithmetic to help 
examinations ! If a child does good work in a lower 
standard, better suited to his capacity, does he not deserve 
as much credit as a child who does good work in a higher 
standard better suited to his capacity? Is credit to be 
given for cajiacity over which we have little control, or 
for effort over which we have great control ? Then in the 
ordinary test paper most examiners set some easy work, 
some work of medium dif&culty, and some hard work. 
TOU not the slow pupils, if they have concentrated their 
energies in covering thoroughly a small part of the ground, 
do better by succeeding in the .easy work than they now 
do by failing in everything they try ? Will not the quick 
children who have done extra work get recogmtion of their 
additional labours in their success with the hard t«st 
questions ? Would it be really ridiculous if even at times 
we set easier tests to the C's and harder tests to the A% 
so that marks have a closer relationship to effort than to 
natural capacity ! We leave these questions to be answered 
by the individual teacher or school concerned. 
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CHAPTER III 

THE BAI,AKCK BETWEEN OBAL AHD WKITTBSN WOEK 

To achieve tlie correct balance between oral and written 
work in Arithmetic is no easy task, partly because of a 
certain confusion of ideas which arises from a misimder- 
standing of the terms employed, partly because the right 
adjustment depends on studying, with the help of peda- 
gogical experiments, some questions still without definite 
answer. In this chapter we shall do httle more than 
attempt to understand the real bearing of the problem under 
discussion, feeling inadequate to offer anything approaching 
a complete solution. 

This problem, perhaps, presents itself to us most often 
in its negative form. How can we prevent our pupils 
from becoming too dependent on pen and paper in Arith- 
metic? We see many- examples of the disastrous effects 
of this dependence. Many adults Qnd it extremely hard 
to perform without paper calculations which it is advan- 
tageous to perform in this way. We want to keep a check 
on the amotmts of our purchases when shopping : to 
discover, only after leaving a shop, that we have received 
the wrong change, is usually too late. We need to perform 
calculations over railway time-tables and over the measure- 
ment of other quantities. This we indicate as an accepted 
minimum necessary for all : those who are good at working 
Arithmetic without paper find their skill useful in many 
a way not mentioned here. Another disastrous conse- 
quence of undue dependence on pen and paper is that when 
problems have to be solved by written work, so much 
unnecessary calculation ia set down that time is wasted 
and clearness of style and thought ia lost. 

But when we pass to the positive aspects of the problem 

and try to discuss what we should do and what we should 
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leave undone, the terms we employ in our discussion 
breed additional confusion : mental, oral, mritt&n, all thiee 
are used in more tlian one way. From one point of view 
all Arithmetic is mental Arithmetic. Even the child who 
sets down eaeh step of his calculations on paper is doing the 
Arithmetic in his mind, though the more habitual calcu- 
lations are performed subconsciously : when a sUp has to be 
corrected we realise the mental efEort. But by mental 
Arithmetic we often mean calculations performed in our 
minds without recording on paper any intermediate results, 
whether we write down, or say, or simply think the final 
result. In the ordinary use of language tl^ is the meaning 
attached to " mental " Arithmetic, and this meaning we 
shall give to the term in the remainder of this chapter. 

We next note that this mental Arithmetic may or may 
not be " oral " Arithmetic. If the calculation is started 
by a spoken question, or its final result is recorded in 
speech, it may be termed " oral " ; but how many of the 
calculations performed by the adult without paper are not 
of this type ! Thinking or reading starts the calculation ; 
the final result is simply retained in the mind_ or jotted 
down on paper for future reference. It is true that, in 
school, far too often the mental 'Arithmetic is also oral 
Arithmetic. It is wise to train children to begin mental 
calculations from the teacher's oral questions, but mental 
calculations should be begun also from questions written 
on the blackboard oi in the textbook, and from questions 
raised in the child's mind by some practical problem. It 
is good sometimes to have the final results recorded in 
speech, but unless one subdivides a large class into smt^ 
groups answering their captains, or develops some plan for 
securing results from nearly all the class, many of the 
childrentendtofallout of suchalessonbytbe way. Hence, 
with a large class it is surely simplest to have the answers 
often recorded in writing ; a page in the notebook can be 
ruled to give five columns for the week's results in mental 
Arithmetic. The children can write down the result when 
found or retain it in their minds for a moment until, at the 
teacher's command, all set it down at once. By some suoh 
meftnB it is easy to prevent even a difficult or badly trained 
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class from using paper for the calcnlatlon as well as for tlie 
answer. 

In addition to the fact that mental Arithmetic is not 
always oral Arithmetic, we must remember that oral 
Arithmetic is not always mental Arithmetic. We have 
oral Arithmetic when questions are worked on the black- 
board accompanied by class discussion, a type of lesson 
occurring often when new work is introduced, and frequently 
in connection with revision and the development of a good 
style in setting down written work. Sometimes we introduce 
new subjects by methods purely oral, avoiding any use of 
either blackboard or paper. We shall do well to remember 
that in all such oral lessons given to a laige class, we run 
a serious risk of obtaining merely superficial work, and that 
from only one portion of the class. It* is probably wise 
always to test the results of such oral work by short ques- 
tions answered on paper at the end of that lesson or before 
the be ginnin g of the next stage of the work. 

Written Arithmetic thus may mean one of a number of 
things. It may be the record of questions worked without 
the help of paper : it may be the testing of lessons in which 
oral discussion has played an important part : it may be 
the record not only of the final result of a calculation, 
but of as many intermediate results as must be recorded 
to reheve the strain on the memory. The last meaning is 
the one commonly given, and for the remainder of this 
chapter we shall give this meaning to "written" Arithmetic. 

Our problem can now be re-Btated in two definite ques- 
tions, without danger of confusing the terms employed. 
Is mental or written work the more important and funda- 
mental aspect of Arithmetic ? To what extent is it possible 
to develop ability in mental Arithmetic ? And it is pre- 
cisely to these two questions, and more especially to the 
second of them, that we feel it impossible to give a definite 
reply without further experiment. 

We can regard the first question from two different 
points of view. It is partly a matter of age and partly 
of the stage reached in any branch of the subject. Ob- 
viously most types of calculation performed by tittle 
children, at least in Standards L and II., are so httle complex 

D,g,i,7?<iT,GooQle 



272 THE ART OF TEACHINa ARITHMETIC 

that if B, child is able to perform them at all, he can usually 
be trained to record only bia result and not his intermediate 
steps. A few backward pupils with very poor memories 
may have ultimately to take help by setting down carrying 
figures and subtractions in division, but the great majority 
can be trained, if we wish to train them, to record only the 
final result. We do not mean that in answering such a 
question as : " 5 similar dolls can be bought for its. lid. 
Find the cost of each doll," only the answer should be 
recorded. A proper way of setting down can be practised 
early — 

8. d. 
B) 17 11 for 5 dolls 



7 for 1 doll. 



But we do mean that the reduction of 2s. to pence, tho 
addition of 11. and the subsequent division by 6 should 
always be done by mental work. In short, we should give 
our main attention to developing the child's abiUty to get 
the necessary results without any help from paper. At the 
same time we should realise that it is iaterestii^ to the 
child to learn to record his results in the famihar written 
form, and that by so doing he may be slowly prepared foe 
the later setting down of complex calculations. But the 
first part is far more important than the second. Hence, 
some experienced teachers even advocate no written 
Arithmetic till Standard IV. is reached. This is a point 
on which experiment ia necessary. Clearly httle children 
want to learn to set down their sums : it is part of their 
desire to be bke grown people. But equally cleariy the 
most important part of their training is learning to do 
mental Arithmetic. From the point of view of a^, then, 
mental Arithmetic is more important and fundamental 
than written Arithmetic. 

We can get further hght on this question by regarding 
the stage reached in any branch. Perhaps Proportion, as 
taken in Part II. , Chapter XII., furnishes as good an example 
as any. There the method adopted was to set questions 
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on the new work which could be answered mentally ; after- 
wards to analyse and set down the mental operations 
which gave a correct answer; finally to generalise these 
operations so that a method of solving problems too 
complex for purely mental labour was evolved. Similarly, 
in teaching yoimger children reduction, we begin by asldng 
questions answered from mental work, c. g. " How many 
penny buns can I buy with 6s. hA. ? " When the familiar 
fact that 12 pence make \.s. has been apphed naturally in 
such easy eases, a question involving, say. Vis. Sji., wiD be 
worked correctly in writing without assistance, although 
the best form of setting down will not be used. Thus, 
&om the mental working of simple examples, a general 
method for more complex problems is evolved, A familiar 
experience gives the same answer to our questions. Have 
we not often found, especially in Standardly., which marks 
the natural transition from emphasis on a simple recording 
of final results to emphasis on a necessaiy recording of 
intermediate results, that children who can work quite 
stifE questions mentally get them wrong when asked to 
show their working in writing % The wise folk are not too 
insistent in such matters: the essential ability is there. 
Thus, from our experiences in teaching new work at any 
stage, we should again say that mental Arithmetic is more 
important and fundamental than written Arithmetic. 

To what extent, then, is it possible to develop abihty 
in mental Arithmetic \ This question is hard to answer. 
There are great individual difierences, partly due to the 
fact that Bome minds are set to work most easily by seen 
stimuli and some by "KeaTd, stimnh, and partly due to 
variations in memory. Any experimental work done to 
test these characteristics should be suggestive to us. But 
it is also true that to a very great extent it is a matter of 
training how far a child goes in mental Arithmetic. Many 
adults, quite good at written calculation, are extremely 
slow and inaccurate in mental work, becaose they received 
httle or no training when young; this is probably the 
reason why some of us find it hard to teach mental Arith- 
metic and are apt to give it too small a place in our plans. 
Classes of well-trained children may thus be more quick 
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and accurate than their teachers ! In such an awkwtod 
situation, one in which the author once found herself, 
nothing avails save careful preparation and a firm resolve 
not to let mental work ^p. Fortunately even adults 
improve with practice ! Some of our heads try to keep us 
right by labelling certain periods for " oral Arithmetic. " 
We quarrel with the term " oral " : we object to such an 
unnatural divorce of two metliode of calculation closely 
intertwined in any satisfactory scheme of Arithmetic, 
but we must admit that most of us who ourselves were 
badly trained in mental Arithmetic, are so apt to neglect 
it that it is jusi possible our heads may be justified in their 
time-table arrangement ! Probably a better plan is to 
set aside the first ten minutes of every lesson for mental 
Arithmetic. In nine lessons out of ten this can be made to 
fit in with the rest of the day's work, the exceptions being 
some lessons on practical work or dealing with the develop- 
ment of a new rule, when a long period is essential. Often 
the mental work will form the best possible preparation 
for the remainder of the lesson, and oftea it will exceed the 
minimum of ten minutes, even in upper Btandards. Cer- 
tainly in schools where pressure is not exerted through the 
time-table, " ten minutes a day for mental work " is a good 
safe rule for those of ua tempted to slackness in this matter I 
In the lower standards this allowance is, of course, too 
scanty. 

In teaching almost any part of Arithmetic one finds 
scope for giving training in mental work. Every one admits 
that the fundamental questions can be performed mentally 
with small numbers : we have indicated on p. 43 that 
addition can be practised mentally to a greater extent 
than is sometimes realised. Subtraction of two figure 
numbers is easy and useful if the " making up " method 
Is adopted. Some people say that the mental multiplica- 
tion of two figure numbers is quite possible with training, 
and much more rapid than written multipUoatlon. We 
start with the tens — 

40 X 30 = 1200; 40 X 35 = 1200 -|- 40 X 5 = 1400; 
46x35 = 40x80-h40x6 + 30x6 + 6x5; 



Ogle . 



ORAL AND WRITTEN WORK 275 

1200, 1400, 1580 and 1680 we count in turn. The way to 
achieve skill seems to be to.hold only one product in the mind 
and let it go when the next has been added to it. Certainly 
all can multiply by 26 and 33} mentaUy; all can work 
mentally 102* or 99*. A very suggestive chapter on mental 
Arithmetic is found in Benchara Branford'a Study of Mathe- 
matical Education, where Bidder, a famous engineer of the 
last century, advocates teaching mental multipUcation up 
to pairs of three figure numbers ! Short methods for 
money calculations were indicated in Part II, Ability to 
deal mentally with easy vulgar and decimal fractions and 
with easy percentages is a necessity, fractions of £1 and 
is. help us to calculate prices. !E^ding 2J% and 5% of 
sums of money is useful for both interest and discount 
questions; but after all the main stress should be on the 
mastery of the fundamental operations up to the limits 
of individual capacity, and on short ways of money calcula- 
tion. What the hmita are, only experiment can decide. 
In conclusion we should note that through written 
Arithmetic we can give training in mental Arithmetic, 
if we insist on no unnecessary work being set down and 
encourage short cuts by every means in our power. Thus 
rapid working becomes possible and a lucid style engenders 
clear and purposeful thinking. 



CHAPTER IV 

THE DANGERS AMD DIFFICOLTIBS OF PRACTICAL WOBE 

Practical Arithmetic, like Oral Arithmetic, is a some- 
what ambiguous term applied to a variety of types of work. 
From one point of view all Arithmetic should be practical ; 
that is, all Arithmetic should have relation to the demands 
of hfe. But in the narrower sense we have " practical " 
Arithmetic when some form of apparatus beyond^ pen and 
paper and text-book is in the l^ds of a pupU. Before 
passing to a consideration of the dangers and difficulties 
of such work, it will help us to analyse rather more carefully 
the different types of practical lesson. We shall find 
two main types, introducing apparatus work for entirely 
different purposes. 

In one type of lesson apparatus is introduced aa a help 
towards learning something new, t^nd the success or fMlure 
of its introduction must be measured by its effect on skill 
and accuracy in Arithmetical calculations. In the lowest 
standards very many lessons of this type are necessary. 
As we have seen, number ideas and the ideas of the funda- 
mental operations arise through constructive work with a 
variety of concrete apparatus, all the earliest lessons thus 
of necessity being practical lessons. We have seen, too, 
the value of apparatus in the development of the funda- 
mental operations ; reference to the chapters on subtrac- 
tion, multipUcation and division will illustrate this point. 
We find diagrams of immense value in teaching the begin- 
nings of Tulgar and decimal fractions and of percentages. 
Again, in learning to apply this fundamental skill to the 
needs of daUy life in the use of money, weights and measures, 
we find that familiarity with the actual coins and measures 
is necessary. The main aim in all such lessons is to produce 
skill in mental Arithmetic, to teach our pupils how to 
- 276 
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csJculate, to give Uiem possessioii of a powerful instrument 
which can be apphed by them in life whenever lequired. 

Thifi type of practical lesBon obvloualy must be given 
just at the time when it is needed. In the earlier stages 
it will occur much more frequently than in the upper 
standards ; throughout it will be impossible to divide this 
equally over the weeks of the year. In some weeks the 
main part of the work may have to be of this type, e, g. 
in the beginning of fractions; in other weeks no reason 
for apparatus work of this kind can possibly be found. 
Its success, moreover, must be measured by its effect on 
skill in calculfltion. It is not an end in itself : it is a means 
to a further end. The one great danger to which it is 
exposed is that of remaining at the level of the concrete 
or particular, and failing to rise to the abstract and general. 
For instance, it is most helpful and altogether sound to 
use apparatus (sticks, counters, tram tickets or flowers) 
to illustrate division by factors and bring out the relative 
values of the various remainders. But it is not enough to 
stop here without formulating the well-known rule for 
finding the value of the final remainder, and without 
practising the rule until it is simply mechanical. It is 
perfectly right to use apparatus (diagrams or coins or 
lengths of paper) to illustrate the fact that fractional 
quantities of different forms may be equivalent in value 
(e. g. £} and £^^ and £f^), but it is not enough to stop 
here without formulating the rule for the equivalence of 
fractions, and without practising the reduction of fractions 
to their lowest terms until speed and accuracy are attained. 
The real art in lessons of this type lies in the transition from 
the concrete to the abstract. At first the concrete pre- 
dominates; then concrete and abstract go on simultane- 
ously. A little later the work is done without apparatus, 
but its results are tested by apparatus. Finally, apparatus 
becomes wholly unnecessary. 

No fixed time, however, for the abolition of apparatus 
can ever be given. Usually the C portion of a class 
requires it much longer than the A and B portions. We 
have indicated in Purt III., Chapter II., ways by which this 
difficulty may be met. The inequality of abiUty in our 
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pupils haunts us througliout lessons of this type, and often 
makes discipline in such lessons a strain. One help is 
to decide beforehand the absolutely necessary minimum 
amount to be expected of the vhole class and to have in 
our minds ideas for using the time of the quicker members 
while waiting for the others. Sometimes a second piece of 
similar apparatus work can be set : sometimes quick 
children may be set to help the slow, this being particulaFly 
useful when the work is difficult and we feel the impossi- 
biUty of helping ten individuals at once ; sometimes those 
who have finished may be set a little problem bearing on 
the work done or asked to invent a problem for them- 
selves ; sometimes they must simply be set to do any 
, written problem or leam something by heart. The main 
thing is to plan for these odd times work of some kind. 
Another help with a very large claes is to take the lesson 
in two parts, giving a written test or composition to be done 
by the half not using the apparatus. We must somehow 
or other prevent "idle hands," since these usually find 
mischief 1 

The aim of the other type of practical lesson is entirely 
different. Its purpose is to correct the divorce of school 
Arithmetic from everyday Ufe outside school, to give our 
pupils opportunities of practising their calculating skill 
in circumstances comparable to those they will meet in 
later life, to use children's love of playing at being grown up 
to incite them to further advances in Arithmetic. The 
best example of this is found in shopping, as this introduces 
the use of money, weights and measures, and at every stage 
makes it easy for the child to realise his need of greater 
skill in calculation. We have suggested other examples of 
practical work of this type in the chapters on English and 
metric weights and measures, on geometry and on the . 
meaauiement of area and volume. To achieve this aim, the 
Arithmetical calculations and the practical measurement 
must be set a-going by the presentation of some problem of 
interest, for the cfdculation and the measurement are not 
ends in themselves, but means to some end desired by the 
child. The end may be the acquisition of necessary goods 
by shopping, an acquisition which always requires measure- 
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ment and calculatioa ; or it may be related to the accom- 
plishment of some journey or the building and decorating 
of some house ; or it may be the making of some object 
required. The correlation of Arithmetic with handwork of 
every kind and with geography and science will obviously 
help here. 

More freedom of choice is possible as to the time for 
giving this type of practical lewon. It is clearly helpful 
to introduce it as part of the course in that part of the 
subject with which it ia most closely related, so that 
children feel the worth-whileness of their other Arithmetic 
lessons; but it is by no means necessary to limit our- 
selves to this-. Any practical lesson which reproduces in 
the classroom ^ife outside school and is suited in difficulty 
to the abihties of the children, has a value of its own in our 
scheme of work. Yet in general its intere'st is heightened 
when it is correlated with other work being done about the 
same time. On the other hand, when the topic of the 
ordinary Arithmetic lessons is one which is rather dull and 
whose connection with real hfe is not obvious, the intro- 
duction of such a practical lesson is, by contrast, of real 
use to all concerned. The main danger of such lessons 
is that the note of reality tends sometimes to be absent. 
For instance, a class of children set to measure the volume 
of wooden cylinders cannot find the same reahty in their 
work as a class set to find out which size of cylindrical 
cocoa tin ia cheapest at the given price. In the invention 
of interesting problems is scope for both our own and our 
pupils' ingenuity. 

In practical lessons of this second type the inequalities 
in the class are less troublesome. Ctften the children 
work in groups where the quick children render valuable 
aid as captains. Sometimes each group solves its own 
problems. Sometimes each group makes its own measure- 
ment, and then the whole class solves a problem involving 
the combined results of the groups. In cases where the 
children work individually or in pairs and the quick ones 
forge ahead, it is easy to provide more practical problems 
to keep all busy. One very useful plan is to write a problem 
on a ^p of paper and on the back of it to write the correct 
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answer, covered by a flap out, say, from the gummed flap 
of an envelope. Then the ohildien oan work by them- 
selves, coming to the teacher only when completely puzzled, 
or when they have finished their work correctly and wish 
to tackle another problem. 

Such lessons are, of course, not always perfectly quiet 
affairs ! But, strange to say, the less rigid the discipline 
of the school, the more quiet they prove to be I Children 
who are always aUowed some safety valve do not need to 
let off steam as repressed children do. In any case the 
class can soon be trained to carry throu^ the work without 
mmecesaary disturbance. It is, indeed, part of the pre- 
paration for adult life to do Arithmetic in a less artificial 
atmosphere than that of the usual Arithmetic lesson. 
Children's real enjoyment of the work makes it easy to 
check undue noise, as the greatest disappointment for a 
group is to be set down to do "ordinary" Arithmetic 
while the others are doing practical work of this type. 

In many schools, head masters fix on the time-table 
periods for Practical Arithmetic. They do this pt^Iy 
because they feel the value of work which helps our pupils 
to realise that Arithmetic is worth while, partly because 
Practical Arithmetic is often found a difficult lesson to 
take and thus tends to be neglected by some of us. 
The difficulty seems twofold : a difficulty of dis- 
ciphne and a difficulty of preparation. We have indi- 
cated above that the difficulty of discipline is mainly 
a difficulty of preparation, that much of- it arises from 
insufficient planning of . work for the quicker pupils. 
We have hinted, too, at the simplest punishment for 
classes or individuals that become "rowdy" in practical 
lessons : they must realise that unless they can display 
sufficient self-ccintrol not to disturb other people, they 
cannot be allowed much of this luteresting work. At the 
same time we have hinted that sometimes the noise is the 
fault of the school tone ; that where children are living in 
an atmosphere of repression they must of necessity let o£E 
steam when practical lessons give them the opportunity. 

Preparation for practical lessons is undoubtedly heavy, 
and we should expect as much help as possible from ouz 
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pupils. Some things they cannot prepare lor ub, but many 
things they can attend to. A list of our needs for every 
such lesson should be given in (ulvfiiice to monitors, and 
they, with oo-opted assistants, should provide the necessary 
articles and put them away afterwards. In smaller classes 
each individual can tidy for himself. Some of our prepara- 
tion will diminish as time goes on : we shall be able to use 
the same problems agsjn for other groups in the class or 
for a different class. One hint may prove useful. There 
are times when for the sake of introductory practice in 
measurement it is desirable to give each child in a class a 
paper shape of a known size. We have found that the 
cutting out of these is greatly simplified by the use of those 
bent-wire paper clips which hold papers together without 
piercing them. A shape of the required size is placed 
on the top of from ten to twenty thicknesses of paper and 
held in position by these chps. The whole is then cut, 
at each sti^e a dip being added to hold together parts of 
the papers which might sUp. With sharp scissors fifteen 
shapes can easily be obtained by one cutting. Thtis, even 
for a da^ of sixty, four cuttings suffice. To make the 
pattern shape easily, especially if it involves the drawing 
of right angles, we have used a sheet of squared paper, as 
often it is necessary only to draw over lines aJready there 
to make the required shape. But, when all is said and done, 
preparation for such work is not Ught, and perhaps our 
chief comfort should be that effort put forth to make such 
lessons a success is amply repaid by our pupils' quickened 
interest in their general Arithmetic. Practical Arithmetic, 
in short, is one aid in abolishing forced labour from our 
classrooms. 
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CHAPTER V 

THE MABEIITQ AND CORRKCTTON OF MISTAKES 

OuB attitude to our pupils' mistakes in Arithmetio 
we have seen to be one of the most severe tests of our 
success in teaching. It is fatally easy to become either 
censorious and harsh, or lax and careless about acouraoy. 
Our patience is often sorely tried, and we have need of all 
the mora] reserves we possess, to combine successfully 
cheerfulness with firmness, and kindness with zeal for good 
results. On the one hand, the causes for pupils' bad work 
may be complicated, tanging as they do from unconquer- 
able physical conditions to such laziness and such lack of 
goodwill as amount to moral evils. On the other hand, 
results are often demanded from us which make the holding 
of an even balance a difficult matter. 

The subject we wish to discuss here is the somewhat 
mechanical business of marking sums right or wrong and 
having mistakes corrected by the children. A wise or 
unwise treatment of this business, however, makes a good 
deal of difierence to the progress of a class and to our labour. 
Our aim is briefly to Indicate the variety of methods 
possible, and make a few comments on the peculiar advan- 
tage or disadvantage of each, remembering all the time that 
with classes of from forty to sixty children ideal methods 
cannot always be used. We have at times to choose the 
least of a number of evils, but, even then, we most seek 
gradually to reach something better. The whole matter 
is, of course, coloured by the school attitude to wrong sums. 
Variety, too, must be sought for. 

We shall look first at the correction of mistakes which 
have been by some means or other discovered. Is it true 
that all mistakes ought to be corrected ? Is it true that 
in every case the child ought to correct his own mistakes t 



„Go 



5gle 



MARKING AND CORRECTION . 283 

Clearly correction of mistakes by the individual is most 
important, but it seems to be a matter of the type of work 
done whether we shall best achieve this end by insisting on 
every mistake being corrected aci it occurs. In any case, 
we must see to it that the moral effect of having to get 
work accurate is not lost. The answers to the above ques- 
tions depend, too, on our ability to distinguish between 
miatakeB that are fundamental and those that are slips. 
We can perhaps best deal with the details by considering 
the different types of work requiring correction. 

When mistakes occur in mental testa on tables and short 
methods, it is seldom of much use to insist on individual 
correction of the mistake made. By the time it is possible, 
the child has forgotten the mental process he went through. 
The normal need seems to be the repeated teaching to the 
weak section of the class of the operation badly performed, 
with abundance of drill work gradually increasing in speed 
and difficulty, use being mEide either of subdivision of the 
Glass or of small groups questioned by theii: captains. The 
ordinary class discussion will in general be a sufficient 
check to the occasional slips made by the better portions 
of the class. Mistakes in such work are often a matter of 
speed. Another type of lesson where individual correction 
of mistakes seems unnecessary is the lesson dealing with 
new work. Here the conditions of the advance are that 
mistakes are certain to be made, that those who succeed 
and those who try to succeed alike merit appreciation. 
The mistakes made are a great guide to us in our teaching 
of the new. We alter our teaching to meet the mistakes 
and then set similar work again, hoping soon for better 
results. Children always enjoy in such lessons having the 
number of the class with the question right put on the 
blackboard each time : to see the number rising and to 
strive to make it rise quickly, gives distinct pleasure. In 
such cases to make a mistake is simply part of the day's 
work ! 

But when the new idea has been to some extent grasped 
and the time for drill and practice has come, circumstances 
are totally different. Where we find odd pupils making 
fundamental mistakes ve must, of course, teach them 
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a^ain the new work and deal tenderly with their errors. 
But the majority of mistakes wiU arise from sUps ol various 
kinds which may or may not be due to carelessness : 
experimental determination of the nature of children's 
mistakes has now been undertaken, and we shall probably, 
before long, have more definite guidance as to these matters. 
Nevertheless, almost without exception such sUpe should 
be corrected by the pupils who have made them, with or 
without assistance in discovering their position in the sum. 
At this stage the right answer must be obtained or the wock 
is not finished. It is easy for us to make this necessaiy 
correction anything from an ordinary part of the day's 
work accepted simply as a necessity by all concenied, to 
a real punishment for laziness and naughtiness, cutting off 
the culprit from some much more pleasurable expenditure 
of his time ! 

In cases where the questions worked are more proUematio 
and admit of a variety of methods of solution, mistakes 
may be made in method as well aa mistakes which are mere 
slips. Here the pupil obviously requires assistance from 
' a more successful pupil, or from the teacher. After euch 
help has been received the best plan is either to set the 
same question again or one similar in method, but embody- 
ing different numbers. To pass on without doing tlda 
means that we leave a weak link in our chain. The setting 
of work suited to the various sections of a class clearly 
makes the giving of the necessary assistance a much easier . 
matter. With a large class it will sometimes be impossible 
to achieve the whole amount of correction indicated above, 
but in aa far as we fall short, we must realise our definite 
failure to reach the ideal state of matters. 

Obviously the plans adopted to secure the maximum 
amount of individual correction of mistakes depend on 
the methods we adopt for the marking of sums as right or 
wrong. Here we can have much variety, and it seems 
likely that each method is good in iia own time and place. 
We shall leave till last the question of taking in work and 
correcting it outside the Arithmetic lesson, partly because 
an opcasiousl use of this method affords a corrective to the 
defects of nearly every other plan, but partly because it 
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is the method which makes the greatest demaitds on the 
teacher. 

One plan which we must use frequently Ib to go 
round the class during written work, marking mistakes 
and giving necessary assistance. If a class has to dt still 
after every sum until the teacher has marked in this way, 
this is the worst method of all. But a more sensible use 
of it is excellent. By no other means can we realise so 
well the general progress of the work, knowing when to 
interfere and when to stand aside, when to take a group 
to the blackboard, when to stop the class to criticise the 
general work, and when to set harder examples. But 
we cannot mark the work of every member of a large class 
by this means ; subdivision into sections makes it possible 
to use this method for any one section on any day. It is 
one of the beet methods for small claes^ or in small schools 
where much individual work is carried on. Its unadulter- 
ated use, however, sometimes produces (jueer results ; 
children fail to aettle to concentrated labour because of 
interruption from the teacher, while the class often becomes 
80 dependent on the teacher that it never learns to work on 
its own initiative. The best section of a class can be badly 
spoilt in this way and so fall far below the highest of which 
they are capable. From our own point of view, the draw- 
back to too great a use of it is that it proves very tiring. 
There seems no reason against an occasional use of the 
teacher's desk and ohair for these purposes. Children can 
come out in turn, always standing two deep but no more ; 
or those with difficulties may come for pt^ of the lesson 
Mid later the teacher go round exercising some general 
supervision. The rehef to ourselves is great and a well- 
trained class need not suffer. It is probably one of the best 
methods for Standards VI. and VII. when working revision 
questions. 

Another useful plan, especially in the first stages of any 
new topic, is to solve on the blackboard with the help ot 
the class the questions set> the pupils marking their work 
right or wrong. Undoubtedly with a badly trained class, 
or in a school which lays undue emphasis on getting resnlts, , 
this plan will be abused. Sometimes children may be 
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tempted to alter their work while the disoussion continues ; 
. sometimes the teacher's ■desire to know how many went 
wrong iot the sake of a wise selection of the next qnestions, 
may lead to children whose sums are wrong saying that 
they are right. We have wajra of checking these evils, 
but the limitation of the method is that it is not one to be 
used where much depends on the results. To use it and 
then blame or punish those who have sums wrong is to 
court moral disaster in the class ; but for general purposes 
of advance in new work it may be very useful. When 
circumstances are difficult, the command " pens down " 
should be given before blackboard work is begun ; changing 
of work can then be checked with comparative ease, and 
the temptation to dishonesty should not be too great. If 
a further defence agfunst dishonesty is necessary, children 
may mark each other's work. In every case the teacher's 
subsequent supervision of the work either in or out of class 
helps to keep things right. The fundamental difficulty is 
the attainment of a good tone in the class ; when that has 
been secured, all else is easy. 

In lai^e classes the marking of work done from answers 
given orally by the teacher is frequently necessary. It 
may be the marking of the answers to mental t«sts, or the 
marking at a certain st^e in the lesson of the written work 
done by some section, so that they may have time to 
correct mistakes before the close of the lesson. If children 
mark their own work, it is a help to let them use coloured 
crayons; these resemble the teacher's blue pencil and 
avoid the necessity of marking with a pen which can alt«r 
figures in the answer. But if puniahments or individual 
marks depend on this, the temptation to dishonesty be- 
comes greater than is desirable. The exchange of books 
may be used as a half-way house between marking by the 
individual and marking by the teacher. A large class can 
be easily trained to do this work well and smartly, on a 
well-devised mechanical plan. If books are always passed 
to the child behind, the back child in each column passing 
his book to the front child in the next ; if the use of coloured 
crayon is adopted and the marking is signed with the 
initials of the person marking ; if brief words of command 
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are adopted and if the teacher from time to time carefully 
supervises the marking, the results wiB be found to be 
satisfactory. The childxen must realise their responsibility 
in helping the teacher. 

Children may be used to mark ansTvers in other ways. 
A helpful plan is to allow quick children who have done a 
certain amount of work correctly to have a strip of paper 
with the answers and go round marking the others' work, 
sometimes giving assistance and sometimes only marking. 
Or a list of answers may be pinned up in a convenient place 
in the room, and children who have finished the work set 
allowed to go and mark it for themselves. This plan works 
well with an A section for whom the teacher has little 
time in one lesson. The children are supposed to continue 
till the work set is correct. If their books are afterwards 
inspected, the teacher keeps sufficiently in touch with them 
to know when assistance is necessary. Another plan is to 
put on the blackboard the answers to the wort set, so that 
each question may be made right before the next is begun, 
the teacher's help being asked when the right answer 
cannot be found. These methods are, of course, better 
suited to upper standards, but where the atmosphere of 
the class is right it is surprising how much use may be made 
of them with highly satisfactory results. In many types 
of sums children can be trained to prove each answer 
right before advancing to the next question. Answers 
are then unnecessary. 

When ail this has been said and done, corrections outside 
class remain, we fear, a necessary evil ; we have all to try 
to hold the balance even between letting our classwork 
suffer through neglect of such supervision of written work, 
and spending on corrections enei^y which, applied in 
another direction, would bring a better return. When a 
class is new, we shaU have frequently to take in written 
work in order to become acquainted with its Arithmetical 
powers and the capacities of its individual members. 
When a class is familiar with us and we with it, sometimes 
we need give frequent supervision only to those known to 
be careless or unreliable. We should certainly overlook 
all books once a fortnight and in general once a week. 
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This can be quickly doae, as deta^d marking is not re- 
quired : it is simply a case of general supervision. Even 
with a class of sixty, twelve bopks a day would mean weekly, 
and six books a day fortnightly supervision. We should 
also set a test every two or three weeks — perhaps at certain 
stages, every week ; these should be carefully marked, and 
we should give a full criticism of the work done, arranging 
to have all mistakes corrected in the following lesson. 
Such testa are necessary for oureelves as well as for our 
pupils. If this be done we can make a fairly free use of 
all other methods of marking work, without much danger 
of developing dishonesty or carelessness in our classes. 
These matters of marking are in themselves minor ques- 
tions, but a wise handhng of them is an essential factor in 
the successful teaching of Arithmetic. 
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CHAPTER VI 

TEXT-BOOKS AKD SCHEMES OF WOBE 

Wb can say little in thia chapter but what is already 
obvious to most people, but it may be of use to summarise 
the main points in ccamection with these topics, and in 
conclusion to give typical examples of schemes for our 
own classes, which allow for the teacher's originality and 
yet follow the school organisation of the teaching of 
Arithmetic. 

Cleariy this is no place to recommend any particular 
text-book on Arithmetic. Most of us find it useful to have 
a supply of odd books to provide extra work for the very 
best members of the class. But, for general work, the 
familiar little books of examples for the different standards- 
seem best to satisfy the demands of economy and useful- 
ness. To be truly adequate, such books should cater both 
for the connection of each piece of new work with Ufe, by 
the setting of suitable examples embodymg facts of interest, 
and for the development of individual skill in manipulation, 
by giving an abundant supply of more mechanical examples. 
ITie old-faehioned books omitted the first ; many of the 
modem books omit the second, but a few can be found which 
satisfy both needs. So much time is saved by having a 
satisfactory supply of printed questions that it is a real 
benefit to have for each class two sets of printed books. 
Schools using old-fashioned sets of books providing me- 
chanical drill, can add a new set which lays great stress on 
attractive questions; schools with a set of books which 
do not give enough of drill work on some topics, can add 
a set which supplements this deficiency. A school lucky 
enough to possess one well-balanced set of books need, 
perhaps, provide only teachers' copies of another set. Xa 



,.,.„G 



oogle 



290 THE ART OF TEACHING ARITHMETIC 

girls' schools and boys' bcIiooIb, books with particularly 
suitable examples can be introduced; in mixed claBses 
such books should be given to the teacher to be used at 
bis own discretion. Chie or more sets of cards for each 
standard may take the place of a second book of examples : 
remembering our own enjoyment of cards, we are probably 
right in imagining that children would appreciate their 
more frequent use nowadays for revision work, especially 
by the A section of the cla^. 

When this has been said it still remaii^ true that some of 
the most useful questions must be the product of our own 
originality or of our pupils'. Often the text-book will 
suggest the form of a question which will become really 
" alive " when set with local colouring. It is surprising 
how good many children are at seeking out questions 
for themselves. In the commercial and social apphcations 
of Arithmetic it is especially important to make the greater 
part of the questions set, arise from circumstances con- 
nected with the particular school or class. The more we 
know of our children's hves outside, the better we shall 
become at inventing stimulating problems. Suggestions 
as to these have been made from time to time throughout 
Part II. 

Some few schools are so much concerned lest wo teachers 
omit this kind of work that they provide no printed text- 
book at all for the classes. This seems indefensible, as we 
must then use so much of our energy in hunting for ques- 
tions and answers for the everyday run of the work, that 
we have httle left for invention and originaUty. But 
another reason for providing no text-books is to compel 
us to take thought for the planning of our work. No text- 
book in it« Older of arrangement and in the balance of its 
different parts suits any one particular class. The text- 
book must follow the class, rather than the class the text- 
book. To work straight through a text- book shows a lack 
of appreciation of the art of teaching Arithmetic and be- 
comes very wearisome to our pupils. Variety is the salt 
of life to many of us. 

How, then, ^all we plan our work if we do not follow 
the text-book I We shall linger for a moment on schemea 
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for a whole school, and thea consider the possibility of 
originality for ourselves. The school scheme in Arithmetic 
is, of course, a matter for heads of sohoob. By almost 
general consent, the scheme now is usually more or less a 
spiral affair : by this we mean that in each y«ar a Utile of 
a variety of work is added. Standard I., for instance, must 
become sure of number ideas and, to a certain extent, of 
their notation, and develop the ideas of the fundamental 
operations and be able to apply them to small numbers. 
But the apparatus through which this is carried on may 
easily include the use of simple coins, weights and measures, 
while the ideas of the simplest fractions naturally introduce 
themselves. Standards II., III. and IV. deal with develop- 
ments of the fundamental operations which involve a 
greater and greater amount of manipulative skill ; these 
operations are practised in applications introducing money, 
weights, measures and fractions of increasing difficulty, 
and arise from problems of increasing complexity. Stan- 
dard V. marks the transition to a more advanced treat- 
ment of Arithmetic. Fractions are used in many applica- 
tions : percentages, proportion, practice, harder areas, 
harder money calculations all give scope for acquiring 
mastery over this difficult piece of manipulative work. In 
Standards VI. and VII. the work taken should be increas- 
ingly an apphcation of the fundamental operations to life, 
while the nature of the appUcatious will vary from district 
to district and from school to school. The school scheme, 
then, must allot this work more exactly between the various 
standards; it must settle the questions of method as to 
subtraction, decimals and the setting down of multiplica- 
tion and division, so that children will not have unneces- 
sarily to alter their Arithmetical mechanism as they rise 
in school, and yet so that the possibility of experiment on 
new lines is not crowded out ; it must arrange for the 
correlation of Arithmetic with handwork and other sub- 
jects. The head of the school must also indioate the 
general lines on which the work is to be taken, either by his 
commendation of text- books, or by his tests, or by organised 
staff discussions. The effect of such oi^anisation on the 
individual's teaching of Arithmetic may be helpful or 
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the leTerse, according to the Tnsdom of the head of the 
school, but an eSeot it must have. 

One point on which experiment may well be made is 
on the method by which the school Bcheme provides for the 
teacher's difficulties in teaching the average ohild. Would 
it be possible, and if possible good, to have a double scheme 
for the school ? One part of this would embody the work 
absolutely necessary for even the weaker pupils; each 
year's work would unfold itself from the prece<^g year's, 
the aim being to ensure that weak pupils leave us knowing 
a few things thoroughly, instead of having an acquaintance 
with many things so v^ue that it is of Httle practical 
value. The other part of the scheme would embody the 
work which the school hoped to acoomplish with the ma- 
jority of its pupils, but each part of which is in itself less 
essential. A good deal of work in this part of the scheme 
is not afiected by other parts of it : nothing fundamental 
depends on it while it depends on nothing but fundamen- 
tals, so that children doing all of it, and part of it, and 
none of it, are ahke ready for the essential work in the 
succeeding standards. Obviously if this could be done it 
would be of the greatest help in dealing with the variety 
of ability before us in our classes. 

But when we receive the school scheme for the term or 
the year from our heads, our wort is by no means done. 
It is true that we cannot often plan the order of the work 
for a term ahead with a new class, though probably in our 
third term with it such planning would give us real help. 
Time spent on making plans quietly and coolly is easily 
saved later. The method we have found of general use 
is to plan ahead for a period of from one to four weeks, 
making our scheme centre round some piece of new work. 
In addition to the new work, such schemes should provide 
for variety, for revision, for drill work on fundamental 
operations, for practical work, for mental work and for 
tests. The work will sometimes all be centred round the 
new work, but sometimes it will involve a contrast. In 
conclusion, we shall apply this idea to making schemes for 
the teaching of three pieces of new work. These schemes 
are to be taken as mere suggestions, since all depends on the 
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individual class and the individual teacher. The new work 
we have selected is long divieion (Standards m. and IV.)> 
full treatment of vulgar fractions (Standards IV, and V.), 
areas and volumes in connection with the circle and circular 
Bolidfl (Standards VI. ajid VII.). 

Long division will probably be mastered in not less than 
three weeks : it may well take four or five. It can be 
practised not only by itself, but in application to money, 
weights and measures, and in problems which embody it 
along with other operations. The drawbacks to teaching 
it are its real difficulty, the lack of variety in its problems, 
and its inapplicability to practical work. Since of itself it 
is good drill in subtraction, multiplication, and division, 
the weekly drill work would probably best be in addition. 
Since its problems are monotonous, the revision work had 
best refer to some piece of work closely connected with 
life: for instance, revision problems on length. Fiactical 
work may be of the nature of revision in measuring length, 
or some piece of new work may be undertaken which 
demands little effort in calculation. The illustration of 
the first and second decimal places by the use of the foot- 
rule, squared paper and the metric system of length, would 
be very suitable : see p. 135, Sfental work will obviously 
test weaknesses in multiplication tables, practise mental 
division by 20, 30, 70, etc., and embody problems on prices 
and lengths, correlated with the revision of length. On a 
six-Iesson-a-week scheme for four weeks, the allotment of 
time might be — 

Wk.1. Wk. n. Wk, III, Wk. IV. 

Long division .4 3 4 3 

Drill .... 1 1 

Revision ... 2 2 

Practical. . . 2 2 

Sfontal . . . Every day except in practical work. 

Vulgar fractions will lead to an entirely different scheme. 
The difficulties here are that the working lessons seldom 
give practice in involved calculaiions, that many of the 
lessons must be practical, and that at the same time the 
relation of fractions to fife is often neglected, and children 
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become wearied. For the sake of clearaess we shall imagine 
that the work hae been begun in Standard IV., addition and 
subtraction having been tanght there, but that in Standard 
V. we are to revise these and advance to multiplication and 
division. In such circumstances we usually treat fractions 
as new work, but go over the earlier st^es very rapidly. 
After four weeks the operations shoidd be sufGciently known 
to be practised on an entirely different piece of new work, 
say on proportion or areas. The revision work during these 
four weeks had best be work which provides good problems : 
for instance, revision problems on money, weights and 
measures. The drill work can embody aJl the funda- 
mental operations since none are practised in the new work, 
or it oan select some particularly weak operation and con- 
centrate on it. The practical work will come as part of the 
new work, except that it will be. wise, say twice, to intro- 
duce lessons making a definite apphcation of fractions to 
life. A shopping lesson on harder measurement on the 
lines of the one taken on p. 98, or the making of some 
model or plan, using eighths and even sixteenths of an inch, 
would be suitable. The mental work will give continual 
easy examples on fractions and particularly develop the 
use of fractions of Is. and £1, as easy ways of calculating 
prices. We suggest the following as a possible arrange- 
ment of a four-weeks' scheme — 

I. n. m. IV. 

Vulgar Fractions . 4 3 4 4 

Drill 1 1 1 1 

Revision ... 1 I 1 

Practical ... 2 

Kfental .... Every lesson except lessons 
requiring apparatus. 

Last, we look at suitable Standard VI. and VII, work 
on measurement of areas and volumes involving the circle. 
The new work in itself is much more evenly balanced than 
in the preceding oases. Apparatus is needed to develop 
the formulae : practical lessons applying the new to life 
readily present themselves. The written work on the new 
of itself revises fractions aiid may be made nufficiently 
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complex to provide good practice in solving problems. 
Any general revision taken might deal with miscellaneous 
questions on ateas and volumes, and might be combined viih 
the new in the third week, ftill work can be on anything 
known to be weak. Mental work does not arise very 
naturally, and it is probably good to develop something 
new — ^perhaps some harder methods for the fundamental 
operations or for the calculation of prices. Three Treoks 
ought to cover the area of the circle, and the areae and 
volumes of a cylinder and a cone. We suggest again a 
possible arrangement — 

I. ' II. III. 

Circles, cones, cylinders 5 5 1 

Drill work 1 1 1 

Revision 4 

Practical deluded in the new work. 

Mental . , . . Every day except when 
apparatus is necesswy. 

These examples have been given to illustrate the amount 
of variety possible and the value of planning in advance, 
if we wish to secure a really well-balanced arrangement of 
the topics set down for the year's or the term's work. 
Through such schemes, in any school, we can express our 
own individuality, while at the same time the balance and 
restraint of our plans tmconsciously aSect our pupils and 
contribute valuable elements' of stability and oidcr to the 
atmosphere of our classrooms. 
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